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SSSNNN{{{000 ù�ÙÆSØ½È©�O�. §3.1 �¹
��Ä��È©�{ÚSK.

d�� §3.2–§3.5 KUì�È¼ê�kn¼ê!Ãn¼ê!n�¼ê�Ù¦��¼ê©

O0��«O��{. §3.6 ´nÜÚES, ¿¹k�þ�knØ5�SK.

éØ½È©5`, �Ä��Ñu:Ò´1�þ §2.6.4 �SK 1259, =3«mþ�ê

??�u 0 �¼ê�U´ù�«mþ�~�¼ê. dd=�íÑ, e3«mþ½Â�¼

ê f(x) k�¼ê, KÙ¤k�¼ê*d�m�����?¿~ê. ·�ò f(x) �¤k

�¼ê�N¡� f(x) �Ø½È©, P�∫
f(x) dx.

3?\O�K�c, k0�e�(J. §3nØÚO��¡Ñ´Ä��.

···KKK 3.1 �3«mþ½Â�¼ê f(x) k�¼ê, Kk±e(Ø¤á:

(1) e f(x) ´Û¼ê, K§�z���¼êÑ´ó¼ê;

(2) e f(x) ´ó¼ê, K§��¼ê¥7k�����Û¼ê;

(3) e f(x) ´±Ï� T �±Ï¼ê, KÙ¤k�¼êÑ´±Ï� T �±Ï¼ê�

Ó���5¼ê�Ú.

y ^ F (x) L« f(x) �?¿���¼ê, u´3 f �½Â«mþk F ′(x) = f(x).

(1) e f(x) ´Û¼ê, Kk

[F (x) − F (−x)]′ = f(x) + f(−x) = 0,

dd�� F (x) − F (−x) = c, =3 f �½Â«mþ�~�¼ê. - x = 0 �\, ��

c = 0. u´k F (x) = F (−x), =´ó¼ê 1© .

(2) ?����¼ê F (x), K F (x) − F (0) �´�¼ê. l F ′(x) = f(x) �

ó¼êÑu, �� [(F (x) − F (0)) + (F (−x) − F (0))]′ = f(x) − f(−x) = 0, u´

(F (x) − F (0)) + (F (−x) − F (0)) = c�~�¼ê. ^ x = 0 �\�� c = 0. u´�

� F (x) − F (0) = −(F (−x) − F (0)), ùL² F (x) − F (0)�Û¼ê. Ù¦¤k�¼ê

F (x) + C (C 6= −F (0)) 3 x = 0 ?Ø�u 0, ÏdÑØ¬´Û¼ê.

(3) e f ´3 (−∞, +∞) þ�±Ï� T (> 0) �±Ï¼ê, =k f(x+T ) = f(x). e

F (x) ´���¼ê, K [F (x+T )−F (x)]′ = f(x+T )−f(x) = 0, Ïd F (x+T )−F (x) =

c ´~�¼ê. ^ x = 0 �\, K c = F (T )− F (0), u´Òk F (x + T ) − F (x) = c.

ù��	¼ê G(x) = F (x) − c
T

x, KÒk

1© éu«mþ½Â�Û¼ê½ó¼ê, Ù½Â«m�½�¹: x = 0.



2 1nÙ Ø½È©

G(x + T )− G(x) = [F (x + T )− c
T

(x + T )] − [F (x) − c
T

x]

= F (x + T ) − F (x) − c = 0,

Ïd G ´±Ï� T �±Ï¼ê. l F (x) = G(x) + c
T

x, =��±Ï¼ê����

5¼ê�Ú. �±wÑ, dd\þ?¿~ê���¤k�¼ê¥, Ù¥'u x ��g�
c
T

x Ñ´�Ó�. �

5 3Æ
1oÙ�½È©��, �±éu·K 3.1 �Ñ#�y², ë� §4.2.5 �

SK 2259 Ú 2267.

§3.1 ���{{{üüü���ØØØ½½½ÈÈÈ©©© (SSSKKK 1628–1865 )

SSSNNN{{{000 �!ÆSØ½È©¥��Ä���{. ���!Ä�þUì�{òS

K©a. ùp'���´�Æ¬��{Ú©ÜÈ©{. Ù¥��{kü«. �{üå

�, b�±eÑy�¼ê½�¼êÑ´ëY¼ê.

1�«��{ (����{) ´òØ½È©
∫
f(x) dx ��ÈL�ª f(x) dx U��

f(x) dx = g(ω(x))ω′(x) dx,

u´ÏL�� u = ω(x) Ò��
∫
f(x) dx =

∫
g(ω(x))ω′(x) dx =

∫
g(u) du. (3.1)

XJù�m>�Ø½È©U
¦Ñ�∫
g(u) du = G(u) + C,

K�Y� ∫
f(x) dx = G(ω(x)) + C.

dd��, ù«�{�¹n��:. Äk´ò�È¼ê f(x) ©�ü�Ïf

f(ω(x))ω′(x), ¦�1��Ïf� dx ¤��© du = dω(x) = ω′(x) dx, Ó�q¦�1

��Ïf´ u = ω(x) �¼ê; Ùg´U
¦Ñ g(u) �Ø½È© G(u) + C; ��7Lò

u = ω(x) �\�ù�Ø½È©¥, ��± x�gCþ��¼ê�N.

du±þ�1�Ú²~´nÑ5�, ��qk dG(ω(x)) = g(ω(x))ω′(x) dx =

f(x) dx, Ïdù��{�~¡�n�©{.

1�«��{ (_��{) ´^,���¼ê x = ϕ(t) �\��ÈL�ª f(x) dx

¥, u´Ò�� ∫
f(x) dx =

∫
f(ϕ(t))ϕ′(t) dt. (3.2)

ù�XJþªm>�Ø½È©U
ÈÑ�F (t) + C, � x = ϕ(t) k�¼ê t = ϕ−1(x),

KÒ���Y� ∫
f(x) dx = F (ϕ−1(x)) + C.
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ü«��{é�q, Ñ�¦3æ^#Cþ��Ø½È©U
ÈÑ5. ,§��m

qkØÓ:

(1) �ª (3.1) Ì�´ò�>È©Òe�L�ªn¤�©, �ª (3.2) ´^

x = ϕ(t) �\, Ïd1�«��{~¡��\{.

(2) 3�� (3.1) �c,   ®²��, ½ö�OU
¦�

∫
g(u) du = G(u) + C, Ï

d3þªm>�\ u = ω(x) Ò�Ñ
¯K��Y. ,3^�\{�, %  ´�Ñ

(3.2) �m>��, 2w^�o�{¦È. em>ÈØÑ, Kùg^ x = ϕ(t) ��\Ø¤

õ, ��,�O{, Ù¥�)^O�¼ê�\, ½^Ù¦�{.

±eUì5SK86�k�Sü©¤eZ�!5ÆS. Ø
 §3.1.1���^È©

L¦È�	, l §3.1.2 � §3.1.7 �z��!�IK=�Ñ
¤^�Ì��{, �¿�ý

é. kØ�K�±�Ä^Ù¦�{5¦), �N�U�Ð. �d·�éÜ©K�Ñ
õ

«){±ø'�. qò©Ñ3���!¥k'V¼ê�SK�Ü8¥3�����

! §3.1.8 ¥, Ù¥�)éuV¼ê�Ä��£�0�.

�!±eJ��¼ê f(x) �, 3Ø�Ù¦`²�, þb�´«mþ�ëY¼ê.

3.1.1 ������^̂̂ÈÈÈ©©©LLL¦¦¦ÈÈÈ (SSSKKK 1628–1653)

5SK863�!m©�Ñ
�{ü�È©L, §��u����Ö¥�È©L.

,, é��!¥�Ø½È©SK, Ø
^�{üÈ©L¥�úª�	, �²~�|^

Ø½È©��55�, ùÒ´3®�∫
f(x) dx = F (x) + C,

∫
g(x) dx = G(x) + C,

�� a, b�~ê�, Òk∫
[af(x) + bg(x)] dx = aF (x) + bG(x) + C.

duùp�¯K'�{ü, �Þ�ê~K. ,éu1�gÆSÈ©�Öö5`,

��!�SKÑ´Ø�½"�Ä:Ôö.

SSSKKK 1628 ¦

∫
(3 − x2)3 dx.

) ^��ª½nò�È¼êÐm�=�Å�¦ÈXe:∫
(3 − x2)3 dx =

∫
(27 − 27x2 + 9x4 − x6) dx

= 27x − 9x3 + 9
5

x5 −
1
7

x7 + C. �

SSSKKK 1646 ¦

∫
e3x + 1
ex + 1

dx.

) du�È¼ê�©f3Ïª©)���©1�Ø, Ïd�Ðm¦ÈXe:∫
e3x + 1
ex + 1

dx =
∫

(e2x − ex + 1) dx

= 1
2

e2x − ex + x + C. �
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3.1.2 ^̂̂���555������¦¦¦ÈÈÈ (SSSKKK 1654–1673)

��!�¦ÈÑ�6uSK 1654 �Ñ�úª, ù«�{¡�^�5��¦È.

SSSKKK 1654 y²: e

∫
f(x) dx = F (x) + C, K

∫
f(ax + b) dx = 1

a
F (ax + b) + C (a 6= 0).

) |^Ø½È©´¦�$��_$�, lK�^�k F ′(x) = f(x), Ïd��^

óª{KÒk
[ 1

a
F (ax + b)

]

′

= 1
a

· f(ax + b) · a = f(ax + b),

ù�¤�¦y�(Ø�d. �

5 SK 1654 Q�±l1�«��{ (=n�©{) 5n), ��±l1�«��

{ (=�\{) 5n). e¡éd��
)º.

�Ñ ∫
f(ax + b) dx = 1

a

∫
f(ax + b) d(ax + b),

¿|^®�

∫
f(u) du = F (u) + C, Ò��þãØ½È©��Y�

1
a

F (u)
∣

∣

∣

u=ax+b

+ C = 1
a

F (ax + b) + C.

dd��, ùÒ´n�©{��{ü�¹��.

y3éÈ©

∫
f(ax + b) dx ^1�«��{, - ax + b = t, = x = 1

a
(t − b), Kk

∫
f(ax + b) dx =

∫
f(t)

(

1
a

(t − b)
)

′

dt

= 1
a

∫
f(t) dt,

du®�k

∫
f(t) dt = F (t) + C, Ïdþã���ª=�u

1
a

F (t)
∣

∣

∣

t=ax+b

+ C =

1
a

F (ax + b) + C.

dd��, ü«��{�g´�,ØÓ, �éuSK 1654 5`A�vk«O. ��

!�IKL², §´^�5��¦Ø½È©��«�{.

éu1�gÆSØ½È©�Öö5`, þãü«��{�)º¥�kü���5

¿�?, §�Ñ´Ø½È©¥�Ä�~£.

��¡, k


∫
f(x) dx = F (x) + C ��, @o�Ò¤á

∫
f(u) du = F (u) + C,∫

f(t) dt = F (t) + C ��.

,��¡, Ø½È©
∫
f(ax + b) dx ���¼ê�N�8Ü, ÙgCþ7L´ x, Ï

d3c¡�)º¥��7L^ u = ax + b ½ö t = ax + b �\, âU���(�(J.
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SSSKKK 1656 ¦

∫
(2x − 3)10 dx.

) ^SK 1654 �(J�¦ÈXe:∫
(2x − 3)10 dx = 1

2

∫
(2x − 3)10 d(2x − 3) = 1

22
(2x − 3)11 + C. �

SSSKKK 1661 ¦

∫
dx

2 + 3x2
.

) UìSK 1654 ��{�¦ÈXe:∫
dx

2 + 3x2
= 1

2

∫
dx

1 + 3
2

x2

= 1
2

·

√

2
3

∫ d
(

√

3
2

x
)

1 +
(

√

3
2

x
)2

= 1√
6

arctan
(

√

3
2

x
)

+ C. �

SSSKKK 1668 ¦

∫
dx

1 + cosx
.

) ^n�¼ê���úª=�¦ÈXe:∫
dx

1 + cosx
=

∫
dx

2 cos2 x
2

=
∫

sec2 x
2

d
(

x
2

)

= tan x
2

+ C. �

|^�5���±l5SK86¥�Ä�È©úª��Xe¹këê�È©úª

(3�È¼ê¥Ñy a2 �� a > 0), §�3Nõ��Ö¥Ñ��Ä�úªÑy. �Ö±

e�ò��Ú^.∫
dx

x2 + a2
= 1

a
arctan x

a
+ C;

∫
dx

x2 − a2
= 1

2a

∫
(

1
x − a

−
1

x + a

)

dx = 1
2a

ln
∣

∣

∣

x − a
x + a

∣

∣

∣
+ C;

∫
dx√

a2 − x2
= arcsin x

a
+ C;

∫
dx√

x2 + α
= ln |x +

√

x2 + α | + C (α ≶ 0).

(3.3)

3.1.3 ^̂̂nnn���©©©{{{¦¦¦ÈÈÈ (SSSKKK 1674–1720)

X�!�m©¤`, 1�«��{´¦Ø½È©�Ì��{��, §��:´ò�

ÈL�ªn¤�,��®�¼ê��©, �½¡�n�©{. ù��!�SK´ù�¡

�Ä�Ôö. �,Ù¥�K�²~�±^Ù¦�{¦).

Xc¤ã, 3¦^1�«��{�úª (3.1) �, ¢Sþ´©üÚ�, =kò�ÈL

�ªw¤� g(ω(x)) � dω = ω′(x) dx �È, ,�- u = ω(x), 2O�Ñ f(u) �Ø½È

©� F (u) + C, ��^ u = ω(x) �\.

l��!����SK��, þã1�Ú, =¦

∫
f(u) du, ���U2^n�©{

(½Ù¦�{) �e�.
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SSSKKK 1675 ¦

∫
x2 3

√
1 + x3 dx.

) ^ x2 dx = 1
3

dx3 ØX^ x2 dx = 1
3

d(1 + x3), ,�=�^n�©{¦ÈXe:

∫
x2 3

√

1 + x3 dx = 1
3

∫
(1 + x3)

1

3 d(1 + x3)

= 1
3
·

3
4

(1 + x3)
4

3 + C = 1
4

(1 + x3)
4

3 + C. �

SSSKKK 1680 ¦

∫
dx

(1 + x)
√

x
.

) |^
dx√

x
= d(2

√
x), =�¦ÈXe:

∫
dx

(1 + x)
√

x
= 2

∫
d
√

x

1 + x
= 2 arctan

√
x + C. �

SSSKKK 1682 ¦

∫
dx

x
√

x2 + 1
.

) 1 òÈ©¥��È¼êU�Xe:∫
dx

x
√

x2 + 1
=

∫
dx

x2

√

1 + 1
x2

,

,�|^
dx

x2
= d

(

−
1
x

)

, =�^n�©{¦ÈXe:

∫
dx

x
√

x2 + 1
= −

∫ d
(

1
x

)

√

1 + 1
x2

= − ln
∣

∣

∣

1
x

+

√

1 + 1
x2

∣

∣

∣
+ C. �

) 2 ��±ò±þO�U��^1�«��{ (=�\{), ¤^��� x = 1
t

¡����. ù�k dx = −
1
t2

dt, dx
x

= t d
(

1
t

)

, u´�¦ÈXe:

∫
dx

x
√

x2 + 1
=

∫ t d
(

1
t

)

√

1
t2

+ 1

= −

∫
dt√

1 + t2
= − ln |t +

√

1 + t2 | + C

= − ln
∣

∣

∣

1 +
√

x2 + 1
x

∣

∣

∣
+ C. �

5 �K��È¼ê3 x = 0 ?Ã½Â, ÏdA�3ü�«m (x > 0 Ú x < 0) þ

©O¦È. þã) 1 Ú) 2 Ñ�é x > 0 k�. éu x < 0 �,���¹�±^��

x = −t )û. ù�·�Ù��È©
∫

dx
x

= ln |x| + C �Ó.

�{²å�, 8�·�éaq�Ø½È©K����Ñ,
�¹ (~X x > 0 ½

t > 0 �) �¦)L§Ú�Y, éuÙ{�¹�^aq�����. éu�È¼ê�«m

þ�Û¼ê½ó¼ê��¹, K�^·K 3.1 � (1) ½ (2) )û.
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SSSKKK 1684 ¦

∫
dx

(x2 + 1)
3

2

.

) 1 ò�È¼ê�©1�aquSK 1682 ) 1 ¥�?n, =�¦ÈXe:

∫
dx

(x2 + 1)
3

2

=
∫

dx

x3

(

1 + 1
x2

)

3

2

= −
1
2

∫
(

1 + 1
x2

)
−

3

2

d
(

1 + 1
x2

)

=
(

1 + 1
x2

)
−

1

2

+ C = x√
x2 + 1

+ C. �

) 2 ^��� x = 1/t �¦ÈXe:

∫
dx

(x2 + 1)
3

2

=
∫ −

1
t2

dt

(

1
t2

+ 1
)

3

2

= −

∫
t dt

(t2 + 1)
3

2

= −
1
2

∫
d(t2 + 1)

(t2 + 1)
3

2

= (t2 + 1)
−

1

2 + C

= x√
x2 + 1

+ C. �

) 3 ^n��� x = tan t K�¦ÈXe:
∫

dx

(x2 + 1)
3

2

=
∫

sec2 t dt

sec3 t
=

∫
cos t dt

= sin t + C = x√
x2 + 1

+ C. �
1

x√ 1 + x
2

t

9Ïn�/

5 3) 3 ���¥�� −
π
2

< t <
π
2

, lé x > 0 Ú x < 0 Ó�k�, ) 1

Ú) 2 þ�é x > 0 k�, ,�|^·K 3.1 ��Ù�Yé x < 0 �¤á. d	, ) 3 �

���Ú�ò sin t �¤� x �¼ê, ù�±^Nã¥�9Ïn�/5�¤.

SSSKKK 1692 ¦

∫
dx√

1 + e2x
.

) 1 �ìSK 1682 ) 1 ��{, �n�©¦ÈXe:∫
dx√

1 + e2x
=

∫
dx

ex
√

1 + e−2x
= −

∫
d(e−x)

√

1 + (e−x)2

= − ln(e−x +
√

1 + e−2x) + C

= x − ln(1 +
√

1 + e2x) + C. �

) 2 ^�\{. - ex = t, = x = ln t, u´�òÈ©8(�SK 1682 Xe:∫
dx√

1 + e2x
=

∫
dt

t
√

1 + t2
= − ln

(

1 +
√

t2 + 1
t

)

+ C,

Ù¥du t = ex > 0, 3�éê��ýé�Ò�±Ñ�. ��2^ t = ex �\=���

�) 1 �Ó��Y. �
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SSSKKK 1700(a) ¦

∫
sin x cosx

√

a2 sin2 x + b2 cos2 x
dx.

) 1 Ø�� a, b > 0, �ØÓ�� 0.

e a = b > 0, Kk ∫
sin x cosx

a
dx = 1

2a
sin2 x + C.

e a 6= b, K�n�©¦ÈXe:∫
sin x cosx

√

a2 sin2 x + b2 cos2 x
dx =

∫
sin x cosx

√

(a2 − b2) sin2 x + b2

dx

= 1
2(a2 − b2)

∫
d[(a2 − b2) sin2 x + b2]
√

(a2 − b2) sin2 x + b2

= 1
a2 − b2

√

a2 sin2 x + b2 cos2 x + C. �

) 2 |^

sin x cosxdx = 1
2

sin 2xdx = −
1
4

d(cos 2x),

=�n�©¦ÈXe:∫
sinx cos x

√

a2 sin2 x + b2 cos2 x
dx = −

1
4

∫
d(cos 2x)

√

a2 ·
1 − cos 2x

2
+ b2 ·

1 + cos 2x
2

= −
1
4

·
2

b2 − a2

∫ d
(

a2 ·
1 − cos 2x

2
+ b2 ·

1 + cos 2x
2

)

√

a2 ·
1 − cos 2x

2
+ b2 ·

1 + cos 2x
2

= 1
a2 − b2

√

a2 ·
1 − cos 2x

2
+ b2 ·

1 + cos 2x
2

+ C

= 1
a2 − b2

√

a2 sin2 x + b2 cos2 x + C. �

SSSKKK 1702 ¦

∫
dx

sin2 x + 2 cos2 x
.

) ù�^ d tanx = sec2 xdx (½ö d cotx = − csc2 xdx) n�©¦ÈXe:∫
dx

sin2 x + 2 cos2 x
=

∫
sec2 xdx

tan2 x + 2
=

∫
d tanx

tan2 x + 2

= 1√
2

arctan
(

tan x√
2

)

+ C. �

e��SK��Y´Ä��È©úª��, Ù¥¤^��«�{�Ñ��ÆS.

SSSKKK 1703 ¦

∫
dx

sin x
.

) 1 |^ (tanu)′
u

= sec2 u Ú�u¼ê���úª, �n�©¦ÈXe:

I =
∫

dx

2 sin x
2

cos x
2

=
∫

dx

2 tan x
2

cos2 x
2

=
∫ sec2 x

2

tan x
2

d
(

x
2

)

= ln | tan x
2
| + C. �
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) 2 ��±Ø^��úªn�©¦ÈXe:

I =
∫

sin x

sin2 x
dx =

∫
d cosx

cos2 x − 1

= 1
2

ln
∣

∣

∣

cosx − 1
cosx + 1

∣

∣

∣
+ C. �

) 3 |^¤¢��U�� (ë��¡� §3.4.3), - t = tan x
2

, KÒk

dx = 2
1 + t2

dt, sin x = 2t

1 + t2
,

u´�¦ÈXe:

I =
∫ 2

1 + t2
dt

2t

1 + t2

=
∫

dt
t

= ln |t| + C = ln | tan x
2
| + C. �

5 �K��Y��kÙ¦/ª, �8�Ú^�BòA�~^�Y�LXe:∫
dx

sin x
= ln

∣

∣

∣
tan x

2

∣

∣

∣
+ C

= 1
2

ln
∣

∣

∣

1 − cosx
1 + cosx

∣

∣

∣
+ C

= ln
∣

∣

∣

sin x
1 + cosx

∣

∣

∣
+ C

= ln
∣

∣

∣

1 − cosx
sin x

∣

∣

∣
+ C

= ln | csc x − cotx| + C.

(3.4)

SSSKKK 1704 ¦

∫
dx

cosx
.

) |^�� x + π
2

= t Òk

∫
dx

cosx
=

∫
dx

sin
(

x + π
2

) =
∫ d

(

x + π
2

)

sin
(

x + π
2

) ,

u´®²ò¯K8(�þ��SK, ±e��Ñ� (3.4) ²1�A��Y. �∫
dx

cosx
= ln

∣

∣

∣
tan

(

x
2

+ π
4

)∣

∣

∣
+ C

= 1
2

ln
∣

∣

∣

1 + sin x
1 − sin x

∣

∣

∣
+ C

= ln
∣

∣

∣

cosx
1 − sin x

∣

∣

∣
+ C

= ln
∣

∣

∣

1 + sin x
cosx

∣

∣

∣
+ C

= ln | secx + tanx| + C.

(3.5)

SSSKKK 1712 ¦

∫
x2 + 1
x4 + 1

dx.

) ò�È¼ê�©f©1ÓØ± x2, ,��n�©¦ÈXe:
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∫
x2 + 1
x4 + 1

dx =
∫
(

1 + 1
x2

)

dx

x2 + 1
x2

=
∫ d

(

x −
1
x

)

(

x −
1
x

)2

+ 2

= 1√
2

arctan
(

x2 − 1√
2x

)

+ C. �

SSSKKK 1718 ¦

∫
sin x cosx

sin4 x + cos4 x
dx.

) 1 |^n�ð�ª sin2 x + cos2 x = 1, �ò�È¼ê�©1U��

sin4 x + cos4 x = (sin2 x + cos2 x)2 − 2 sin2 x cos2 x

= 1 −
1
2

sin2 2x = 1
2

(1 + cos2 2x),

,�|^n�©

sin x cosxdx = 1
2

sin 2xdx = −
1
4

d(cos 2x),

=�¦ÈXe:∫
sin x cosx

sin4 x + cos4 x
dx = −

1
2

∫
d(cos 2x)

1 + cos2 2x
= −

1
2

arctan(cos 2x) + C. �

) 2 ò�È¼ê�©f©1ÓØ± cos4 x, ,��n�©¦ÈXe (�Ò´��

� t = tanx):∫
sinx cos x

sin4 x + cos4 x
dx =

∫
tanxd(tan x)

1 + tan4 x
=

∫
t dt

1 + t4
= 1

2

∫
d(t2)

1 + (t2)2

= 1
2

arctan(tan2 x) + C. �

5 dK�ü�)¤����YØÓ, ù3Ø½È©¦È¥´~��. é�K5

`, �±|^ §1.8.2 �SK 776 (=���\{½n) y² 1©

1
2

arctan(cos 2x) + 1
2

arctan(tan2 x) = 1
2

arctan
(

cos 2x + tan2 x

1 − cos 2x tan2 x

)

= 1
2

arctan 1 = π
8

,

l��þãü��YÑ´�(�. ,ù��y²í�k�´é(J�. ��, ��

ü�)Ñ�(�{, �âØ½È©�Ä�½n, = §2.6.4 �SK 1259, Ò�±�½?Û

ü��¼ê���~ê. é�K5`, =�ä½k

1
2

arctan(tan2 x) − (− 1
2

arctan(cos 2x)) = C1,

,�- x = 0 �\Ò�� C1 = π
8

. ù'þ¡A^SK 776 �N´�õ.

Ïdéu8���aq��¹, =,�Ø½È©Ñyõ�ØÓ�Y�, �{ü��

{Ò´ÏL¦�O���yz��Y¦��´Ä���K¥��È¼ê. du¦�ê

´êÆ©Û¥��{ü�$�, Ïdù´�¢�1��{.

1© ��Ùå�, ò�K�Cþ x UP� t, KI�y²� x(t) = cos 2t, y(t) = tan2 t �, ���\{½n

¥� ε(x(t), y(t)) = 0. du x(t) Ú y(t) þ�±Ï π �ó¼ê, Ïd�Iy²3 [0, π/2) þ x(t)y(t) < 1. 3

t ∈ [0, π/4] ��l 0 6 cos 2x 6 1 Ú 0 6 tan2 t 6 1 ��, 3 t ∈ (π/4, π/2) �K²wk x(t)y(t) < 0.
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SSSKKK 1720 ¦

∫
xdx

√

1 + x2 +
√

(1 + x2)3
.

) 1 |^ d(1 + x2) = 2xdx, ¿P t = 1 + x2, ,�=�n�©¦ÈXe:∫
xdx

√

1 + x2 +
√

(1 + x2)3
= 1

2

∫
dt

√

t +
√

t3
= 1

2

∫
dt

√
t
√

1 +
√

t

=
∫

d(1 +
√

t)
√

1 +
√

t
= 2

√

1 +
√

t + C

= 2

√

1 +
√

1 + x2 + C. �

) 2 ��� x = tan t, Ò�¦ÈXe:∫
xdx

√

1 + x2 +
√

(1 + x2)3
=

∫
tan t sec2 t dt√
sec2 t + sec3 t

=
∫

d(1 + sec t)
√

1 + sec t

= 2
√

1 + sec t + C = 2

√

1 +
√

1 + x2 + C. �

3.1.4 ^̂̂ÐÐÐmmm{{{¦¦¦ÈÈÈ (SSSKKK 1721–1765)

¤¢Ðm{Ò´|^È©$���55�, ò�È¼ê�¤eZ��Ú, ,�©O

¦È, ��¡�©�È©{. 3��!�SK¦)¥�¹
A«~^�ÐmE|.

�c¡��, ·�Ø
^Ðm{�	, �²~¬ÞÑÙ¦){±ø'�.

SSSKKK 1721(b) ¦

∫
x(1 − x)10 dx.

) 1 e^��ªúªò (1 − x)10 ÐmK���E�O�. ,��±kÙ¦Ð

m�{. ùÒ´|^ x = 1 − (1 − x) ò�È¼êÐm�ü�, ,�=�¦ÈXe:∫
x(1 − x)10 dx =

∫
[1 − (1 − x)](1 − x)10 dx

= −

∫
(1 − x)10 d(1 − x) +

∫
(1 − x)11 d(1 − x)

= −
1
11

(1 − x)11 + 1
12

(1 − x)12 + C. �

) 2 ��� t = 1 − x, KÐm¦È��g,:∫
x(1 − x)10 dx = −

∫
(1 − t)t10 dt = −

∫
t10 dt +

∫
t11 dt

= −
1
11

t11 + 1
12

t12 + C

= −
1
11

(1 − x)11 + 1
12

(1 − x)12 + C. �

) 3 ^©ÜÈ©{�¦ÈXe:∫
x(1 − x)10 dx = −

1
11

x(1 − x)11 + 1
11

∫
(1 − x)11 dx

= −
1
11

x(1 − x)11 − 1
132

(1 − x)12 + C. �
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ekn©ª�©1õ�ª�gêØpu©fõ�ª�gê, �±ò§^õ�ªØ

{ (½Ù¦�{) Ðm�õ�ª�ý©ª�Ú, ,�2©O¦È. e¡´��;.~f.

SSSKKK 1723 ¦

∫
x2

1 + x
dx.

) Uìc¡¤ãÐm�=�¦ÈXe:∫
x2

1 + x
dx =

∫
(

x − 1 + 1
1 + x

)

dx = x2

2
− x + ln |x + 1| + C. �

SSSKKK 1726 ¦

∫
(2 − x)2

2 − x2
dx.

) ò©ªÐm�=�¦ÈXe:∫
(2 − x)2

2 − x2
dx =

∫
(x2 − 2) − 4x + 6

2 − x2
dx

=
∫
(

− 1 + 4x

x2 − 2
−

6
x2 − 2

)

dx

= −x + 2 ln |x2 − 2| − 3√
2

ln
∣

∣

∣

x −
√

2

x +
√

2

∣

∣

∣
+ C. �

éu©1� (x − a)n �kný©ª, ²~�Ðm�
ak

(x − a)k
(1 6 k 6 n) �Ú, ,

�2Å�¦È. e¡´��;.~f.

SSSKKK 1727 ¦

∫
x2

(1 − x)100
dx.

) 1 kò©fUì x − 1 ��gÐm�õ�ª, ,�=�Ðm¦ÈXe:∫
x2

(1 − x)100
dx =

∫
(x − 1)2 + 2(x − 1) + 1

(x − 1)100
dx

=
∫
(

(x − 1)−98 + 2(x − 1)−99 + (x − 1)−100

)

dx

= −
1
97

(x − 1)−97 −
1
49

(x − 1)−98 −
1
99

(x − 1)−99 + C. �

) 2 (V�) ek��� t = x − 1, Kò©f (t + 1)2 Ðm�=�¦ÈXe:∫
x2

(1 − x)100
dx =

∫
t2 + 2t + 1

t100
dt,

±elÑ. �

SSSKKK 1730 ¦

∫
x
√

2 − 5xdx.

) �cAK��, ��ò x Uì (2 − 5x) ��g�Ñ, =�Ðm¦ÈXe:∫
x
√

2 − 5xdx =
∫
(

−
1
5

(2 − 5x) + 2
5

)√
2 − 5xdx

= −
1
5

∫
(2 − 5x)

3

2 dx + 2
5

∫
(2 − 5x)

1

2 dx

= 2
125

(2 − 5x)
5

2 −
4
75

(2 − 5x)
3

2 + C

= −
8 + 30x

375
(2 − 5x)

3

2 + C. �
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SSSKKK 1733 ¦

∫
dx

(x − 1)(x + 3)
.

) 1 ©1� (x− a)(x− b) (a 6= b) �ý©ª�±Ðm�©1©O� x− a Ú x− b

�ü�ý©ª�Ú. �Ñ¹k�½Xê A Ú B �Ðmª:

1
(x − 1)(x + 3)

= A
x − 1

+ B
x + 3

,

,���3�ªü>¦± x − 1, �� x → 1 ��4�, Ò��
1
4

= A. Ó�òþªü

>¦± x + 3, �- x → −3, Ò�� −
1
4

= B.

u´�K�¦ÈXe:∫
dx

(x − 1)(x + 3)
= 1

4

∫
dx

x − 1
−

1
4

∫
dx

x + 3

= 1
4

ln
∣

∣

∣

x − 1
x + 3

∣

∣

∣
+ C. �

) 2 l) 1 �Ðmªü>¦± (x − 1)(x + 3), Ò��

1 = A(x + 3) + B(x − 1),

,�- x → 1 �� A = 1
4

, - x → −3 �� B = −
1
4

. Ù{lÑ. �

5 �K��È¼êu: 1 Ú −3 ?vk½Â, Ïd3) 1 Ú) 2 ¥^ x → 1 Ú

x → −3, lO�(J5w�Ò��u^ x = 1 Ú x = −3 ���\, �´�ö´3�ª

ü>�L�ª3: 1, 3 ?�ëYòÿ�âU¤á�$�.

5SK86¥�SK 1741–1758 ´�È¼ê�n�¼ê�Ðm¦È. ù�n�¼

ê�Nõð�ª�,�å��^. Ø
ÈzÚ�úª�	, ����± u = sinx Ú

v = cosx |¤�õ�ª F (u, v) �½�±Ðm� x ���¼ê�Ú 1© . e¡Þ~.

SSSKKK 1747 ¦

∫
sin3 xdx.

) 1 ò�È¼êÐm� x ���¼ê�ÚXe:

sin3 x = 1
2

(1 − cos 2x) sin x = 1
2

sin x −
1
2

cos 2x sinx

= 1
2

sin x −
1
4

(sin 3x − sin x)

= −
1
4

sin 3x + 3
4

sinx.

,�N´¦ÈXe: ∫
sin3 xdx =

∫
(

−
1
4

sin 3x + 3
4

sin x
)

dx

= 1
12

cos 3x −
3
4

cosx + C. �

) 2 �K��±^n�©{¦ÈXe:∫
sin3 xdx =

∫
(cos2 x − 1) d(cosx)

= 1
3

cos3 x − cosx + C. �

1© ÆLFp�?ê (� §5.6) �Öö�,²xù´w,�.
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5 �c¡'u sin3 x z���¼ê�í�aq, k

cos3 x = 1
2

(1 + cos 2x) cosx

= 1
2

cosx + 1
4

(cos x + cos 3x)

= 3
4

cosx + 1
4

cos 3x,

��ü�)��Y�Ó.

SSSKKK 1755 ¦

∫
dx

sin2 x cosx
.

) 1 ò�È¼ê�©f 1 �� sin2 x + cos2 x, Ò�±¢yÐm¿¦ÈXe:∫
dx

sin2 x cosx
=

∫
sin2 x + cos2 x

sin2 x cosx
dx =

∫
dx

cosx
+

∫
cosxdx

sin2 x

=
∫ d

(

x + π
2

)

sin
(

x + π
2

) +
∫

d sinx

sin2 x

= ln
∣

∣

∣
tan

(

x
2

+ π
4

)∣

∣

∣
−

1
sin x

+ C. �

) 2 ��±n�©¦ÈXe:∫
dx

sin2 x cosx
=

∫
d sinx

sin2 x(1 − sin2 x)

=
∫

d sinx

sin2 x
+

∫
d sinx

1 − sin2 x

= −
1

sin x
+ 1

2
ln
∣

∣

∣

1 + sinx
1 − sinx

∣

∣

∣
+ C. �

SSSKKK 1759 ¦

∫
dx

1 + ex .

) 1 XeÐm=�¦È:∫
dx

1 + ex =
∫
(

1 −
ex

1 + ex

)

dx = x −

∫
d(1 + ex)
1 + ex

= x − ln(1 + ex) + C. �

) 2 ^�\{, - t = ex, K�XeÐm¦È:∫
dx

1 + ex =
∫

dt
t(1 + t)

=
∫
(

1
t
−

1
1 + t

)

dt

= ln t − ln(1 + t) + C

= x − ln(1 + ex) + C. �

3.1.5 ^̂̂���\\\{{{¦¦¦ÈÈÈ (SSSKKK 1766–1790)

��!´�\{�?�ÚÆS.

3c¡�NõSK¥�±w�, ò�È¼ê¥�,���E,�Ïf��#�g

Cþ, ,�Òk�U���N´?n�#��È¼ê, ù  ´�«k��{z�{.
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SSSKKK 1767 ¦

∫
x3(1 − 5x2)10 dx.

) 1 - 1 − 5x2 = t, Kk x2 = 1 − t
5

Ú −10xdx = dt, u´�¦ÈXe:
∫
x3(1 − 5x2)10 dx = −

1
10

∫
1 − t

5
· t10 dt

= −
1
50

∫
(t10 − t11) dt

= −
1

550
t11 + 1

600
t12 + C

= −
1

550
(1 − 5x2)11 + 1

600
(1 − 5x2)12 + C. �

) 2 (V�) ��� x2 = t K��∫
x3(1 − 5x2)10 dx = 1

2

∫
t(1 − 5t)10 dt,

,�2òÈ©Òe�Ïf t �� t = 1
5

[1 − (1 − 5t)] �Ðm¦È (� §3.1.4 �SK

1721(b)), ½ö��^©ÜÈ©{¦È. �

SSSKKK 1771 ¦

∫
cos5 x ·

√
sin xdx.

) -
√

sin x = t, Kk d sinx = cosxdx = d(t2) = 2t dt, u´�¦ÈXe:∫
cos5 x ·

√
sinx dx =

∫
(1 − sin2 x)2 ·

√
sin x · cosxdx

=
∫

(1 − t4)2t · 2t dt =
∫

(2t10 − 4t6 + 2t2) dt

= 2
11

t11 −
4
7

t7 + 2
3

t3 + C

= 2
11

(sin x)
11

2 −
4
7

(sin x)
7

2 + 2
3

(sin x)
3

2 + C. �

SSSKKK 1773 ¦

∫
sin2 x

cos6 x
dx.

) - t = tanx, K dt = sec2 xdx, ,��¦ÈXe:∫
sin2 x

cos6 x
dx =

∫
tan2 x · sec2 xd(tan x)

=
∫
t2(1 + t2) dt = 1

3
t3 + 1

5
t5 + C

= 1
3

tan3 x + 1
5

tan5 x + C. �

5 �K��È¼êáuknn�¼ê�a., =��� R(cosx, sin x), Ù¥

R(u, v)���kn©ª¼ê. éu÷v^� R(−u,−v) = R(u, v) ��¹, ^Cþ��

t = tanx ´�Ð�¦È�{ (ë� §3.4.3 m©�én«�¹�`²).

SK 1778–1790 ´�±^n��� x = a sin t, x = a tan t, x = a sin2 t �½öV

�� x = a sinh t, x = a cosh t �¦È�a.. e¡��Ñ~^�Ù¦¦È�{.
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SSSKKK 1778 ¦

∫
dx

(1 − x2)
3

2

.

) 1 - x = sin t, K 1 − x2 = cos2 t, dx = cos t dt, u´�¦ÈXe:∫
dx

(1 − x2)
3

2

=
∫

cos t dt

cos3 t
=

∫
dt

cos2 t
= tan t + C = x√

1 − x2
+ C. �

) 2 ��^e�n�©{¦È:

∫
dx

(1 − x2)
3

2

=
∫

dx

x3

(

1
x2

− 1
)

3

2

= −
1
2

∫ d
(

1
x2

− 1
)

(

1
x2

− 1
)

3

2

=
(

1
x2

− 1
)
−

1

2

+ C. �

SSSKKK 1779 ¦

∫
x2 dx√
x2 − 2

.

) 1 - x =
√

2 sec t, Kk
√

x2 − 2 =
√

2 tan t, dx =
√

2 sec t tan t dt, u´k∫
x2 dx√
x2 − 2

= 2
∫
sec3 t dt,

,�^©ÜÈ©{¦ÈXe:

2
∫
sec3 t dt = 2

∫
sec t d(tan t) = 2 tan t sec t − 2

∫
tan t d(sec t)

= 2 tan t sec t − 2
∫
tan2 t sec t dt = 2 tan t sec t − 2

∫
(sec2 t − 1) sec t dt

= 2 tan t sec t + 2
∫
sec t dt − 2

∫
sec3 t dt,

,�òm>�����£��>, Ø± 2 �2UY¦È��

2
∫
sec3 t dt = tan t sec t +

∫
sec t dt

= tan t sec t + ln | sec t + tan t| + C1 (ë�SK 1704 ��úª (3.5))

= 1
2

x
√

x2 − 2 + ln |x +
√

x2 − 2 | + C (Ù¥ C = C1 − ln
√

2). �

5 1 5¿3þãO�¥Ñy�“Ì�y�”, =3éu 2
∫
sec3 t dt �©ÜÈ©{O

�¥qÑy
 −2
∫
sec3 t dt, ,�ÏL£��n��2UYO�e�. ù´©ÜÈ©{

¦^¥�~�y�. ë�e¡ §3.1.6 �SK 1820 �) 1 ��5.

5 2 3þã)����Ñ
?¿~ê C Ú C1 �m�'X. �{²å�, 8�ò

Ø½È©¦ÈL§���Ú½¥Ñy�?¿~êÚ�P� C, ¿Ø2?Ø§��m�

'X.

) 2 ù��){¥Ø^n���, �E,�^©ÜÈ©{.

ò�K�Ø½È©P� I, K��¡^©ÜÈ©��

I = x
√

x2 − 2 −

∫ √
x2 − 2 dx,
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,��¡qk

I =
∫

(x2 − 2) + 2
√

x2 − 2
dx =

∫
√

x2 − 2 dx + 2
∫

dx√
x2 − 2

=
∫
√

x2 − 2 dx + 2 ln |x +
√

x2 − 2 |,

òüª�\Ø 2 =��) 1 �Ó�(J. �

g�K 'u I �±þüª¥ÑwØ�?¿~ê, �����Y¥7Lk?¿~

ê, @o§´lÛ?Ñ5�?

SSSKKK 1782 ¦

∫√
a + x
a − x

dx.

) 1 Ø�� a > 0 (ÄK�- x = −t), ù�l²��Òe�©ª7L�u�u 0

��¦, �±¦ÑCþ x ���� −a 6 x < a.

��� x = a cos t, K

√

a + x
a − x

= cot t
2

, dx = −a sin t dt, u´�¦ÈXe:

∫√
a + x
a − x

dx =
∫
cot t

2
· (−a sin t) dt = −

∫
2a cos2 t

2
dt

= −

∫
a(1 + cos t) dt = −at− a sin t + C

= −a arccos x
a

−
√

a2 − x2 + C. �

) 2 dK^n�©{�¦ÈXe:

∫√
a + x
a − x

dx =
∫

a + x√
a2 − x2

dx = a

∫ d
(

x
a

)

√

1 −
(

x
a

)2
−

1
2

∫
d(a2 − x2)
√

a2 − x2

= a arcsin x
a

−
√

a2 − x2 + C. �

) 3 ��� t =

√

a + x
a − x

, Kk

x = a −
2a

t2 + 1
, dx = 4at dt

(t2 + 1)2
,

u´�^©ÜÈ©{¦ÈXe:∫√
a + x
a − x

dx =
∫

4at2

(t2 + 1)2
dt =

∫
(−2at) d

(

1
t2 + 1

)

= −
2at

t2 + 1
+

∫
2a dt

t2 + 1

= −
2at

t2 + 1
+ 2a arctan t + C

= −
√

a2 − x2 + 2a arctan

√

a + x
a − x

+ C. �

5 ) 3 ¤^�����í2u)ûa.�

∫
R
(

x,
n

√

ax + b
cx + d

)

dx �Ø½È©¯

K, Ù¥ R(u, v)���kn¼ê. ù����� t =
n

√

ax + b
cx + d

.
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SSSKKK 1784 ¦

∫
dx

√

(x − a)(b − x)
.

) 1 ù��Uk a 6= b. ±eØ�� a < b (ÄK�ò�ÒeU�� (x−b)(a−x)).

|^ a < x < b, �n��� x − a = (b − a) sin2 t, Ù¥ 0 < t < π/2, Kk
√

(x − a)(b − x) = (b − a) sin t cos t, dx = 2(b − a) sin t cos t dt,

u´�¦ÈXe: ∫
dx

√

(x − a)(b − x)
= 2

∫
dt = 2t + C

= 2 arcsin

√

x − a
b − a

+ C. �

) 2 eØ^) 1 ¥�n���, K��3�ÒS�²��¦ÈXe:∫
dx

√

(x − a)(b − x)
=

∫
dx

√

(b − a)2

4
−
(

x −
a + b

2

)2

= arcsin

(

x −
a + b

2
|b − a|

2

)

+ C = arcsin
(

2x − a − b
|b − a|

)

+ C. �

5 3 b = −a 6= 0 �Ò´c¡� §3.1.2 ¥�Ä�úª (3.3) �n:∫
dx√

a2 − x2
= arcsin x

|a|
+ C.

3.1.6 ^̂̂©©©ÜÜÜÈÈÈ©©©{{{¦¦¦ÈÈÈ (SSSKKK 1791–1835)

ù´���{¿����È©�{, 3 §3.1.5 �SK 1779 �ü�){ÚSK

1782 �) 3 ¥®²Ñy. ��!´ù�¡�Ä�~K.

SSSKKK 1791 ¦

∫
lnxdx.

) 1 ^©ÜÈ©{�¦ÈXe:∫
lnxdx = x lnx −

∫
xd(lnx) = x lnx −

∫
dx = x lnx − x + C. �

5 3þã©ÜÈ©¥Ú\Ïf x ��{wq“Ã¥)k”, ¢Sþék�. §�±

^u¦ÑNõØ½È©, ~XSK 1802 (¦
∫
arctanxdx), 1803 (¦

∫
arcsinxdx), 1807

(¦
∫
ln(x +

√
1 + x2) dx), 1809 (¦

∫
arctan

√
xdx) �, Ùnd��k��, =ù
Ø½

È©��È¼ê3¦���ÑC¤��ê¼ê (�)kn¼êÚÃn¼ê).

) 2 e^�� lnx = t, K x = et, dx = et dt, ,�©ÜÈ©{¦ÈXe:∫
lnxdx =

∫
tet dt = tet −

∫
et dt

= tet − et + C = x ln x − x + C. �

5 éu) 2 ¥�È©
∫
tet dt ^©ÜÈ©{�kü«�{, =
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∫
tet dt =

∫
t d(et) = tet −

∫
et dt,

½ö ∫
tet dt =

∫
et d
(

t2

2

)

= t2

2
et −

∫
t2

2
et dt.

w,�öØU¤õ.

ùL²3^©ÜÈ©{�, ¯k��Ð���o“8�”´��, §û½
3©Ü

È©�ü��U��¥ÀJ=��. �K�) 2 ´�ÏL©ÜÈ©ò�5��È¼ê

tet ¥�Ïf t �K. ,35¥�1�«�{Kò t ���êl 1 ,p� 2, ·�Ù�.

��5`, �
òØ½È©

∫
f(x) dx �¤�

∫
u(x) dv(x), ,�A^©ÜÈ©úª∫

u(x) dv(x) = u(x)v(x) −
∫
v(x) du(x),

ù�3XÛÀJ u(x) Ú v(x) �¬k�õ��U5, �  �U�â²�5?1}Á.

ù�¡�?�ÚSN�ëw §3.5 ��'u©ÜÈ©{�Ö¿.

SSSKKK 1793 ¦

∫
(

lnx
x

)2

dx.

) �{ÏL©ÜÈ©¦��È¼ê� lnx �gêl 2 gü� 1 g, 2l 1 gü�

0 g (ë�SK 1791), ù�Ò�¦ÈXe:∫
(

lnx
x

)2

dx =
∫
(lnx)2 d

(

−
1
x

)

= −
1
x

· (lnx)2 +
∫

1
x

d (ln x)2 = −
1
x

· (lnx)2 +
∫

1
x

· 2 lnx ·
1
x

dx

= −
1
x

· (lnx)2 − 2
x

lnx +
∫

2
x

·
1
x

dx

= −
1
x

· (lnx)2 − 2
x

lnx −
2
x

+ C. �

SSSKKK 1799 ¦

∫
x2 sin 2xdx.

) �{ÏL©ÜÈ©ò�È¼ê¥� x2 ��êl 2 ü� 0, ù�=�¦ÈXe:∫
x2 sin 2xdx =

∫
x2d(− 1

2
cos 2x) = −

1
2

x2 cos 2x +
∫
x cos 2xdx

= −
1
2

x2 cos 2x + 1
2

x sin 2x −
1
2

∫
sin 2xdx

= −
1
2

x2 cos 2x + 1
2

x sin 2x + 1
4

cos 2x + C. �

SSSKKK 1810 ¦

∫
sin x · ln(tan x) dx.

) �Ä��È¼ê�1��Ïf ln(tanx) 3¦��¤�n�¼ê, =�^©Ü

È©{¦ÈXe:∫
sinx · ln(tanx) dx = − cosx · ln(tanx) +

∫
cosx ·

sec2 x
tan x

dx

= − cosx · ln(tanx) +
∫

dx
sinx

= − cosx · ln(tanx) + ln tan
∣

∣

∣

x
2

∣

∣

∣
+ C. �
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SSSKKK 1817 ¦

∫
dx

(a2 + x2)2
.

) 1 Ø�� a > 0. ±e�©ÜÈ©{3 §3.1.5 �SK 1782 �) 3 ¥®�L:∫
dx

(a2 + x2)2
= 1

a2

∫
(a2 + x2) − x2

(a2 + x2)2
dx

= 1
a2

∫
dx

x2 + a2
+ 1

2a2

∫
xd
(

1
x2 + a2

)

= 1
a3

arctan x
a

+ x

2a2(x2 + a2)
−

1
2a2

∫
dx

x2 + a2

= 1
2a3

arctan x
a

+ x

2a2(x2 + a2)
+ C. �

) 2 e¡��{�) 1 aq, �kÙAÚ, =l®��(Jm©:

1
a

arctan x
a

+ C =
∫

dx

x2 + a2

= x ·
1

a2 + x2
+

∫
2x2 dx

(x2 + a2)2

= x

a2 + x2
+ 2

∫
dx

x2 + a2
− 2a2

∫
dx

(x2 + a2)2
,

ò���ª\±�nÒ���) 1 �Ó��Y. �

e¡�SK 1818 (¦
∫ √

a2 − x2 dx) Ú 1819 (¦
∫ √

x2 + a dx) Ñ´©ÜÈ©{�

;.A^. Ù(J®´��Ö¥�Ä�úª, í�lÑ.
∫
√

a2 − x2 dx = 1
2

x
√

a2 − x2 + a2

2
arcsin x

a
+ C (a > 0),

∫
√

x2 + α dx = 1
2

x
√

x2 + α + α
2

ln |x +
√

x2 + α| + C (α 6= 0).
(3.6)

SSSKKK 1820 ¦

∫
x2

√
a2 + x2 dx.

) 1 |^ d[(a2 + x2)
3

2 ] = 3x(a2 + x2)
1

2 dx, �^©ÜÈ©{¦ÈXe:∫
x2
√

a2 + x2 dx = 1
3

∫
xd[(a2 + x2)

3

2 ]

= 1
3

x(a2 + x2)
3

2 −
1
3

∫
(a2 + x2)

3

2 dx

= 1
3

x(a2 + x2)
3

2 −
1
3

∫
x2(a2 + x2)

1

2 dx −
a2

3

∫
√

a2 + x2 dx,

,�òm>�1��£��>, é1n�^úª (3.6) �� (� α = a2), ù�Ò��∫
x2
√

a2 + x2 dx = 1
4

x(x2 + a2)
3

2 −
a2

8
x(x2 + a2)

1

2

−
a4

8
ln |x +

√

x2 + a2| + C. �

5 3) 1 ¥Ñy
 §3.1.5 �SK 1779 9Ù5¤«�SN, =3©ÜÈ©O�¥

k�UÑy�5�¦�Ø½È© (ÙXêØ�u 1), ,�ÏL£��n¿¦)��{ü
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��ê�§�¦Ñ�Y. ù«�¹¡�Ø½È©¥�Ì�y�, 8�éu¥m�£��

nL§òØ2���Ñ. 3^©ÜÈ©{í�úª (3.6) ��´Xd.

) 2 ^n��� x = a tan t, Kk∫
x2
√

a2 + x2 dx =
∫
a2 tan2 t · a sec t · a sec2 t dt = a4

∫
(sec5 t − sec3 t) dt.

,�^©ÜÈ©{�±eO� (Ù¥þÑy) 1 �5¥¤`�Ì�y�):∫
sec5 t dt =

∫
sec3 t d(tan t) = sec3 t tan t −

∫
tan t · 3 sec3 t tan t dt

= sec3 t tan t −

∫
3(sec5 t − sec3 t) dt

= 1
4

sec3 t tan t + 3
4

∫
sec3 t dt,

∫
sec3 t dt =

∫
sec t d(tan t) = sec t tan t −

∫
tan2 t sec t dt

= sec t tan t −

∫
(sec3 t − sec t) dt

= 1
2

sec t tan t + 1
2

∫
dt

cos t
,

ém>���È©^SK 1704 (� (3.5)), ¿nÜ±þ=���∫
x2
√

a2 + x2 dx = a4

(

1
4

sec3 t tan t −
1
8

sec t tan t −
1
8

ln | tan t + sec t|
)

+ C

= 1
4

x(x2 + a2)
3

2 −
a2

8
x(x2 + a2)

1

2 −
a4

8
ln |x +

√

x2 + a2| + C. �

5 ) 1 �6ué©ÜÈ©¥� u, v �|©ÀJÚy¤�úª (3.6). ) 2 �,

��:, �g´{ü, =l²w�n��� x = a tan t m©, ò¯K8(�Ø½È©∫
secn t dt �O�, �ö´�^4í�{¦Ñ� (� §3.4.1 �SK 2012(b)).

SSSKKK 1824 ¦

∫
x earctan x

(1 + x2)
3

2

dx.

) (V�) ��� x = tan t, KÒk∫
x earctan x

(1 + x2)
3

2

dx =
∫

tan t · et

sec3 t
· sec2 t dt =

∫
et sin t dt,

���ª´��~��Ø½È© (�e¡�SK 1829), ±elÑ. �

5 X §3.1.5 m©'u�\{¤`, é�È¼ê�E,��¹, Ø�k�·��C

þ��\±{z, ,�2�Ä^�o�{. �e5�SK 1825–1827 Ñ´Xd.

SSSKKK 1828 ¦

∫
eax cos bxdx.

(5: �K¥b� a, b þØ�u 0.)

) 1 dK�¦ÈXe, Ù¥|^3üg©ÜÈ©�Ñy�Ì�y�¦��Y:
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I = 1
a

∫
cos bxd(eax) = 1

a
eax cos bx + b

a

∫
eax sin bxdx

= 1
a

eax cos bx + b

a2

∫
sin bxd(eax)

= 1
a

eax cos bx + b

a2
eax sin bx −

b

a2

∫
eax d(sin bx)

= 1
a

eax cos bx + b

a2
eax sin bx −

b2

a2
· I

= a2

a2 + b2
eax( 1

a
cos bx + b

a2
sin bx) + C

= eax

a2 + b2
(a cos bx + b sin bx) + C. �

ùpÖ¿�«�{, =|^EêO�óäé�K�Ñ��#), �±Ó�O�Ñ�

K�SK 1829 �ü�Ø½È©, �ØI�^©ÜÈ©{.

5¿: ±eO���â5gué¢CE�¼ê u(x) + iv(x) ��ê½Â�

[u(x) + iv(x)]′ = u′(x) + iv′(x),

¿^�Ó�{½Â¢CE�¼ê��¼êÚØ½È©, ,�=��ye¡�úª (3.7)

¤á (ë�1�þ� §2.5.4 �SK 1175 ��5Ú §2.5.5 �SK 1206 �Eê){).

) 2 Äk|^î.úªk∫
eax(cos bx + i sin bx) dx =

∫
e(a+ib)x dx

= 1
a + ib

e(a+ib)x + C.
(3.7)

,�©lÑ (3.7) m>1���¢Ü�JÜ, Òk

1
a + ib

· e(a+ib)x = a − ib
a2 + b2

· eax(cos bx + i sin bx)

= eax

a2 + b2
[(a cos bx + b sin bx) + i(−b cos bx + a sin bx)],

q�E~ê C = C1 + iC2, Ù¥ C1, C2 �¢~ê, ÒÓ���ü�Ø½È©:∫
eax cos bxdx = eax

a2 + b2
(a cos bx + b sin bx) + C1,

∫
eax sin bxdx = eax

a2 + b2
(−b cos bx + a sin bx) + C2. �

SSSKKK 1829 ¦

∫
eax sin bxdx.

J« ½ö��þ�K�) 1, ½ö^Ù) 2. �

SSSKKK 1835 ¦

∫
x ex

(x + 1)2
dx.

) 1 |^
x

(x + 1)2
= 1

x + 1
−

1
(x + 1)2

òÈ©Ðm�ü�, ,�é1���Ø

½È©^©ÜÈ©{=�¦ÈXe:
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∫
x ex

(x + 1)2
dx =

∫
ex

x + 1
dx −

∫
ex

(x + 1)2
dx

=
∫

d(ex)
x + 1

−

∫
ex

(x + 1)2
dx

= ex

x + 1
−

∫
ex d

(

1
x + 1

)

−

∫
ex

(x + 1)2
dx

= ex

x + 1
+

∫
ex

(x + 1)2
dx −

∫
ex

(x + 1)2
dx

= ex

x + 1
+ C. �

) 2 ��^©ÜÈ©{�¦ÈXe:∫
x ex

(x + 1)2
dx = −

∫
x exd

(

1
x + 1

)

= −
x ex

x + 1
+

∫
1

x + 1
d (x ex)

= −
x ex

x + 1
+

∫
ex + xex

x + 1
dx

= −
x ex

x + 1
+

∫
ex dx

= −
x ex

x + 1
+ ex + C

= ex

x + 1
+ C. �

5 dKq�ØJ, �ùp��Ñ, Ð�¼ê�Ø½È©�7´Ð�¼ê, Ïdk

NõÐ�¼ê� (  é��) Ø½È©´Ø�UÈÑ5�. ~X, L¡þ'�K��

{ü���Ø½È© (�u §3.5.3 �SK 2091)∫
ex

x
dx

Ò´ÈØÑ�. ÏdØ½È©�O�3é�§Ýþ´�kE|5�Ôö, �«�{�õ

��Ñ´k��. ¤k�Ä�È©L¥�úª, �)�!�Ñ� (3.3)–(3.6) 3S, Ñ�

U�ÑØ½È©�Ð�¼ê��Y, Ø�U�3é?ÛØ½È©Ñk��È©�{.

3.1.7 ���ÈÈÈ¼¼¼êêê¹¹¹���gggnnn���ªªª���¦¦¦ÈÈÈ (SSSKKK 1836–1865)

ùpí�ò�gn�ª5�z� x2 ± a2 ½ a2 − x2 �, |^c¡®²�Ñ�Ä�

È©úª (3.3), (3.6) ¦). �,ù��I�Ù¦�{��Ü.

SSSKKK 1841 ¦

∫
xdx

x2 − 2x cosα + 1
.

) kò©1��gn�ª5�z, ,�Ðm¦ÈXe (� α Ø´ π ��ê�):∫
xdx

x2 − 2x cosα + 1
=

∫
xdx

(x − cosα)2 + sin2 α

= 1
2

∫
2(x − cosα) dx

(x − cosα)2 + sin2 α
+ cosα

∫
dx

(x − cosα)2 + sin2 α

= 1
2

ln(x2 − 2x cosα + 1) + cotα · arctan
(

x − cosα
sin α

)

+ C. �
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SSSKKK 1845 ¦

∫
dx

sin x + 2 cosx + 3
.

) kò©1�¤�����uÚ{u��gª, ,�©f©1ÓØ±{u�²

� (�ì §3.1.3 �SK 1702 �){), =�¦ÈXe:∫
dx

sin x + 2 cosx + 3
=

∫
dx

2 sin x
2

cos x
2

+ 5 cos2 x
2

+ sin2 x
2

=
∫ sec2 x

2
dx

tan2 x
2

+ 2 tan x
2

+ 5
= 2

∫ d
(

tan x
2

+ 1
)

(

tan x
2

+ 1
)2

+ 22

= arctan
( tan x

2
+ 1

2

)

+ C. �

SSSKKK 1855 ¦

∫
x + x3

√
1 + x2 − x4

dx.

) - x2 = t�#�gCþ, ò©1��Òe'u t ��gn�ª�²�, ,�=

�Ðm¦ÈXe:

∫
x + x3

√
1 + x2 − x4

dx = 1
2

∫
1 + t√

1 + t − t2
dt = 1

2

∫ t −
1
2

+ 3
2

√

5
4
− (t − 1

2
)2

dt

= −
1
2

√

5
4

− (t − 1
2

)2 + 3
4

arcsin
(

2t − 1√
5

)

+ C

= −
1
2

√

1 + x2 − x4 + 3
4

arcsin
(

2x2 − 1√
5

)

+ C. �

SSSKKK 1856 ¦

∫
dx

x
√

x2 + x + 1
dx.

) �ì §3.1.3 �SK 1682 �) 1 ��{ (�Ò´����) =�¦ÈXe:

∫
dx

x
√

x2 + x + 1
dx = −

∫ d
(

1
x

)

√

1 + 1
x

+ 1
x2

= −

∫ d
(

1
x

+ 1
2

)

√

(

1
x

+ 1
2

)2

+ 3
4

= − ln
∣

∣

∣

1
x

+ 1
2

+

√

1 + 1
x

+ 1
x2

∣

∣

∣
+ C

= − ln
∣

∣

∣

x + 2 + 2
√

1 + x + x2

2x

∣

∣

∣
+ C. �

SSSKKK 1858 ¦

∫
dx

(x + 1)
√

x2 + 1
dx.

) - x + 1 = t�#�gCþ, XþK@������=�¦ÈXe:
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∫
dx

(x + 1)
√

x2 + 1
dx =

∫
dt

t
√

t2 − 2t + 2
= −

∫ d
(

1
t

)

√

2
t2

− 2 1
t

+ 1

= −
1√
2

∫ d
(

1
t
−

1
2

)

√

(

1
t
−

1
2

)2

+ 1
22

= −
1√
2

ln
∣

∣

∣

1
t
−

1
2

+

√

1
t2

−
1
t

+ 1
2

∣

∣

∣
+ C

= −
1√
2

ln
∣

∣

∣

2 − t +
√

2(t2 − 2t + 2)

2t

∣

∣

∣
+ C

= −
1√
2

ln
∣

∣

∣

1 − x +
√

2(x2 + 1)

x + 1

∣

∣

∣
+ C. �

5 �K��Òe��g¼ê x2 + 1 ®²´5�/ª, ��
�Ü�Òc�Ïf

(x + 1) ����%I�#�5�z. Ïd3aq��¹¥, e�Òe��gn�ª

�, Ø73�����cÒéÙ�5�z.

3.1.8 VVV¼¼¼êêê999ÙÙÙ333ÈÈÈ©©©¥¥¥���AAA^̂̂

35SK86�cüÙ¥®õgÑyV¼ê (~XSK 340, 781, 818, 1175, 1549

�). 3�!�Ø½È©¥, V¼êÑy�õ, c¡�z���!¥A�Ñk§��S

K. �Öö�Bå�, ·�3ù��!¥òéV¼ê���8¥�{²0�, ¿ù)

c¡���!¥k'V¼ê�SK, Ù¥�)¹kV¼ê�Ø½È©, ±9V¼

ê��3Ø½È©¥�A^.

�â5SK86¥�Sü, ùp�Ú\ 4 �V¼ê, =V�u!V{u!V

��ÚV{�. §��½ÂXe:

sinhx = ex − e−x

2
; coshx = ex + e−x

2
;

tanhx = ex − e−x

ex + e−x
; cothx = ex + e−x

ex − e−x
.

(3.8)

(3Ù¦©z¥�kéþãV¼ê^ shx, ch x, th x, cth x PÒ�.)

�Ööë��Bå�, e¡�Ñ
cn�V¼ê�ã� (�1�þN¹��SK

340). 3ã¥^J��Ñ
)¤V¼ê��ê¼ê y = ex Ú y = e−x �ã�.

x

y

O1−1

1

2

3

−1

−2

−3

e
x

e
−x

sinhx = ex − e−x

2

x

y

O 1−1

1

2

3

4
e

x

e
−x

coshx = ex + e−x

2

x

y

O

1−1

2

3

e
x

e
−x

y=1

y=−1

tanh x = ex

− e−x

ex + e−x
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�·�Ðg�>V¼ê�, ¬¯Û/uyV¼ê÷vNõð�ª, ��®²

ÙG�n�¼êð�ª�~�q. e¡·�ò)ºÙ�Ï, ¿�ÑV¼ê��~^�

�
ð�ª, §�´3�!�SK¥¤I��.

|^î.úª eix = cosx + i sinx Òk

sin x = eix − e−ix

2i
, cosx = eix + e−ix

2
,

§��¡�î.úª (ë�1�þ §1.10.1 �SK 819 �) 1).

|^þãúª�±ò�uÚ{u¼ê�½Â�òÿ�Eê�þ. ò§��V¼

ê�½Â�'�, =�wÑ§��m�'XXe:

sinhx = i sin(−ix),

coshx = cos(−ix) = cos(ix).
(3.9)

dd��, n�¼ê÷v�z��ð�ªÑ�±ÏLþã=��ÑV¼ê�ð�

ª. �,§��Ñ�±UìV¼ê�½Â���y��,

e¡��ÞÑ�!SK¥�^��A�~^ð�ª. Ù¦Ñ�±aí��.

(1) cosh2 x − sinh2 x = 1,

(2) 1 − tanh2 x = 1

cosh2 x
,

(3) coth2 x − 1 = 1

sinh2
x

,

(4) sinh 2x = 2 sinhx cosh x,

(5) cosh 2x = 2 cosh2 x − 1 = 2 sinh2 x + 1 = cosh2 x + sinh2 x,

(6) sinhαx · sinhβx = 1
2

[cosh(α + β)x − cosh(α − β)x],

(7) coshαx · cosh βx = 1
2

[cosh(α + β)x + cosh(α − β)x].

(3.10)

lV¼ê�½Â9Ùã�, �(½§���¼ê�3, ¿¦ÑÙL�ªXe 1©:

(1) arcsinhx = ln(x +
√

x2 + 1), x ∈ (−∞, +∞),

(2) arccoshx = ln(x ±
√

x2 − 1), x ∈ [1, +∞),

(3) arctanhx = 1
2

ln
(

1 + x
1 − x

)

, x ∈ (−1, 1),

(4) arccothx = 1
2

ln
(

x + 1
x − 1

)

, x ∈ (−∞,−1) ∪ (1, +∞).

(3.11)

Ù¥V{u��¼êkü�ü�©|, ���� arccoshx = ± ln(x +
√

x2 − 1).

1©3©z¥Ñy��V¼êkõ«ØÓ�ÎÒ, Ù¥¤\�cMk a, Ar, ar, arc, arg �. ��Bå�,

�Ö¦^��n�¼ê�Ó��{, =\cM arc. ù«^{�u¥I�Æ�êÆïÄ¤?��5=ÇêÆ

c®6�õ«óäÖ¥.
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��´V¼ê�¦�úª�Ø½È©úª:

(1) (sinhx)′ = cosh x,

(2) (coshx)′ = sinhx,

(3) (tanhx)′ = 1

cosh2 x
,

(4) (cothx)′ = −
1

sinh2 x
.

(3.12)

(1)
∫
sinhxdx = coshx + C,

(2)
∫
coshxdx = sinhx + C,

(3)
∫

dx

sinh2 x
= − cothx + C,

(4)
∫

dx

cosh2 x
= tanhx + C.

(3.13)

e¡kw�!¥�È¼ê¹kV¼ê��
SK.

SK 1651–1653 ���^È©L¦), e¡�ÑÙ¥1�K�).

SSSKKK 1652 ¦

∫
tanh2 xdx.

) |^ð�ª (3.10)(2) ÚÈ©úª (3.13)(4), =�¦ÈXe:∫
tanh2

xdx =
∫
(

1 −
1

cosh2 x

)

dx = x − tanhx + C. �

SK 1671–1673 ��^�5��¦È, lÑ.

e¡´^n�©{¦È�A�SK.

SSSKKK 1700(d) ¦

∫
sinhx√
cosh 2x

dx.

) |^V¼ê���úª (3.10)(5) =�¦ÈXe:∫
sinhx√
cosh 2x

dx = 1√
2

∫
d(
√

2 coshx)
√

2 cosh2 x − 1

= 1√
2

ln(
√

2 coshx +
√

cosh 2x ) + C. �

SSSKKK 1705 ¦

∫
dx

sinhx
.

) 1 �ì §3.1.3 �SK 1703 (=¦

∫
dx

sin x
) �) 1 �¦ÈXe:

∫
dx

sinhx
=

∫
dx

2 sinh x
2

cosh x
2

=
∫

dx

2 tanh x
2

cosh2 x
2

=
∫

1
cosh2 x

2

·
d
(

x
2

)

tanh x
2

= ln | tanh x
2
| + C. �
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) 2 ��� x = ln tan t
2

, Kk ex = tan t
2

, e−x = cot t
2

, ,�ÏLO���

sinhx = −
cos t
sin t

, cosh x = 1
sin t

, dx = dt
sin t

,

u´�¦ÈXe: ∫
dx

sinhx
= −

∫
dt

cos t
= − ln | sec t + tan t| + C

= ln
∣

∣

∣

sinhx
1 + coshx

∣

∣

∣
+ C. �

SSSKKK 1706 ¦

∫
dx

coshx
dx.

) 1 N´���ì §3.1.3 �SK 1704 (=¦

∫
dx

cosx
) 5�, ,@^TK���

x + π
2

= t ½öTK��Y (3.5) �U��¹kJêü  i ��Y, ÚåØ7��æ�.

e¡��{�±;�ù«y�.∫
dx

coshx
=

∫
coshxdx

cosh2 x

=
∫

d(sinh x)

sinh2 x + 1
= arctan(sinhx) + C. �

) 2 |^V{u½Â�¦ÈXe:∫
dx

coshx
=

∫
2 dx

ex + e−x

=
∫

2 d(ex)

(ex)2 + 1
= 2 arctan(ex) + C. �

) 3 XSK 1705 @���� x = ln tan t
2

, K�¦ÈXe:
∫

dx
coshx

=
∫
dt = t + C

= 2 arctan(ex) + C. �

SK 1761–1765 ´^Ðm{¦È�K, e¡�ÑÙ¥üK�).

SSSKKK 1761 ¦

∫
sinh2 xdx.

) 1 |^ð�ª (3.10)(5) =�Ðm¦ÈXe:∫
sinh2 xdx = 1

2

∫
(cosh 2x − 1) dx = 1

4
sinh 2x −

1
2

x + C. �

) 2 ^V�u�½Â�N´¦ÈXe:∫
sinh2 xdx = 1

4

∫
(e2x − 2 + e−2x) dx = 1

8
e2x −

1
2

x −
1
8

e−2x + C. �

SSSKKK 1763 ¦

∫
sinhx sinh 2xdx.

) 1 |^ð�ª (3.10)(6) =�Ðm�¦ÈXe:∫
sinhx sinh 2xdx = 1

2

∫
(cosh 3x − coshx) dx

= 1
6

sinh 3x −
1
2

sinhx + C. �
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) 2 |^ð�ª (3.10)(4) =���n�©¦ÈXe:∫
sinhx sinh 2xdx = 2

∫
sinh2 x coshxdx = 2

∫
sinh2 xd(sinh x)

= 2
3

sinh3 x + C. �

) 3 |^V¼ê½Â=�Ðm¦ÈXe:∫
sinhx sinh 2xdx =

∫
(

ex − e−x

2

)

·
(

e2x − e−2x

2

)

dx

= 1
4

∫
(

e3x − ex − e−x + e−3x
)

dx

= 1
12

(

e3x − e−3x
)

−
1
4

(

ex − e−x
)

+ C. �

SK 1786–1790 ´V¼ê��3¦Ø½È©¥�A^.

Ø�kwA�{ü~f. lc¡��¼êúª (3.11) Ò�w�§��,
Ä�È

©úª�m�éX. ~X^�� x = sinh t ��Ñ∫
dx√

x2 + 1
=

∫
d(sinh t)

√

sinh2 t + 1
=

∫
dt = t + C

= ln(x +
√

x2 + 1) + C.

qX^ x = tanh t K��Ñ∫
dx

1 − x2
=

∫
d(tanh t)

1 − tanh2 x
=

∫
dt = t + C

= 1
2

ln
∣

∣

∣

1 + x
1 − x

∣

∣

∣
+ C.

5 ù����·^u |x| < 1. 3 |x| > 1 ��±^�� x = coth t, �Y�Ó.

e¡�ÑSK 1786 �).

SSSKKK 1786 ^V��¦

∫ √
a2 + x2 dx.

) Ø�� a > 0. ��� x = a sinh t, K�¦ÈXe:∫
√

a2 + x2 dx = a2

∫
cosh2 t dt = a2

2

∫
(1 + cosh 2t) dt

= a2

2
t + a2

4
sinh 2t + C

= a2

2
arcsinh x

a
+ a2

2
sinh t cosh t + C

= a2

2
ln(x +

√

x2 + a2) + 1
2

x
√

x2 + a2 + C. �

5 �K�(J´Ä�È©úª (3.6) �1��úª��Ü©, =3

∫ √
x2 + α dx

¥ α > 0 ��¹. e^©ÜÈ©{ (�)n���) K�|^Ì�y�)Ñ. ±þ�{Ø

I�©ÜÈ©=�¦Ñ�Y.

SK 1800–1801 ´k'V¼ê�©ÜÈ©{, lÑ.
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§3.2 kkknnn¼¼¼êêê���ÈÈÈ©©©{{{ (SSSKKK 1866–1925 )

SSSNNN{{{000 kn¼ê (�)õ�ª¼ê�kn©ª¼ê) ´����a�È¼

ê. �!�SK©�±eÜ©: ^Ü©©ªÐm�{ (½©)�{) ¦È, ^cdAÛ�

.]Ä�{¦ÈÚnÜ5�{¦È.

3.2.1 ^̂̂ÜÜÜ©©©©©©ªªªÐÐÐmmm{{{¦¦¦ÈÈÈ (SSSKKK 1866–1889)

Xc¤`, Ð�¼ê��¼ê�7´Ð�¼ê. ·�ò�¼ê��Ð�¼ê�Ð�

¼ê¡�Ø�È (�¡“ÈØÑ”), ùÒ´`§��Ø½È©´�Ð�¼ê. ��, éu

�¼ê�Ð�¼ê�Ð�¼ê, K¡§���È (�¡“È�Ñ”) 1©.

®²y², kn¼ê��¼ê�½´Ð�¼ê, ��±ÏLÐm�õ�ª�Ü©

©ª5¦È, ù�Ü©©ª�©f¥�Xê�±ÏL�½Xê{5(½.

±e¤`�kn¼ê��´�¢Xêkn©ª, =ü�¢Xêõ�ª�û. éub

©ª, =©fgê�u�u©1gê��¹, �½�±©)���õ�ª���ý©ª

�Ú. duõ�ª´�È�, §�Ø½È©E,´õ�ª, Ïd¯KÒ8(�XÛ¦ý

©ª�Ø½È©.

ý©ª=©fgê�u©1gê�kn©ª. du¢Xêõ�ª�½�±3¢ê

�SÏª©)�eZ��gÏªÚ�gÏª�¦È, Ïd�±y², ý©ª�½U
©

)�e�ü«{ü©ª�Ú:

c

(x − a)k
(k > 1), Mx + N

(x2 + px + q)n
(n > 1). (3.14)

Ù¥� c, a, M, N, p, q þ�¢ê. 8�¡ùüa©ª�Ü©©ª (partial fraction), ò

¢Xêkn©ª©)�Ü©©ª�L§¡�Ü©©ª©) (½Ðm).

�°(/`, �ý©ª�©1¥ÑyÏf (x − a)k �, 3Ü©©ª©)¥Òk

c1

x − a
+ · · · +

ck

(x − a)k
,

w,§��z��Ñ´N´¦È�; �ý©ª�©1¥Ñy (x2 + px + q)n �, 3Ü

©©ª©)¥Òk

M1x + N1

x2 + px + q
+ · · · +

Mnx + Nn

(x2 + px + q)n
.

3ò�gn�ª x2 + px + q 5�z� x2 + a2 ��, Ò�±wÑ� n = 1 �áu�{È

©L, � n = 2 �=SK 1817 (� §3.1.6 �©ÜÈ©¦È). éu n > 2 ��¹�^4í

�{¦È (��¡ §3.2.3 �SK 1921).

e¡��ê½n´Ü©©ª©)�nØÄ:, T½n�y²¥�¹
þãÜ©©

ª�©)(Ø. 'u½n�y²�ë� [15] �1�ò� 274 �! (3TÖ�P�¥�

262 �!) ½Ù¦�êÆ�ë�Ö.

1© �5¿ùp'uØ½È©¥�¼ê��ÈÚØ�È�Vg�1oÙ½È©¥¼ê��ÈÚØ�ÈVg

��ØÓ.
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···KKK 3.2 (ÜÜÜ©©©©©©ªªª©©©)))½½½nnn) ¢Xêkný©ª�½U
±����ªÐm�

Ü©©ª�Ú.

dd��, kn¼ê�¦ÈÌ�3uÙÜ©©ªÐm. 3 §3.1.4 (^Ðm{¦È) ¥

®²��ù��~f. AO´SK 1733 Ò´^�½Xê{��{ü�¹. e¡òÏL

~f50�ùp¤^��«�{.

SSSKKK 1867 ¦

∫
xdx

(x + 1)(x + 2)(x + 3)
.

) 1 �â·K 3.2 kÜ©©ªÐmXe:

x
(x + 1)(x + 2)(x + 3)

= A
x + 1

+ B
x + 2

+ C
x + 3

,

Ù¥kn��½Xê A, B, C.

òþªm>Ï©��

A
x + 1

+ B
x + 2

+ C
x + 3

=
A(x + 2)(x + 3) + B(x + 3)(x + 1) + C(x + 1)(x + 2)

(x + 1)(x + 2)(x + 3)

=
(A + B + C)x2 + (5A + 4B + 3C)x + (6A + 3B + 2C)

(x + 1)(x + 2)(x + 3)
.

ò���ª�©f��È¼ê�©fõ�ª (�K=´ x) �'�, ��Ù�Ó�g�

�Xê, Ò��'u�½Xê A, B, C ��5�ê�§|:


















A + B + C = 0,

5A + 4B + 3C = 1,

6A + 3B + 2C = 0.

)d�§|�� A = −
1
2

, B = 2 Ú C = −
3
2

.

,�Ò�¦ÈXe:∫
xdx

(x + 1)(x + 2)(x + 3)
dx = ln

∣

∣

∣

(x + 2)2

|x + 1|
1

2 |x + 3|
3

2

∣

∣

∣
+ C

= 1
2

ln
∣

∣

∣

(x + 2)4

(x + 1)(x + 3)3

∣

∣

∣
+ C. �

) 2 ^ §3.1.4 �SK 1733 ¥�4��{¦�½Xê.

�d3Ðmª

x
(x + 1)(x + 2)(x + 3)

= A
x + 1

+ B
x + 2

+ C
x + 3

�ü>¦± x + 1, ��

x
(x + 2)(x + 3)

= A + (x + 1) · B
x + 2

+ (x + 1) · C
x + 3

,

,�3�ªü>- x → −1 (��u^ x = −1 �\), m>Ò�� A, u´k

A = lim
x→−1

x
(x + 2)(x + 3)

= −
1
2

.



32 1nÙ Ø½È©

Ón�¦Ñ

B = lim
x→−2

x
(x + 1)(x + 3)

= 2 Ú C = lim
x→−3

x
(x + 1)(x + 2)

= −
3
2

. �

5 ¦�½Xê��{�kéõ (~Xë� §3.1.4 �SK 1733 �) 2), ùp��

Ñ, du·K 3.2 3nØþ�y
�½Xê��3Ú��, ÏdØØ^�o (�(�) �

{, ��O�ÃØ, �Yo´�Ó�.

éuÐÆö5`, 3¦kn¼ê�Ø½È©�, XÛ�â�È¼ê©1�Ïª©),

�Ñ�(�Ü©©ªÐmª, ù1�Ú´����.

SSSKKK 1870 ¦

∫
x4

x4 + 5x2 + 4
dx.

) duùØ´ý©ª, q|^ x4 + 5x2 + 4 = (x2 + 1)(x2 + 4), =�ò�È¼ê

ÐmXe:

x4

x4 + 5x2 + 4
=

(x4 + 5x2 + 4) − (5x2 + 4)

x4 + 5x2 + 4

= 1 −
5x2 + 4

x4 + 5x2 + 4
= 1 −

A

x2 + 1
−

B

x2 + 4
.

ùp��½Xê�I�ü�, ù´Ï�©f©1�¹ x �óg��, Ïd�±w¤�

x2 = t �kn©ª�Ü©©ªÐm. Ó��dd^4��{O�Ñ 1©

A = lim
t→−1

5t + 4
t + 4

= −
1
3

Ú B = lim
t→−4

5t + 4
t + 1

= 16
3

.

��¦ÈXe:∫
x4

x4 + 5x2 + 4
dx = x + 1

3
arctanx −

8
3

arctan x
2

+ C. �

SSSKKK 1874 ¦

∫
dx

(x + 1)(x + 2)2(x + 3)3
.

) 1 �â·K 3.2, k±eÜ©©ªÐm:

1
(x + 1)(x + 2)2(x + 3)3

= A
x + 1

+ B
x + 2

+ C

(x + 2)2

+ D
x + 3

+ E

(x + 3)2
+ F

(x + 3)3
.

�
;�¦)¹k 6 ���ê��5�ê�§|, ·�æ�4��{¦�½Xê.

3þªü>¦± x + 1, ,�- x → −1, =�“wÑ” A = 1
8

.

Ó�3þªü>¦± (x + 2)2, ,�- x → −2, =��� C = −1. 23Tªü>

¦± (x + 3)3, ,�- x → −3, =��� F = −
1
2

.

e¡��g~{ 2© , =��

1©ùp� t �K�, ´Ä� x2 = t u)gñ? ù´Ï�Ðmª

5t + 4

t2 + 5t + 4
= A

t + 1
+ B

t + 4

´éu t 6= −1,−4 ���¢ê�Ñ¤á�ð�ª, Ïd3(½ A, B ��±3 t < 0 ¥?1O�.
2© d±eO���, ù«~{z��g, �½¦�©f©1����(½�Ïf, Ïdäkg��5, é

uÃ�'�Ü·.
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1
(x + 1)(x + 2)2(x + 3)3

−
1/8

x + 1
+ 1

(x + 2)2
+

1/2

(x + 3)3

=
(

1
(x + 1)(x + 2)2(x + 3)3

+
1/2

(x + 3)3

)

−
1/8

x + 1
+ 1

(x + 2)2

=
(

x2 + 2x + 2
2(x + 1)(x + 2)2(x + 3)2

+ 1
(x + 2)2

)

−
1/8

x + 1

= 2x2 + 11x + 10
2(x + 1)(x + 2)(x + 3)2

−
1/8

x + 1

= −x2 + x + 22
8(x + 2)(x + 3)2

= B
x + 2

+ D
x + 3

+ E

(x + 3)2
.

,�2^4��{��

B = lim
x→−2

−x2 + x + 22
8(x + 3)2

= 2 Ú E = lim
x→−3

−x2 + x + 22
8(x + 2)

= −
5
4

.

qòc�ªü>¦± x, ,�- x → +∞, ��k B + D = −
1
8

, Ïd�� D = −
17
8

.

���¦ÈXe:∫
dx

(x + 1)(x + 2)2(x + 3)3
= 1

8

∫
dx

x + 1
+ 2

∫
dx

x + 2
−

∫
dx

(x + 2)2

−
17
8

∫
dx

x + 3
−

5
4

∫
dx

(x + 3)2
−

1
2

∫
dx

(x + 3)3

= 1
8

ln |x + 1| + 2 ln |x + 2| + 1
x + 2

−
17
8

ln |x + 3| + 5
4(x + 3)

+ 1
4(x + 3)2

+ C. �

) 2 3) 1 ¥¦Ñ A, C, F ��, �±3�5�Ü©©ªÐmªü>- x = 0,−4

�\, ©O�n��

27B + 18D + 6E = 33
4

, −4B − 8D + 8E = −1,

q3Ðmªü>¦± x, ,�- x → +∞, �� A + B + D = 0, Ïdk

B + D = −
1
8

.

��l±þn��§=�)Ñ¤�� B, D, E. O�lÑ. �

) 3 Ø
 A, C, F �	, ^±e�{�±ÕáO��� B, D, E.

3�È¼ê�Ü©©ªÐmªü>¦± (x + 2)2 ���

1
(x + 1)(x + 3)3

= (x + 2)2 · A
x + 1

+ B(x + 2) + C

+ (x + 2)2
(

D
x + 3

+ E

(x + 3)2
+ F

(x + 3)3

)

.

ü>é x ¦�, ,�- x → −2 (��u^ x = −2 �\), ù�Ò��

B = d
dx

(

1
(x + 1)(x + 3)3

)
∣

∣

∣

x=−2

=
(

−
1

(x + 1)2(x + 3)3
−

3
(x + 1)(x + 3)4

)
∣

∣

∣

x=−2

= −1 + 3 = 2.

aq/�±ÕáO�Ñ D Ú E. O�lÑ. �
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SSSKKK 1876 ¦

∫
x2 + 5x + 4
x4 + 5x2 + 4

dx.

) 1 Ï©1�©)� (x2 + 1)(x2 + 4), �â·K 3.2 �k�È¼ê�Ü©©ªÐ

m�

x2 + 5x + 4
x4 + 5x2 + 4

= Ax + B

x2 + 1
+ Cx + D

x2 + 4
.

òm>ü�©ªÏ©, ¿��ü>©f�Ó�g��Xê, Ò���5�§|






























A + C = 0,

B + D = 1,

4A + C = 5,

4B + D = 4.

O��� A = 5
3

, B = 1, C = −
5
3

, D = 0.

u´�¦ÈXe:

∫
x2 + 5x + 4
x4 + 5x2 + 4

dx =
∫ 5

3
x + 1

x2 + 1
dx −

5
3

∫
xdx

x2 + 4

= 5
6

ln
(

x2 + 1
x2 + 4

)

+ arctanx + C. �

) 2 �K��½Xê�^EêO�{��. 3Ü©©ªÐmªü>¦± x2 + 1,

,�- x → i, Òk

Ai + B = lim
x→i

x2 + 5x + 4
x2 + 4

= 3 + 5 i
3

,

u´Ó��� A = 5
3

Ú B = 1.

q3Ðmªü>¦± x2 + 4, ,�- x → 2 i, Òk

2C i + D = lim
x→2i

x2 + 5x + 4
x2 + 1

= −
10 i
3

,

u´qÓ��� C = −
5
3

Ú D = 0. �

±e´A�~��Ø½È©. Ù¥Ø
IO�{�	�0��äE|5��{.

SSSKKK 1881 ¦

∫
dx

x3 + 1
.

) 1 �â©1�Ïª©), ��kÜ©©ªÐmXe:

1
x3 + 1

= A
x + 1

+ Bx + C

x2 − x + 1
.

ü>¦± x + 1, 2- x → −1, Ò��

A = lim
x→−1

1
x2 − x + 1

= 1
3

.

,�=��~{��

1
x3 + 1

−
1

3(x + 1)
=

3 − (x2 − x + 1)

3(x3 + 1)
= −x + 2

3(x2 − x + 1)
.
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ù�Ò®�� B = −
1
3

, C = 2
3

.

u´�¦ÈXe:∫
dx

x3 + 1
=

∫
dx

3(x + 1)
+ 1

3

∫
−x + 2

x2 − x + 1
dx

= 1
3

ln |x + 1| − 1
6

∫
(2x − 1) dx

x2 − x + 1
+ 1

2

∫
dx

(

x −
1
2

)2

+ 3
4

= 1
6

ln
( (x + 1)2

x2 − x + 1

)

+ 1√
3

arctan
(

2x − 1√
3

)

+ C. �

) 2 ^�é{�¦ÈXe:∫
dx

x3 + 1
= 1

2

∫
1 + x

1 + x3
dx + 1

2

∫
1 − x

1 + x3
dx

= 1
2

∫
dx

x2 − x + 1
+ 1

2

∫
(1 − x + x2) − x2

1 + x3
dx

= 1√
3

arctan
(

2x − 1√
3

)

+ 1
2

∫
dx

1 + x
−

1
6

∫
d(1 + x3)

1 + x3

= 1√
3

arctan
(

2x − 1√
3

)

+ 1
6

ln
∣

∣

∣

(x + 1)3

x3 + 1

∣

∣

∣
+ C

= 1√
3

arctan
(

2x − 1√
3

)

+ 1
6

ln
( (x + 1)2

x2 − x + 1

)

+ C. �

) 3 kò�È¼ê©f� 1 �XeÐm:

1 = (x2 − x + 1) − (x2 − x)

= (x2 − x + 1) − 1
3

(3x2) + (x + 1) − 1

= 1
2

(x2 − x + 1) − 1
6

(3x2) + 1
2

(x + 1),

u´=�¦ÈXe:

∫
dx

x3 + 1
=

∫ 1
2

(x2 − x + 1) − 1
6

(3x2) + 1
2

(x + 1)

x3 + 1
dx

= 1
2

∫
dx

x + 1
−

1
6

ln |x3 + 1| + 1
2

∫
dx

x2 − x + 1

= 1
6

ln
( (x + 1)2

x2 − x + 1

)

+ 1√
3

arctan
(

2x − 1√
3

)

+ C. �

5 ) 3 ´�gSK�þÆ)�M�.

SSSKKK 1884 ¦

∫
dx

x4 + 1
.

) 1 UìIO�{kò©1�Ïª©), ��

x4 + 1 = (x4 + 2x2 + 1) − 2x2 = (x2 + 1)2 − (
√

2x)2

= (x2 +
√

2x + 1)(x2 −
√

2x + 1).

u´kÜ©©ªÐm
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1
x4 + 1

= ax + b

x2 +
√

2x + 1
+ cx + d

x2 −
√

2x + 1
.

duò x �� −x �þª�>ØC, m>ü��©1é�, ÏdlÐmª���

5�� a = −c, b = d. ^ x = 0 �\�� 1 = b + d, Ïd b = d = 1
2

. 2- x = i �\,

¿|^ b = d, ��
1
2

= ai + b√
2i

+ ci + d

−
√

2i
= a − c√

2
,

ù�=�(½ a = −c =

√
2

4
.

���¦ÈXe (m>1���È©�l1���È©í�):

∫
dx

x4 + 1
=

∫
√

2
4

x + 1
2

x2 +
√

2x + 1
dx +

∫ −

√
2

4
x + 1

2

x2 −
√

2x + 1
dx

=

√
2

8

∫
2x +

√
2

x2 +
√

2x + 1
dx + 1

4

∫
dx

x2 +
√

2x + 1

−

√
2

8

∫
2x −

√
2

x2 −
√

2x + 1
dx + 1

4

∫
dx

x2 −
√

2x + 1

=

√
2

8
ln

∣

∣

∣

∣

x2 +
√

2x + 1

x2 −
√

2x + 1

∣

∣

∣

∣

+ 1

2
√

2
arctan(

√
2x + 1)

+ 1

2
√

2
arctan(

√
2x − 1) + C. �

) 2 )�K'�|©��{´^�é{¦ÈXe:∫
dx

x4 + 1
= 1

2

∫
x2 + 1
x4 + 1

dx −
1
2

∫
x2 − 1
x4 + 1

dx

= 1
2

∫ 1 + 1
x2

x2 + 1
x2

dx −
1
2

∫ 1 −
1
x2

x2 + 1
x2

dx

= 1
2

∫ d(x −
1
x

)

(x −
1
x

)2 + 2
−

1
2

∫ d(x + 1
x

)

(x + 1
x

)2 − 2

= 1

2
√

2
arctan

(

x2 − 1√
2x

)

−
1

4
√

2
ln

∣

∣

∣

∣

∣

∣

x + 1
x

−
√

2

x + 1
x

+
√

2

∣

∣

∣

∣

∣

∣

+ C. �

SSSKKK 1886 ¦

∫
dx

x6 + 1
.

) 1 UìIO�{ò©1�Ïª©), ��

x6 + 1 = (x2 + 1)(x4 − x2 + 1) = (x2 + 1)[(x2 + 1)2 − 3x2]

= (x2 + 1)(x2 −
√

3x + 1)(x2 +
√

3x + 1).

u´�K��È¼êkÜ©©ªÐmXe:

1
x6 + 1

= ax + b

x2 + 1
+ Ax + B

x2 −
√

3x + 1
+ Cx + D

x2 +
√

3x + 1
.
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ü>¦± x2 + 1, ,�- x → i, Ò��

1
3

= ai + b,

u´Ó��� a = 0, b = 1
3

.

ÏL~{ 1©

1
x6 + 1

−
1

3(x2 + 1)
= −x2 + 2

3(x4 − x2 + 1)
,

u´��O�Ðmª

−x2 + 2
3(x4 − x2 + 1)

= Ax + B

x2 −
√

3x + 1
+ Cx + D

x2 +
√

3x + 1
.

XSK 1884 �) 1 @�, |^ x �−x ��>ØC, m>©1é�, Ò��k A = −C,

B = D. q- x = 0 �\, �� B + D = 2
3

, u´ B = D = 1
3

.

2- x = i �\, ¿|^ B = D, Ò��

1
3

= Ai + B

−
√

3i
+ Ci + D√

3i
= 1√

3
(C − A),

=�)Ñ A = −

√
3

6
= −C.

���¦ÈXe:

∫
dx

x6 + 1
=

∫
dx

3(x2 + 1)
+

∫ −

√
3

6
x + 1

3

x2 −
√

3x + 1
dx +

∫
√

3
6

x + 1
3

x2 +
√

3x + 1
dx

= 1
3

arctanx + 1

4
√

3
ln
∣

∣

∣

x2 +
√

3x + 1

x2 −
√

3x + 1

∣

∣

∣
+ 1

6
arctan(2x −

√
3)

+ 1
6

arctan(2x +
√

3) + C. �

) 2 �KkNõE|5�){, e¡ÀÙ¥��.∫
dx

x6 + 1
=

∫
(x2 + 1) − x2

(x2 + 1)(x4 − x2 + 1)
dx

= −

∫
x2 dx

x6 + 1
+

∫
dx

x4 − x2 + 1

= −
1
3

∫
d(x3)

(x3)2 + 1
+ 1

2

∫
(x2 + 1) − (x2 − 1)

x4 − x2 + 1
dx

= −
1
3

arctanx3 + 1
2

∫ d
(

x −
1
x

)

(

x −
1
x

)2

+ 1

−
1
2

∫ d
(

x + 1
x

)

(

x + 1
x

)2

− 3

= −
1
3

arctanx3 + 1
2

arctan
(

x −
1
x

)

−
1

4
√

3
ln
∣

∣

∣

x2 −
√

3x + 1

x2 +
√

3x + 1

∣

∣

∣
+ C. �

1© |^ x2 = t (ë�SK 1870) ÚSK 1881 ¥�Ðmªu�K��È¼ê
1

x6 + 1
, Ò���±��ù

��ª, Ó�íÑþ¡� a = 0 Ú b = 1
3

.
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SSSKKK 1889 ¦

∫
x2 dx

x4 + 3x3 + 9
2

x2 + 3x + 1
.

) ^Ü©©ªÐm�{¦È�6ué�È¼ê�©1�Ïª©). �K�©1

����

x4 + 3x3 + 9
2

x2 + 3x + 1 = (x2 + 3
2

x)2 + ( 3
2

x + 1)2,

��©1vk¢":. u´I�ÏéXe�Ïª©):

x4 + 3x3 + 9
2

x2 + 3x + 1 = (x2 + ax + b)(x2 + cx + d),

Ù¥ a, b, c, d ´�½�¢ê.

òþªm>Ðm, ��ü>Ó�g��Xê, Ò�� a, b, c, d ÷v�±e�§|:

a + c = 3, b + d + ac = 9
2

, bc + ad = 3, bd = 1.

l�§|�� a, c, d ��� b ÷v��§�

2b4 − 5b3 + 4b2 − 5b + 2 = (b − 2)(2b − 1)(b2 + 1) = 0,

�� b = 2 ½ b = 1
2

. ?�Ù¥��, ~X�cö, =�(½ a = 2, c = 1, d = 1
2

,

l��¤I��Ïª©)�:

x4 + 3x3 + 9
2

x2 + 3x + 1 = (x2 + 2x + 2)(x2 + x + 1
2

).

1�Ú´¦�È¼ê�Ü©©ªÐmª:
x2

x4 + 3x3 + 9
2

x2 + 3x + 1
= Ax + B

x2 + 2x + 2
+ Cx + D

x2 + x + 1
2

.

ü>¦± x �- x → +∞, �� A + C = 0. ^ x = 0 �\�� B + 4D = 0. ù�Ò�

��Ù¥ü�. 2- x = ±1 �\=�)Ñ

A = 4
5

, B = 12
5

, C = −
4
5

, D = −
3
5

.

���È©Xe:

∫
x2 dx

x4 + 3x3 + 9
2

x2 + 3x + 1
=

∫ 4
5

x + 12
5

x2 + 2x + 2
dx +

∫ −
4
5

x −
3
5

x2 + x + 1
2

dx

= 2
5

∫
(2x + 2) dx

x2 + 2x + 2
+ 8

5

∫
dx

(x + 1)2 + 1

−
2
5

∫
(2x + 1) dx

x2 + x + 1
2

−
1
5

∫
dx

(x + 1
2

)2 + 1
4

= 2
5

ln
∣

∣

∣

x2 + 2x + 2

x2 + x + 1
2

∣

∣

∣
+ 8

5
arctan(x + 1)

−
2
5

arctan(2x + 1) + C. �

3.2.2 ^̂̂cccdddAAAÛÛÛ���...]]]ÄÄÄ{{{¦¦¦ÈÈÈ (SSSKKK 1890–1902)

lþ��!��, kn¼ê��¼êØ==´Ð�¼ê, ��U´kn¼ê!é

ê¼êÚ���¼êùn��Ú. ·�ò�ü�¡���¼ê�. ��±lÜ©©ª�
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/G (3.14) wÑ, �ü��U5guÜ©©ª¥©1� x − a Ú x2 + px + q �� (ùp

I��¡ §3.2.3 �SK 1921 �(Ø). ùÒ´cdAÛ�.]Ä�{��â. ^ù«�

{�±^X�ê�{ (ØÏLÈ©) ��¦Ñ�¼ê¥�kn¼êÜ©, {e�´

N´��È©�����¼ê�.

'ucdAÛ�.]Ä�{��[0��±ë� [15] 1�ò� §8.2 � 276 �!.

äN5`, ��È¼ê
P (x)

Q(x)
�ýkn©ª, Ù©1 Q(x) �©)�p���g

Ïf�� (x − a)k, · · · Ú�gÏf�� (x2 + px + q)m, · · · �¦È, �3¤k�ê

k, · · · , m, · · · ¥��k���u 1, KÒkcdAÛ�.]Äúª∫
P (x)

Q(x)
dx =

P1(x)

Q1(x)
+

∫
P2(x)

Q2(x)
dx, (O)

Ù¥m>�
P1(x)

Q1(x)
Ú

P2(x)

Q2(x)
Ñ´ýkn©ª, �éu©1 Q(x) �z��Ïf

(x − a)k (k > 1) Ú (x2 + px + q)m (m > 1), 3 Q1(x) ¥�A/k (x − a)k−1 Ú

(x2 + px + q)m−1, 3 Q2(x) K�k (x − a) Ú (x2 + px + q).

éúª (O) ü>¦�, ��cdAÛ�.]Äúª�1�/ª:

P (x)

Q(x)
=
(

P1(x)

Q1(x)

)

′

+
P2(x)

Q2(x)
, (O’)

ùÒ´±e^�½Xê{?1O��Ñu:.

5 du Q1(x) ´ Q(x) Ú Q′(x) ���úÏª,  Q2(x) = Q(x)/Q1(x), Ïd3

cdAÛ�.]Ä�{�O�¥��±Øé Q(x) �Ïª©).

SSSKKK 1890 3�o^�e, È©
∫

ax2 + bx + c

x3(x − 1)2
dx�kn¼ê?

) 1 �â·K 3.2, �K��È¼êk±e�Ü©©ªÐm:

ax2 + bx + c

x3(x − 1)2
= A

x
+ B

x2
+ C

x3
+ D

x − 1
+ E

(x − 1)2
,

dd��, ¯K´¦��½Xê A = D = 0.

3þªü>¦± x, ,�- x → +∞, �� A + D = 0. u´��¦Ñ D �-Ù�

u 0 =�. quþªü>¦± (x − 1)2, ,�- x → 1, Ò�� E = a + b + c.

�e�~{, =k

ax2 + bx + c

x3(x − 1)2
−

a + b + c

(x − 1)2
=

−(a + b + c)x2 − (b + c)x − c

x3(x − 1)

= A
x

+ B

x2
+ C

x3
+ D

x − 1
,

,���ü>¦± x − 1, 2- x → 1, Ò�� D = −a − 2b − 3c.

(Ø: �K�È©�kn¼ê�^�´ a + 2b + 3c = 0. �

) 2 |^ §3.2.1 �SK 1874 ) 3 ¥��{�±��O�Ñ¤I��ü�Xê.

3�È¼ê�Ü©©ªÐmªü>¦± x3, ��
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ax2 + bx + c

(x − 1)2
= Ax2 + Bx + C + x3

(

D
x − 1

+ E

(x − 1)2

)

,

��k

A = 1
2

·
d2

dx2

(

ax2 + bx + c

(x − 1)2

)
∣

∣

∣

x=0

= 1
2

(

2a

(x − 1)2
−

4(2ax + b)

(x − 1)3
+

6(ax2 + bx + c)

(x − 1)4

)
∣

∣

∣

x=0

= a + 2b + 3c.

q3�È¼ê�Ü©©ªÐmªü>¦± (x − 1)2, ��

ax2 + bx + c

x3
= (x − 1)2

(

A
x

+ B

x2
+ C

x3

)

+ D(x − 1) + E,

��k

D = d
dx

(

ax2 + bx + c

x3

)∣

∣

∣

x=1

=
(

−
a

x2
−

2b

x3
−

3c

x4

)∣

∣

∣

x=1

= −a − 2b − 3c. �

SSSKKK 1891 ¦

∫
xdx

(x − 1)2(x + 1)3
.

) 1 �âcdAÛ�.]Äúª (O’), ù�k�È¼ê�ÐmªXe:

x

(x − 1)2(x + 1)3
=
(

Ax2 + Bx + C

(x − 1)(x + 1)2

)

′

+ Dx + E
(x − 1)(x + 1)

.

O���

x

(x − 1)2(x + 1)3
=

−Ax3 + (A − 2B)x2 + (−2A + B − 3C)x + (−B + C)

(x − 1)2(x + 1)3

+ Dx + E
(x − 1)(x + 1)

.

,�òm>Ï©, ©1��>�©1�Ó, ��ü>�©f��

x = Dx4 + (−A + D + E)x3 + (A − 2B − D + E)x2

+ (−2A + B − 3C − D − E)x + (−B + C − E),

ù�Ò���5�ê�§|

D = 0, −A + D + E = 0, A − 2B − D + E = 0,

− 2A + B − 3C − D − E = 1, −B + C − E = 0.

=�)� D = 0, A = B = E = −
1
8

, C = 2A = −
1
4

.

���¦ÈXe:∫
xdx

(x − 1)2(x + 1)3
= −

x2 + x + 2
8(x − 1)(x + 1)2

−
1
8

∫
dx

(x − 1)(x + 1)

= −
x2 + x + 2

8(x − 1)(x + 1)2
−

1
16

ln
∣

∣

∣

x − 1
x + 1

∣

∣

∣
+ C. �

) 2 �K��½Xê��±^4��{�¦Ñ. �d3

x

(x − 1)2(x + 1)3
=

−Ax3 + (A − 2B)x2 + (−2A + B − 3C)x + (−B + C)

(x − 1)2(x + 1)3

+ Dx + E
(x − 1)(x + 1)
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�ü>¦± x, ,�- x → +∞, �� D = 0. 2òü>¦± x2, ,�- x → +∞, Ò�

� A = E. uÐmª�ü>¦± (x − 1)2 �©O- x → 1 Ú x = 0, ��

A + B + C = −
1
2

Ú A + B − C = 0.

quÐmªü>¦± (x + 1)3 �- x → −1, ��

A − B + C = −
1
4

.

u´�±)Ñ A = B = E = −
1
8

, C = −
1
4

. �

SSSKKK 1892 ¦

∫
dx

(x3 + 1)2
.

) �âcdAÛ�.]Äúª (O’) k±eÐmª:

1
(x3 + 1)2

=
(

Ax2 + Bx + C

x3 + 1

)

′

+
A1x

2 + B1x + C1

x3 + 1
.

O�Ñm>�1����1��Ï©, ,���ü>�©f��

1 = (2Ax + B)(x3 + 1) − 3x2(Ax2 + Bx + C) + (A1x
2 + B1x + C1)(x

3 + 1)

= A1x
5 + (−A + B1)x

4 + (−2B + C1)x
3 + (−3C + A1)x

2

+ (2A + B1)x + (B + C1),

u´���5�ê�§|

A1 = 0, −A + B1 = 0, −2B + C1 = 0,

− 3C + A1 = 0, 2A + B1 = 0, B + C1 = 1.

dd)Ñ A = C = A1 = B1 = 0, B = 1
3

, C1 = 2
3

.

��=�¦ÈXe:∫
dx

(x3 + 1)2
= x

3(x3 + 1)
+ 2

3

∫
dx

x3 + 1

= x

3(x3 + 1)
+ 2

3
√

3
arctan

(

2x − 1√
3

)

+ 1
9

ln
(x + 1)2

x2 − x + 1
+ C,

Ù¥��êÜ©�È©|^
 §3.2.1 �SK 1881 ��Y. �

SSSKKK 1900 ©ÑÈ©
∫

4x5 − 1
(x5 + x + 1)2

dx ��êÜ©.

) 1 du x5 + x + 1 vk":, �âcdAÛ�.]Ä�{ke�Ðmª:

4x5 − 1
(x5 + x + 1)2

=
(

Ax4 + Bx3 + Cx2 + Dx + E

x5 + x + 1

)

′

+
A1x

4 + B1x
3 + C1x

2 + D1x + E1

x5 + x + 1
.

O�Ñm>�1����1��Ï©, ,���ü>�©f��

4x5 − 1 = A1x
9 + (B1 − A)x8 + (C1 − 2B)x7 + (D1 − 3C)x6 + (A1 + E1 − 4D)x5

+ (A1 + B1 + 3A − 5E)x4 + (B1 + C1 + 4A + 2B)x3

+ (C1 + D1 + 3B + C)x2 + (D1 + E1 + 2C)x + (E1 + D − E),
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2��ü>Ó�g��Xê��e��§|:

A1 = 0, B1 − A = 0, C1 − 2B = 0, D1 − 3C = 0,

A1 + E1 − 4D = 4, A1 + B1 + 3A − 5E = 0, B1 + C1 + 4A + 2B = 0,

C1 + D1 + 3B − 3C = 0, D1 + E1 + 2C = 0, E1 + D − E = −1.

¦)�� D = −1, Ù{��½XêÑ�u 0. ùL²�K�È©�k�êÜ©.

u´Ò���Y�∫
4x5 − 1

(x5 + x + 1)2
dx = −

x

x5 + x + 1
+ C. �

) 2 dcdAÛ�.]Äúª (O) ��, 3úªm>�È©Ò	�kn©ª�
P (x)

x5 + x + 1
, Ù¥©f P (x)�Ø�L 4 g�õ�ª. e3È©¥kn�©, 2�©ÜÈ

©, Kk�U����êÈ©k'�Ü©. �dk�O�

(x5 + x + 1)′ = 5x4 + 1, 4x5 − 1 = x(5x4 + 1) − x5 − x − 1,

,�Ò���∫
4x5 − 1

(x5 + x + 1)2
dx =

∫
x(5x4 + 1) − (x5 + x + 1)

(x5 + x + 1)2
dx

=
∫
x ·

d(x5 + x + 1)

(x5 + x + 1)2
−

∫
dx

x5 + x + 1

= −
x

x5 + x + 1
+

∫
dx

x5 + x + 1
−

∫
dx

x5 + x + 1
= −

x

x5 + x + 1
+ C. �

) 3 �Cþ�� t = x5 + x + 1, Kd t′
x

= 5x4 + 1 > 0 ���3üN4O��¼

ê x = x(t), �é�� t ¤áð�ª t = x5(t) + x(t) + 1. lÛ¼ê¦�{K (½�¼ê

¦�{K) k

1 = [5x4(t) + 1]x′(t),

ü>¦± x(t), ��

x(t) = [5x5(t) + x(t)]x′(t). (3.15)

,��|^ t = x5(t) + x(t) + 1, (3.15) Ú©ÜÈ©{O�Xe:∫
4x5 − 1

(x5 + x + 1)2
dx =

∫
4x5(t) − 1

t2
· x′(t) dt

=
∫

4x5(t) − [t − x5(t) − x(t)]

t2
· x′(t) dt

=
∫

[5x5(t) + x(t)] − t

t2
· x′(t) dt =

∫
x(t) − tx′(t)

t2
dt

= −
x(t)

t
+ C = −

x

x5 + x + 1
+ C. �

SSSKKK 1902 3�o^�e, È©
∫

αx2 + 2βx + γ

(ax2 + 2bx + c)2
dx �kn¼ê?

) lK¿��©1�Xê a, b, c Ø�� 0. ©±eA«�¹?Ø.

(1) a 6= 0, b2 − ac 6= 0. ù��âcdAÛ�.]Äúª (O’) ke�Ðmª:
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αx2 + 2βx + γ

(ax2 + 2bx + c)2
=
(

Ax + B

ax2 + 2bx + c

)

′

+
A1x + B1

ax2 + 2bx + c
,

O�Ñm>�1����1��Ï©, ,���ü>�©f��

αx2 + 2βx + γ = aA1x
3 + (−aA + aB1 + 2bA1)x

2

+ (−2aB + 2bB1 + cA1)x + (cA − 2bB + cB1),

2��ü>Ó�g��Xê��e��§|:






























aA1 = 0,

−aA + aB1 + 2bA1 = α,

−2aB + 2bB1 + cA1 = 2β,

cA − 2bB + cB1 = γ.

lK¿��, ��¦Ñ��þ A1 = 0, B1 =
aγ + cα − 2bβ

2(ac − b2)
, Ò��¤�¦�^��

aγ + cα − 2bβ = 0.

(2) a 6= 0, b2 − ac = 0.

ù��3 x0, ¦��È¼ê�©1� a2(x − x0)
4. du©f´Ø�L 2 g�õ�

ª, 3�È¼ê�Ü©©ªÐmª¥Ø�UÑy
A

x − x0

(A 6= 0) ��. ù�:´N´

y²�. ��Uì�È¼ê�ÑIO�Ü©©ªÐmª, ,�ü>¦± x, - x → +∞,

Ò�±y² A = 0.

ÏdÈ©Ø¬¹k��êÜ©, =�U´kn¼ê.

(3) a = 0, b 6= 0. ò©1�� (2bx + c)2 = 4b2(x − x1)
2, Ù¥ x1 = −

c
2b

, ,��

ÑÜ©©ªÐmª

αx2 + 2βx + γ

(2bx + c)2
= α

4b2
+ C

x − x1

+ D

(x − x1)
2

.

ü>¦± (x − x1)
2, ¦�, �- x → x1, Ò�±O���

C =
(

αx2 + 2βx + γ

4b2

)

′
∣

∣

∣

x=x1

=
αx1 + β

2b2
=

−cα + 2bβ

4b3
,

��^�� cα − 2bβ = 0.

(4) a = b = 0, Kw,È©�õ�ª.

Ü¿±þ, ���Y�: (i) aγ − 2bβ + cα = 0, (ii) b2 − ac = 0. �

�( 3kn©ª¼ê�Ø½È©¥, ¦Ü©©ªÐmª��½Xê  ´Ù¥

�Ì�O�Ü©. cdAÛ�.]Ä�{¥�Ðmª�1��O�ØI�Ü©©ªÐ

m, 1���©1¥�Ïª x − a Ú x2 + px + q Ñ´��, §��È©Ñ'�N´

(k�1���È©�±Ø7²LÜ©©ªÐmù�Ú��), Ïdù3éõ�¹e´

�«�Ð�O��{.

éucdAÛ�.]Ä�{¥��½XêO�, �,Xê�ê�õ, ��±uy3

NõSK¥T�{�O�þ¿Ø�, ÃØ^�5�§|¦)½4�{�Ñ´Xd. ù´
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Ï����5�ê�§|5`, Ù¥��ê�NõXêÑ´ 0 ���. ù����Ü©

©ªÐm��½Xê��5�ê�§|��¹éØ��, Ø=Bu¦), ��3Nõ

¯K¥��Nõ�½Xê��� 0. (�,ù���:��´²��!.)

Ïd·�3 §3.3 ±��A!¥, �¬õg^cdAÛ�.]Ä�{5¦Ù¥Ñy

�kn©ª¼ê�Ø½È©.

3.2.3 ,,,KKK (SSSKKK 1903–1925)

SSSKKK 1903 ¦

∫
x3

(x − 1)100
dx.

) ��� t = x − 1, =�Ðm¦ÈXe:∫
x3

(x − 1)100
dx =

∫
(t + 1)3

t100
dt =

∫
(

1
t97

+ 3
t98

+ 3
t99

+ 1
t100

)

dt

= −
1

96t96
−

3
97t97

−
3

98t98
−

1
99t99

+ C

= −
1

96(x − 1)96
−

3
97(x − 1)97

−
3

98(x − 1)98
−

1
99(x − 1)99

+ C. �

5 �K��±ÏLõg©ÜÈ©��, �´O���YÑ�E,�:.

SSSKKK 1906 ¦

∫
x2 + x

x6 + 1
dx.

) (V�) ©�ü�¦È=�:∫
x2 + x

x6 + 1
dx = 1

3

∫
d(x3)

(x3)2 + 1
+ 1

2

∫
d(x2)

(x2)3 + 1
. �

SSSKKK 1907 ¦

∫
x4 − 3

x(x8 + 3x4 + 2)
dx.

) (V�) Xe��� t = x4 =�:∫
x4 − 3

x(x8 + 3x4 + 2)
dx =

∫
(x4 − 3)x3 dx

x4(x8 + 3x4 + 2)

= 1
4

∫
(t − 3) dt

t(t + 1)(t + 2)
. �

SSSKKK 1916 ¦

∫
x4 − 1

x(x4 − 5)(x5 − 5x + 1)
dx.

) (V�) Xen�©=�:∫
x4 − 1

x(x4 − 5)(x5 − 5x + 1)
dx = 1

5

∫
d(x5 − 5x)

(x5 − 5x)(x5 − 5x + 1)
. �

SSSKKK 1918 ¦

∫
x2 − 1

x4 + x3 + x2 + x + 1
dx.
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) (V�) ©f©1ÓØ± x2 �Xen�©=�:

∫
x2 − 1

x4 + x3 + x2 + x + 1
dx =

∫ 1 −
1
x2

x2 + x + 1 + 1
x

+ 1
x2

dx

=
∫ d

(

x + 1
x

)

(

x + 1
x

)2

+
(

x + 1
x

)

− 1
. �

SSSKKK 1921 Á�Ñ^uO�È©

In =
∫

dx

(ax2 + bx + c)n
(a 6= 0)

�4íúª. |^ù�úªO�:

I3 =
∫

dx

(x2 + x + 1)3
.

) P ∆ = b2 − 4ac, K� ∆ = 0 ����ò In ÈÑ, �±e� ∆ 6= 0.

�� §3.1 �SK 1817 �) 2, l In−1 m©, Òk

In−1 =
∫

dx

(ax2 + bx + c)n−1

=
x + b

2a

(ax2 + bx + c)n−1
− (1 − n)

∫ (x + b
2a

) d(ax2 + bx + c)

(ax2 + bx + c)n

=
x + b

2a

(ax2 + bx + c)n−1
− (1 − n)

∫ (x + b
2a

)(2ax + b) dx

(ax2 + bx + c)n

=
x + b

2a

(ax2 + bx + c)n−1
− 2(1 − n)

∫ (ax2 + bx + c) + ( b2

4a
− c)

(ax2 + bx + c)n
dx

=
x + b

2a

(ax2 + bx + c)n−1
− 2(1 − n)In−1 −

(1 − n)∆
2a

In,

dd=�)Ñ

In = −
2ax + b

(n− 1)∆(ax2 + bx + c)n−1
−

(2n − 3)2a

(n − 1)∆
· In−1.

éu a = b = c = 1 Ú n = 3, �ë^ügþãúª=k∫
dx

(x2 + x + 1)3
= 2x + 1

6(x2 + x + 1)2
+ I2

= 2x + 1
6(x2 + x + 1)2

+ 2x + 1
3(x2 + x + 1)

+ 2
3

I1

= 2x + 1
6(x2 + x + 1)2

+ 2x + 1
3(x2 + x + 1)

+ 4

3
√

3
arctan

(

2x + 1√
3

)

+ C. �
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SSSKKK 1925 O�

∫
dx

1 + x2n
, ª¥ n���ê.

) ^î.úª��©1 x2n + 1 � 2n �":�©�ü|, Ù¥JÜ�u 0 � n

�":�P�

xk = e
iπ(2k−1)

2n = cos
(2k − 1)π

2n
+ i sin

(2k − 1)π
2n

, k = 1, 2, · · · , n;

{e� n �":´þã n �":��ÝEê, P�

xk = cos
(2k − 1)π

2n
− i sin

(2k − 1)π
2n

, k = 1, 2, · · · , n.

du§�Ñ´ü":, ÏdÒk (Eê�¥�) Ü©©ªÐmª

1
x2n + 1

=

n
∑

k=1

(

Ak

x − xk

+
Bk

x − xk

)

.

ü>¦± x − xk, ,�- x → xk, ù��^â7�{K 1©, u´��

Ak = lim
x→xk

x − xk

x2n + 1

= 1
2nx2n−1

k

= −
xk

2n
, k = 1, 2, · · · , n.

^Ó���{��� Bk = Ak, k = 1, 2, · · · , n.

ò¤���EXê�\Ðmª, Ò�±�n��¢ê�¥�Ü©©ªÐmª�

1
x2n + 1

= 1
2n

n
∑

k=1

−(xk + xk)x + 2|xk|
2

x2 − (xk + xk)x + |xk|
2

= 1
2n

n
∑

k=1

−2x cos
(2k − 1)π

2n
+ 2

x2 − 2x cos
(2k − 1)π

2n
+ 1

.

���È©Xe:

∫
dx

x2n + 1
= 1

2n

n
∑

k=1

(

− cos
(2k − 1)π

2n

∫ d(x2 − 2x cos
(2k − 1)π

2n
+ 1)

x2 − 2x cos
(2k − 1)π

2n
+ 1

+ 2 sin2 (2k − 1)π
2n

∫
dx

x2 − 2x cos
(2k − 1)π

2n
+ 1

)

= −
1
2n

n
∑

k=1

cos
(2k − 1)π

2n
ln
(

x2 − 2x cos
(2k − 1)π

2n
+ 1
)

+ 1
n

n
∑

k=1

sin
(2k − 1)π

2n
arctan

x − cos
(2k − 1)π

2n

sin
(2k − 1)π

2n

+ C. �

1© éu©f©1þ± a�ü":�©ª, Ø�� P (a) 6= 0, Q(a) 6= 0, ����y±e�ª¤á:

lim
z→a

(z − a)P (z)

(z − a)Q(z)
= lim

z→a

[(z − a)P (z)]′

[(z − a)Q(z)]′
= lim

z→a

P (z) + (z − a)P ′(z)

Q(z) + (z − a)Q′(z)
,

Ï�þªü>Ñ�u
P (a)

Q(a)
.
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§3.3 ÃÃÃnnn¼¼¼êêê���ÈÈÈ©©©{{{ (SSSKKK 1926–1990 )

SSSNNN{{{000 ùp�Ãn¼êÌ���ª¼ê. §��Ø½È©�7�Ð�¼ê. �

!Ì�ÆSXÛ?n�È¼ê�Ãn¼ê¥��Èa., Ù¥õêSKáu�gÃn

�ª�¦È¯K.

3.3.1 ^̂̂kkknnnzzz���{{{¦¦¦ÈÈÈ (SSSKKK 1926–1936)

ùÒ´ÏL·����ò�È¼ê=z�kn¼ê, ,�^ §3.2 !��{¦È.

SSSKKK 1927 ¦

∫
dx

x(1 + 2
√

x + 3
√

x)
.

) ÏL��� x = t6 =�ò�È¼ê=z�kn¼ê, l��:∫
dx

x(1 + 2
√

x + 3
√

x)
=

∫
6t5 dt

t6(1 + 2t3 + t2)
=

∫
6 dt

t(t + 1)(2t2 − t + 1)
,

u´kÜ©©ªÐmªXe:

6
t(t + 1)(2t2 − t + 1)

= A
t

+ B
t + 1

+ Ct + D

2t2 − t + 1
.

^ §3.2 !¥��{�¦Ñ

A = 6, B = −
3
2

, C = −9, D = 3
2

,

,��¦ÈXe:

∫
dx

x(1 + 2
√

x + 3
√

x)
=

∫
(

6
t
−

3
2(t + 1)

−
9t −

3
2

2t2 − t + 1

)

dt

= 6 ln |t| −
3
2

ln |t + 1| − 9
4

∫
(4t − 1) dt

2t2 − t + 1
−

3
8

∫
dt

t2 −
t
2

+ 1
2

= 6 ln |t| −
3
2

ln |t + 1| − 9
4

ln |2t2 − t + 1| − 3

2
√

7
arctan

(

4t − 1√
7

)

+ C

= ln |x| −
3
2

ln | 6
√

x + 1| − 9
4

ln |2 3
√

x − 6
√

x + 1| − 3

2
√

7
arctan

( 4 6
√

x − 1
√

7

)

+ C. �

SSSKKK 1933 ¦

∫
xdx

4

√

x3(a − x)
(a > 0).

) d�È¼ê�L�ª�� 0 < x < a. ò§U��
1

4

√

a − x
x

, ,��^��

t =
4

√

a − x
x

¦�knz. (ù«��ék^, ë� §3.1.5 �SK 1782 �) 3 9Ù5.)

ù� x = a

t4 + 1
, dx = −

4at3 dt

(t4 + 1)2
, u´È©=z�
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∫
xdx

4
√

x3(a − x)
= −4a

∫
t2 dt

(t4 + 1)2
.

^ §3.2.2 �cdAÛ�.]Ä�{, ��kÐmª

t2

(t4 + 1)2
=

(

At3 + Bt2 + Ct + D

t4 + 1

)

′

+
A1t

3 + B1t
2 + C1t + D1

t4 + 1
,

O��� A = B1 = 1
4

, Ù{Xêþ� 0.

u´�¦ÈXe:∫
xdx

4
√

x3(a − x)
= −

at3

t4 + 1
− a

∫
t2

t4 + 1
dt

= −
at3

t4 + 1
−

a
2

∫
t2 − 1
t4 + 1

dt −
a
2

∫
t2 + 1
t4 + 1

dt

= −
at3

t4 + 1
−

a
2

∫ d
(

t + 1
t

)

(

t + 1
t

)2

− 2

−
a
2

∫ d
(

t −
1
t

)

(

t −
1
t

)2

+ 2

= −
at3

t4 + 1
−

a

4
√

2
ln

∣

∣

∣

t2 −
√

2t + 1

t2 +
√

2t + 1

∣

∣

∣
−

a

2
√

2
arctan

(

t2 − 1√
2t

)

+ C

= −
4
√

x(a − x)3 − a

4
√

2
ln

∣

∣

∣

√
a − x −

√
2

4
√

x(a − x) +
√

x
√

a − x +
√

2
4
√

x(a − x) +
√

x

∣

∣

∣

−
a

2
√

2
arctan

(

√
a − x −

√
x

√
2

4
√

x(a − x)

)

+ C. �

SSSKKK 1935 ¦

∫
dx

1 +
√

x +
√

1 + x
.

) 1 k^Ðm{z{Xe:∫
dx

1 +
√

x +
√

1 + x
=

∫
1 +

√
x −

√
1 + x

(1 +
√

x +
√

1 + x) · (1 +
√

x −
√

1 + x)
dx

=
∫

1 +
√

x −
√

1 + x

2
√

x
dx =

√
x + x

2
−

1
2

∫ √

1 + x
x

dx.

é����È©^�� t =

√

1 + x
x

, Kk x = 1
t2 − 1

, dx = −
2t dt

(t2 − 1)2
, u´k

−
1
2

∫ √

1 + x
x

dx =
∫

t2

(t2 − 1)2
dt.

^cdAÛ�.]Ä�{kÐmª�

t2

(t2 − 1)2
=

(

At + B
(t − 1)(t + 1)

)

′

+ Ct + D
(t − 1)(t + 1)

,

��)� A = −
1
2

, D = 1
2

, B = C = 0. u´�¦ÈXe:
∫

dx

1 +
√

x +
√

1 + x
=

√
x + x

2
−

t

2(t2 − 1)
+ 1

2

∫
dt

t2 − 1

=
√

x + x
2

−
1
2

√

x(x + 1) + 1
4

ln
∣

∣

∣

√
x + 1 −

√
x

√
x + 1 +

√
x

∣

∣

∣
+ C. �
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) 2 (V�) 5SK86édKkJ«: - x =
(

u2 − 1
2u

)2

, u´�ò
√

x Ú
√

x + 1 Ó�knz. �,�K�Ø7^ù���, �éu�È¼ê� R(
√

x,
√

x + 1),

Ù¥ R(u, v)���kn¼ê��¹, þãJ«���ÊHk�. äNO�lÑ. �

SSSKKK 1936 �ÄÈ© ∫
R[x, (x − a)

p

n (x − b)
q

n ] dx,

Ù¥ R�kn¼ê, p, q, n��ê. y²: e p + q = kn, Ù¥ k��ê, KTÈ©�Ð

�¼ê.

) (V�) �I�?Ø a 6= b ��¹. l^���k
q

n
= k −

p

n
, Ïd��

(x − a)
p

n (x − b)
q

n = (x − b)k ·
(

x − a
x − b

)

p

n

,

Ù¥� x − b > 0. ��- t =
(

x − a
x − b

)

1

n

, Ò�ò�È¼ê=z�kn¼ê, lÑ. �

3.3.2 ¹¹¹���gggÃÃÃnnnªªª���kkknnn¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 1937–1965)

ù´��È¼ê� R(x,
√

ax2 + bx + c) �Ø½È©, Ù¥ R(u, v) ´��kn¼

ê. |^n�¼ê��½öî.��Ò�±y²ùa�È¼ê�Ø½È©Ñ´Ð�¼

ê. ,lO��ÝÑu, �kNõÙ¦�{�øÀJ, §�  ��k�.

3ù��!¥��Ääk (½�=z�) e�/ª��È¼ê:

P (x)

Q(x)
·

1
y

,

Ù¥ P (x), Q(x)�õ�ª, y =
√

ax2 + bx + c, Ù¥� a 6= 0, ��ÒeØ´��²�.

3 §3.1.2 � (3.3) Ú §3.1.6 � (3.6) ¥®²��ùaÈ©��{ü�¹, =∫
dx√

a2 − x2
,

∫
dx√

x2 + a2
,

∫ √
a2 − x2 dx,

∫ √
x2 ± a2 dx.

SSSKKK 1937 ¦

∫
x2

√
1 + x + x2

dx.

) - t = x + 1
2

, ò�ªS��gn�ª5�z (�¡IOz), Ðm¦ÈXe:

∫
x2

√
1 + x + x2

dx =
∫ (t − 1

2
)2

√

t2 + 3
4

dt =
∫ (t2 + 3

4
) − t −

1
2

√

t2 + 3
4

dt

=
∫ √

t2 + 3
4

dt −
1
2

∫
2t

√

t2 + 3
4

dt −
1
2

∫
dt

√

t2 + 3
4

= 1
2

t

√

t2 + 3
4

+ 3
8

ln
∣

∣

∣
t +

√

t2 + 3
4

∣

∣

∣
−

√

t2 + 3
4

−
1
2

ln
∣

∣

∣
t +

√

t2 + 3
4

∣

∣

∣
+ C

=
(

1
2

x −
3
4

)

√

x2 + x + 1 −
1
8

ln |x + 1
2

+
√

x2 + x + 1| + C. �
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5 �m©��� t = x + 1
2

¿�7�, �3�
ù�5�z����éu*	g

´Ú@^Ä�È©úªÑ���B. �Káu

P (x) · 1
y

,

Ù¥ P (x) ´õ�ª, y =
√

ax2 + bx + c. ±þ){éùa�È¼êäk;.5.

SSSKKK 1938 ¦

∫
dx

(x + 1)
√

x2 + x + 1
.

) ����� (ùp�±ë� §3.1.3 �SK 1682), k��� t = x + 1, ,��¦

ÈXe:

∫
dx

(x + 1)
√

x2 + x + 1
=

∫
dt

t
√

t2 − t + 1
= −

∫ d
(

1
t
−

1
2

)

√

1
t2

−
1
t

+ 1

= − ln
∣

∣

∣

1
t
−

1
2

+

√

1
t2

−
1
t

+ 1
∣

∣

∣
+ C

= − ln
∣

∣

∣

1
x + 1

−
1
2

+

√
x2 + x + 1

x + 1

∣

∣

∣
+ C. �

5 1 XSK 1682 �) 2 ��5¥¤`, 3�K�¦)¥��Ä
 t = x + 1 > 0

��¹, �¤���(Jéu x + 1 < 0 E,¤á.

5 2 �K�����{�·^u±ea.��È¼ê:

1
(x − α)ky

,

Ù¥ y =
√

ax2 + bx + c, k���ê, � k > 1 �=òÙ=z�SK 1937 �a..

SSSKKK 1940 ¦

∫ √
x2 + 2x + 2

x
dx.

) 1 kò�È¼êU�¤kn¼êØ± y =
√

x2 + 2x + 2, ,�Ðm¿¦ÈXe:
∫ √

x2 + 2x + 2
x

dx =
∫

x2 + 2x + 2

x
√

x2 + 2x + 2
dx

=
∫

(x + 1) dx
√

x2 + 2x + 2
+

∫
dx√

x2 + 2x + 2
+ 2

∫
dx

x
√

x2 + 2x + 2

=
√

x2 + 2x + 2 + ln |x + 1 +
√

x2 + 2x + 2 | −
√

2
∫ d

(

1
x

)

√

1
x2

+ 1
x

+ 1
2

=
√

x2 + 2x + 2 + ln |x + 1 +
√

x2 + 2x + 2 |

−
√

2 ln
∣

∣

∣

1
x

+ 1
2

+

√

1
x2

+ 1
x

+ 1
2

∣

∣

∣
+ C

=
√

x2 + 2x + 2 + ln |x + 1 +
√

x2 + 2x + 2 |

−
√

2 ln
∣

∣

∣

x + 2
2x

+

√
x2 + 2x + 2

√
2x

∣

∣

∣
+ C. �



§3.3 Ãn¼ê�È©{ (SK 1926–1990 ) 51

) 2 �K�È©�±^Xe�î.��5¦È 1© :
√

x2 + 2x + 2 = t − x.

òþªü>²�, =k x = t2 − 2
2(t + 1)

, dx = t2 + 2t + 2
2(t + 1)2

dt, l�¦ÈXe:

∫ √
x2 + 2x + 2

x
dx =

∫
t − x

x
dx =

∫
t(t2 + 2t + 2)

(t2 − 2)(t + 1)
dt − x

=
∫
(

1 + 1
t + 1

+ 4
t2 − 2

)

dt − x = ln |t + 1| +
√

2 ln
∣

∣

∣

t −
√

2

t +
√

2

∣

∣

∣
+ t − x

=
√

x2 + 2x + 2 + ln |x + 1 +
√

x2 + 2x + 2|

+
√

2 ln
∣

∣

∣

x +
√

x2 + 2x + 2 −
√

2

x +
√

x2 + 2x + 2 +
√

2

∣

∣

∣
+ C. �

5 3) 1 ¥��{äk;.5, =kò�È¼ê=z�±e/G:

P (x)

Q(x)
·

1
y

, (3.16)

Ù¥ P (x), Q(x)�õ�ª, y =
√

ax2 + bx + c, ,�òkn¼ê
P (x)

Q(x)
Ðm�õ�ª

�Ü©©ª�Ú, 2Å�¦È.

3 (3.16) ¥�kn¼ê P (x)/Q(x)�õ�ª�k±e·K, §ò¦È¯K=z�

�½Xê�O�. ·K�±^êÆ8B{y², ½ë� [15] �1�ò� §8.3 � 284 �!.

···KKK 3.3 e Pn(x)� n gõ�ª, y =
√

ax2 + bx + c, Kk∫
Pn(x)

y
dx = Qn−1(x) y + λ

∫
dx
y

,

Ù¥ Qn−1(x)� n − 1 gõ�ª, λ�~ê.

SSSKKK 1943 ¦

∫
x3

√
1 + 2x − x2

dx.

) 1 �ìSK 1937 �){, k�5�z�� x − 1 = t, ,��Ðm¿¦ÈXe:∫
x3

√
1 + 2x − x2

dx =
∫

(t + 1)3
√

2 − t2
dt =

∫
−t(2 − t2) − 3(2 − t2) + 5t + 7

√
2 − t2

dt

= −

∫
t
√

2 − t2 dt − 3
∫
√

2 − t2 dt + 5
∫

t dt√
2 − t2

+ 7
∫

dt√
2 − t2

= 1
3

(2 − t2)
3

2 − 3
(

1
2

t
√

2 − t2 + arcsin t√
2

)

− 5
√

2 − t2 + 7 arcsin t√
2

+ C

= −
1
6

(2t2 + 9t + 26)
√

2 − t2 + 4 arcsin t√
2

+ C

= −
1
6

(2x2 + 5x + 19)
√

1 + 2x − x2 + 4 arcsin
(

x − 1√
2

)

+ C. �

) 2 y3^·K 3.3 Jø��½Xê{¦È. ù�kÐmª

x3

y
= [(Ax2 + Bx + C)y]′ + λ

y
,

1© ë��î.��;�� §3.3.3.
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Ù¥ y =
√

1 + 2x − x2, A, B, C, λ��½Xê. O�þª¿��ü>�©f�Ó�g

�Xê (©1� y), ���5�ê�§|�






























−3A = 1,

5A − 2B = 0,

2A + 3B − C = 0,

B + C + λ = 0.

)�

A = −
1
3

, B = −
5
6

, C = −
19
6

, λ = 4.

dd=����) 1 �Ó��Y. �

5 dd��, � §3.2.2 �cdAÛ�.]Ä�{aq, ÏL�½Xê�O��O


�þ�È©O�, ���I�O�N´¦È�

∫
dx
y

. SK 1937 �,��Xd¦).

SK 1947–1950 �c¡�SK 1938 a.�Ó, ^����=�^·K 3.3 ��½

Xê{½Ù¦�{¦).

SSSKKK 1951 3�o^�e, È©∫
a1x

2 + b1x + c1√
ax2 + bx + c

dx

´�ê¼ê?

) ^·K 3.3 ��, ��^�½Xê{(½Ñ¦� λ = 0 �^�=�. Ú\PÒ

y =
√

ax2 + bx + c, KkÐmª:

a1x
2 + b1x + c1

y
= [(Ax + B)y]′ + λ

y
,

O����5�ê�§|�:


















2aA = a1,

3
2

bA + aB = b1,

cA + 1
2

bB + λ = c1.

�â�40{K, ��¦� λ = 0 �^��
∣

∣

∣

∣

∣

∣

∣

∣

2a 0 a1

3
2

b a b1

c
1
2

b c1

∣

∣

∣

∣

∣

∣

∣

∣

= 2a2c1 + 3
4

b2a1 − aca1 − abb1 = 0. �

e¡�Ä�È¼ê� (3.16) �Ø½È©∫
P (x)

Q(x)
·

dx
y

,

Ù¥ Q(x)�Ø����gn�ª��¹, y =
√

ax2 + bx + c. ùÒ´5SK86¥S

K 1957–1965 �SN. e¡Þ~`²Ù¥�^��{.
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SSSKKK 1957 ¦

∫
dx

(1 + x2)
√

1 − x2
.

) ^n�¼ê�� (ë� §3.1.5 �SK 1778 �) x = cos t, K�¦ÈXe:∫
dx

(1 + x2)
√

1 − x2
= −

∫
dt

1 + cos2 t
= −

∫
sec2 t dt

sec2 t + 1

= −

∫
d(tan t)

2 + tan2 x
= −

1√
2

arctan
(

tan t√
2

)

+ C

= −
1√
2

arctan
(

√
1 − x2

√
2x

)

+ C. �

SSSKKK 1961 ¦

∫
dx

(x2 + x + 1)
√

x2 + x − 1
.

) - x + 1
2

= t, =�¦�ü��gn�ªÓ�5�z:
∫

dx

(x2 + x + 1)
√

x2 + x − 1
=

∫
dt

(t2 + 3
4

)

√

t2 −
5
4

.

,��n��� t =

√
5

2
sec θ ¦ÈXe:

∫
dt

(t2 + 3
4

)

√

t2 −
5
4

= 4
∫

sec θ dθ

5 sec2 θ + 3
= 4

∫
cos θ dθ

5 + 3 cos2 θ

= 4
∫

d(sin θ)

8 − 3 sin2 θ
= 4√

3

∫
d(
√

3 sin θ)

8 − 3 sin2 θ
= 1√

6
ln

∣

∣

∣

√
8 +

√
3 sin θ

√
8 −

√
3 sin θ

∣

∣

∣
+ C

= 1√
6

ln
∣

∣

∣

2
√

2t +
√

3
√

t2 − 5/4

2
√

2t −
√

3
√

t2 − 5/4

∣

∣

∣
+ C

= 1√
6

ln
∣

∣

∣

√
2(2x + 1) +

√
3
√

x2 + x − 1
√

2(2x + 1) −
√

3
√

x2 + x − 1

∣

∣

∣
+ C. �

SSSKKK 1963 ¦

∫
(x + 1) dx

(x2 + x + 1)
√

x2 + x + 1
.

) kòÙ�Ü©n�©��∫
(x + 1) dx

(x2 + x + 1)
√

x2 + x + 1
= 1

2

∫
d(x2 + x + 1)

(x2 + x + 1)
3

2

+ 1
2

∫
dx

(x2 + x + 1)
3

2

= −
1√

x2 + x + 1
+ 2

3

∫
dt

(t2 + 1)
3

2

,

Ù¥1��®�
Cþ�� t =
x + 1

2
√

3
2

.

é1���È©^n��� t = tan θ, Ò�È©Xe:
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2
3

∫
dt

(t2 + 1)
3

2

= 2
3

∫
sec2 θ dθ

sec3 θ
= 2

3

∫
cos θ dθ

= 2
3

sin θ + C = 2
3

t√
t2 + 1

+ C

= 2x + 1

3
√

x2 + x + 1
+ C.

Ü¿±þ(J, Òk∫
dx

(x2 + x + 1)
√

x2 + x + 1
= −

1√
x2 + x + 1

+ 2x + 1

3
√

x2 + x + 1
+ C

=
2(x − 1)

3
√

x2 + x + 1
+ C. �

SSSKKK 1964 |^©ª�5�� x =
α + βt

1 + t
O�È©:

∫
dx

(x2 − x + 1)
√

x2 + x + 1
.

) ¯K´ÀJëê α Ú β ��, ¦�ù���òü��gn�ªÓ�¢y5�

z, =Ó�ØÑy�g�. O���

x2 ± x + 1 =
(β2 ± β + 1)t2 + (2αβ ± α ± β + 2)t + (α2 ± α + 1)

(t + 1)2
,

��A�¦�Ó�¤á

2αβ + 2 = α + β, 2αβ + 2 = −α − β,

Ïdk α + β = 0, αβ = −1. u´ α, β ´�g�§ u2 − 1 = 0 �ü��.

� α = −1, β = 1, ��� x = t − 1
t + 1

, Kk t = 1 + x
1 − x

, dx = 2 dt

(t + 1)2
, u´Ò�

� ∫
dx

(x2 − x + 1)
√

x2 + x + 1
= 2

∫
(t + 1) dt

(t2 + 3)
√

3t2 + 1

= 2
∫

t dt

(t2 + 3)
√

3t2 + 1
+ 2

∫
dt

(t2 + 3)
√

3t2 + 1
.

±e©OO�þªm>�ü�È©.

é1��È©, - t2 = θ, Kk 2t dt = dθ. q- 3θ + 1 = s2, Kk θ = 1
3

(s2 − 1),

dθ = 2
3

s ds, θ + 3 = 1
3

(s2 + 8), u´k

2
∫

t dt

(t2 + 3)
√

3t2 + 1
=

∫
dθ

(θ + 3)
√

3θ + 1

= 2
∫

ds

s2 + 8
= 1√

2
arctan s

2
√

2
+ C

= 1√
2

arctan
(

√
3t2 + 1

2
√

2

)

+ C

= 1√
2

arctan
(

√
x2 + x + 1
√

2(1 − x)

)

+ C.



§3.3 Ãn¼ê�È©{ (SK 1926–1990 ) 55

é1��È©, �n��� t = 1√
3

tan θ, Kk t2 + 1
3

= 1
3

sec2 θ, t2 + 3 =

1
3

(sec2 θ + 8), dt = 1√
3

sec2 θ dθ, u´k

2
∫

dt

(t2 + 3)
√

3t2 + 1
= 6√

3

∫
sec θ dθ

sec2 θ + 8
= 6√

3

∫
cos θ dθ

1 + 8 cos2 θ

= 6√
3

∫
d(sin θ)

9 − 8 sin2 θ
= 3√

6

∫
d(2

√
2 sin θ)

9 − 8 sin2 θ

= 1

2
√

6
ln

∣

∣

∣

3 + 2
√

2 sin θ

3 − 2
√

2 sin θ

∣

∣

∣
+ C

= 1

2
√

6
ln

∣

∣

∣

3
√

1 + 3t2 + 2
√

6t

3
√

1 + 3t2 − 2
√

6t

∣

∣

∣
+ C

= 1

2
√

6
ln

∣

∣

∣

√

3(x2 + x + 1) +
√

2(1 + x)
√

3(x2 + x + 1) −
√

2(1 + x)

∣

∣

∣
+ C.

Ü¿±þ=�∫
dx

(x2 − x + 1)
√

x2 + x + 1
= 1√

2
arctan

(

√
x2 + x + 1
√

2(1 − x)

)

+ 1

2
√

6
ln

∣

∣

∣

√

3(x2 + x + 1) +
√

2(1 + x)
√

3(x2 + x + 1) −
√

2(1 + x)

∣

∣

∣
+ C. �

�( ��!Ì�?Øa.� (3.16) �È©, Ù¥��È¼ê´kn¼êØ±

y =
√

ax2 + bx + c (XSK 1940 ¤«, ù®²�)kn¼ê¦± y ��È¼ê3S).

kòkn¼ê
P (x)

Q(x)
Ðm�õ�ª�Ü©©ª�Ú, l�òþãØ½È©Ðm

�eZ�©O?n.

±ekn«�¹:

(1) éuÙ¥�õ�ªéA�È©, �Ðm¦È, ½öUì·K 3.3 ^�½Xê{¦

È. �SK 1937, 1942 �;

(2) éuÜ©©ª�©1� (x − α)k ¤éA�È©
∫

dx

(x − α)ky
, �XSK 1938 9

Ù5 2 ¤«^���8(� (1);

(3) éuÜ©©ª�©1� (x2 + px + q)k ¤éA�È©
∫

dx

(x2 + px + q)ky
, KÄ

kI�ò x2 + px + q Ú ax2 + bx + c Ó�5�z, =Ó���§���g�. XSK

1964 ¤«, ù�±ÏL©ª�5��¢y, ,�2^n���knz�¦È.

5 ùpéu�Òe��gn�ª�5�z��:Ö¿. ��¡, ù«5�z  

é¦Èk�Ï, ~XSK 1937, 1943 ¥Ñ´Xd. ,,��¡, lc¡�Nõ~f�

�, 3�o�ÿ�5�zâk�´���E,�¯K.

e3�¹ (1) ¥^�½Xê{, KØ7�5�z; 3�¹ (2) ¥I����� (�S

K 1938), ù�A�3�����2é�Òe��gn�ª�5�z. ��, éu�¹

(3) KI�UìSK 1964 JÑ��{5�, =¦�ü��gn�ªÓ�¢y5�z.
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3.3.3 îîî...������ (SSSKKK 1966–1970)

þ��!��Ä�È¼ê�kn¼ê (¦) Ø±�gÃnª y =
√

ax2 + bx + c �

È©¯K. éu¹k�gÃnª���È©¯K, =�È¼ê� R(x,
√

ax2 + bx + c) �

Ø½È©, Ù¥ R(u, v) ´��kn¼ê, ·�I���kå�knz�{. �!�î.

��Ò´ù���{. §3nØþy²
þã�È¼ê�Ø½È©�½´Ð�¼ê.

�,éuz��äN�È©¯K5`, ^î.���O�þ�7��. ±eòÏL

~K5'�^î.���Ù¦�{�O�L§. (3þ��!�SK 1940 �) 2 ®²^

Le¡�Ñ�1�«î.��.)

î.��k±en«:

(1) e a > 0, K�^
√

ax2 + bx + c = ±
√

ax + t;

(2) e c > 0, K�^
√

ax2 + bx + c = xt ±
√

c;

(3) éu�ÒS�����gn�ª, K�^
√

a(x − x1)(x − x2) = t(x − x1).

5 eò1n«î.���� t =

√

a(x − x2)
x − x1

, Ò�wÑ§� §3.1.5 �SK 1782

�) 3 ¥¤^��� t =

√

a − x
a + x

vk���O (ëwTK�5). d	ù«���k

,�����í2, � §3.3.1 �SK 1933.

SSSKKK 1966 ¦

∫
dx

x +
√

x2 + x + 1
.

) 1 ^1�«î.��
√

x2 + x + 1 = t − x (=- t = x +
√

x2 + x + 1).

òþªü>²����

x = t2 − 1
2t + 1

, dx =
2(t2 + t + 1)

(2t + 1)2
dt,

u´�È©Xe:∫
dx

x +
√

x2 + x + 1
=

∫
2(t2 + t + 1)

t(2t + 1)2
dt =

∫
(

2
t
−

3
2t + 1

−
3

(2t + 1)2

)

dt

= 2 ln |t| −
3
2

ln |2t + 1| + 3
2(2t + 1)

+ C

= 2 ln |x +
√

x2 + x + 1| − 3
2

ln |x + 1
2

+
√

x2 + x + 1|

+ 3

4(x + 1
2

+
√

x2 + x + 1)
+ C

= 2 ln |x +
√

x2 + x + 1| − 3
2

ln |x + 1
2

+
√

x2 + x + 1| +
√

x2 + x + 1 − x + C. �

) 2 Ø^î.��, KN´��3©1knz�=�^ §3.3.2 ��{O�Xe:
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∫
dx

x +
√

x2 + x + 1
=

∫ √
x2 + x + 1 − x

x + 1
dx =

∫ √
x2 + x + 1

x + 1
dx −

∫
(

1 −
1

x + 1

)

dx

=
∫ √

x2 + x + 1
x + 1

dx − x + ln |x + 1|.

u´�^þ��!��{O����ª¥�È©Xe:∫ √
x2 + x + 1

x + 1
dx =

∫
x2 + x + 1

(x + 1)
√

x2 + x + 1
dx

=
∫

xdx√
x2 + x + 1

+
∫

dx

(x + 1)
√

x2 + x + 1

= 1
2

∫
(2x + 1) dx
√

x2 + x + 1
−

1
2

∫
dx√

x2 + x + 1
+

∫
dx

(x + 1)
√

x2 + x + 1

=
√

x2 + x + 1 −
1
2

ln |x + 1
2

+
√

x2 + x + 1| +
∫

dx

(x + 1)
√

x2 + x + 1
,

é����È©�±^ §3.3.2 �SK 1938 ��Y. ±elÑ. �

SSSKKK 1967 ¦

∫
dx

1 +
√

1 − 2x − x2
.

) 1 ^1�«î.��
√

1 − 2x − x2 = xt − 1 (=- t =
1 +

√
1 − 2x − x2

x
).

òþªü>²����

x =
2(t − 1)

t2 + 1
, dx =

2(1 + 2t − t2)

(t2 + 1)2
dt.

u´�È©Xe:∫
dx

1 +
√

1 − 2x − x2
=

∫
−t2 + 2t + 1

t(t − 1)(t2 + 1)
dt

=
∫
(

−
1
t

+ 1
t − 1

−
2

t2 + 1

)

dt = ln
∣

∣

∣

t − 1
t

∣

∣

∣
− 2 arctan t + C

= ln
∣

∣

∣

1 − x +
√

1 − 2x − x2

1 +
√

1 − 2x − x2

∣

∣

∣
− 2 arctan

(

1 +
√

1 − 2x − x2

x

)

+ C. �

) 2 3©1knz�=�^ §3.3.2 ��{¦ÈXe:∫
dx

1 +
√

1 − 2x − x2
=

∫
1 −

√
1 − 2x − x2

2x + x2
dx

=
∫

dx
x(x + 2)

−

∫
(1 − 2x − x2) dx

(2x + x2)
√

1 − 2x − x2

= 1
2

ln
∣

∣

∣

x
x + 2

∣

∣

∣
+

∫
dx√

1 − 2x − x2
−

∫
dx

x(x + 2)
√

1 − 2x − x2

= 1
2

ln
∣

∣

∣

x
x + 2

∣

∣

∣
+ arcsin

(

x + 1√
2

)

−
1
2

∫
dx

x
√

1 − 2x − x2
+ 1

2

∫
dx

(x + 2)
√

1 − 2x − x2

= 1
2

ln
∣

∣

∣

x
x + 2

∣

∣

∣
+ arcsin

(

x + 1√
2

)

+ 1
2

ln
∣

∣

∣

1 − x +
√

1 − 2x − x2

x

∣

∣

∣

−
1
2

ln
∣

∣

∣

x + 3 +
√

1 − 2x − x2

x + 2

∣

∣

∣
+ C

= arcsin
(

x + 1√
2

)

+ 1
2

ln
∣

∣

∣

1 − x +
√

1 − 2x − x2

x + 3 +
√

1 − 2x − x2

∣

∣

∣
+ C. �
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SSSKKK 1969 ¦

∫
x −

√
x2 + 3x + 2

x +
√

x2 + 3x + 2
dx.

l�KÑy��ª��n«î.��Ñ�±^, ±eÁw�¹XÛ, ,�2ÞØ^

î.����«){.

) 1 ^1n«î.��
√

x2 + 3x + 2 = t(x + 1), �Ò´ t =

√

x + 2
x + 1

. òdª

²����

x = 2 − t2

t2 − 1
, dx = −

2t dt

(t2 − 1)2
.

u´�È©Xe:∫
x −

√
x2 + 3x + 2

x +
√

x2 + 3x + 2
dx = −2

∫
t(t + 2) dt

(t − 1)(t − 2)(t + 1)3

=
∫
(

−
17

108(t + 1)
+ 5

18(t + 1)2
+ 1

3(t + 1)3
+ 3

4(t − 1)
−

16
27(t − 2)

)

dt

= 1
108

ln
∣

∣

∣

(t − 1)81

(t + 1)17(t − 2)64

∣

∣

∣
−

5
18(t + 1)

−
1

6(t + 1)2
+ C

= 1
108

ln
∣

∣

∣

(
√

x2 + 3x + 2 − x − 1)81

(
√

x2 + 3x + 2 + x + 1)17(
√

x2 + 3x + 2 − 2x − 2)64

∣

∣

∣

−
1
3

x2 −
5
9

x +
(

1
3

x + 1
18

)

√

x2 + 3x + 2 + C. �

5 3���Ú|^


1
t + 1

=
√

x2 + 3x + 2 − x − 1.

) 2 ^1�«î.��
√

x2 + 3x + 2 = t − x (= t = x +
√

x2 + 3x + 2).

òþª²����

x = t2 − 2
2t + 3

, dx =
2(t2 + 3t + 2)

(2t + 3)2
dt,

u´�È©Xe:∫
x −

√
x2 + 3x + 2

x +
√

x2 + 3x + 2
dx = −2

∫
(3t + 4)(t2 + 3t + 2)

t(2t + 3)3
dt

=
∫
(

−
16
27t

−
17

54(3 + 2t)
−

4
9(3 + 2t)2

+ 1
6(3 + 2t)3

)

dt,

±elÑ. �

) 3 ^1�«î.��
√

x2 + 3x + 2 = xt +
√

2 (= t =

√
x2 + 3x + 2 −

√
2

x
).

òþª²����

x =
3 − 2

√
2t

t2 − 1
, dx =

2
√

2t2 − 6t + 2
√

2
(t2 − 1)2

dt,

u´�È©Xe:∫
x −

√
x2 + 3x + 2

x +
√

x2 + 3x + 2
dx =

∫
[(3 +

√
2 − (3 + 2

√
2)t +

√
2t2](2

√
2t2 − 6t + 2

√
2)

[(3 −
√

2 + (3 − 2
√

2)t −
√

2t2](t2 − 1)2
dt,

±e�O�þ�U��, lÑ. �
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) 4 3©1knz�=�ÐmXe:
∫

x −
√

x2 + 3x + 2

x +
√

x2 + 3x + 2
dx = −

∫
(x −

√
x2 + 3x + 2)2

3x + 2
dx

= −

∫
2x2 + 3x + 2

3x + 2
dx +

∫
2x

√
x2 + 3x + 2
3x + 2

dx

=
∫ −

2
3

x2 − x −
2
3

x + 2
3

dx + 2
3

∫
√

x2 + 3x + 2dx −
4
3

∫ √
x2 + 3x + 2

3x + 2
dx.

écü�©O¦È��

∫ −
2
3

x2 − x −
2
3

x + 2
3

dx = −
1
3

x2 −
5
9

x −
8
27

ln |x + 2
3
| + C,

2
3

∫
√

x2 + 3x + 2dx = 1
3

(x + 3
2

)
√

x2 + 3x + 2

−
1
12

ln |x + 3
2

+
√

x2 + 3x + 2| + C.

2^ §3.3.2 ��{é1n�¦È, k- t = x + 2
3

, ,�O�Xe:

−
4
3

∫ √
x2 + 3x + 2

3x + 2
dx = −

4
9

∫
√

t2 + 5
3

t + 4
9

t
dt = −

4
9

∫ t2 + 5
3

t + 4
9

t

√

t2 + 5
3

t + 4
9

dt

= −
4
9

∫
t dt

√

t2 + 5
3

t + 4
9

−
20
27

∫
dt

√

t2 + 5
3

t + 4
9

−
16
81

∫
dt

t

√

t2 + 5
3

t + 4
9

= −
2
9

∫ (2t + 5
3

) dt
√

t2 + 5
3

t + 4
9

−
10
27

∫
dt

√

t2 + 5
3

t + 4
9

+ 16
81

∫ d
(

1
t

)

√

1 + 5
3t

+ 4
9t2

= −
4
9

√

t2 + 5
3

t + 4
9
−

10
27

ln
∣

∣

∣
t + 5

6
+

√

t2 + 5
3

t + 4
9

∣

∣

∣
−

8
27

ln |t|

+ 8
27

ln
∣

∣

∣
t + 8

15
+ 4

5

√

t2 + 5
3

t + 4
9

∣

∣

∣
+ C

= −
4
9

√

x2 + 3x + 2 −
10
27

ln
∣

∣2x + 3 + 2
√

x2 + 3x + 2
∣

∣

+ 8
27

ln
∣

∣

∣

5x + 6 + 4
√

x2 + 3x + 2
3x + 2

∣

∣

∣
+ C,

Ü¿±þ(J��
∫

x −
√

x2 + 3x + 2

x +
√

x2 + 3x + 2
dx = −

1
3

x2 −
5
9

x +
(

1
3

x + 1
18

)

√

x2 + 3x + 2

+ 1
108

ln
∣

∣

∣

(5x + 6 + 4
√

x2 + 3x + 2)32

(3x + 2)64(2x + 3 + 2
√

x2 + 3x + 2)49

∣

∣

∣
+ C. �
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3.3.4 ,,,KKK (SSSKKK 1971–1980)

3SK 1976–1979 ¥��g�ÒeÑy
 4 gõ�ª��¹, e¡wÙ1�K.

SSSKKK 1976 ¦

∫
(x2 − 1) dx

(x2 + 1)
√

x4 + 1
.

) 1 é©fJÑÏf x2, é©1Kl�Ò	Ú�ÒS©OJÑÏf x, ��ù


Ïf��, =�n�©Xe:

∫
(x2 − 1) dx

(x2 + 1)
√

x4 + 1
=

∫
(

1 −
1
x2

)

dx

(

x + 1
x

)

√

x2 + 1
x2

=
∫ d

(

x + 1
x

)

(

x + 1
x

)

√

(

x + 1
x

)2

− 2

- t = x + 1
x

, ÒN´^���¦ÈXe (ë�SK 1682, 1938):

∫
(x2 − 1) dx

(x2 + 1)
√

x4 + 1
=

∫
dt

t
√

t2 − 2
= −

1√
2

∫ d
(

1
t

)

√

1
2

−
1
t2

= −
1√
2

arcsin

1
t
1√
2

+ C

= −
1√
2

arcsin

√
2

t
+ C = −

1√
2

arcsin
(

√
2x

1 + x2

)

+ C. �

) 2 [13] kòÈ©�XeC�:∫
(x2 − 1) dx

(x2 + 1)
√

x4 + 1
=

∫
(x2 − 1) dx

(x2 + 1)
√

(x2 + 1)2 − 2x2

=
∫
(

x2 − 1
(x2 + 1)2

)

dx
√

1 −
2x2

(x2 + 1)2

,

,�O���:

∫
x2 − 1

(x2 + 1)2
dx =

∫ 1 −
1
x2

(

x + 1
x

)2
dx = −

1

x + 1
x

+ C = −
x

x2 + 1
+ C,

u´�n�©¦ÈXe:

∫
(x2 − 1) dx

(x2 + 1)
√

x4 + 1
= −

1√
2

∫ d
(

√
2x

x2 + 1

)

√

1 −
(

√
2x

x2 + 1

)2

= −
1√
2

arcsin
(

√
2x

x2 + 1

)

+ C. �

e¡´�a¹kü��gÃnª��È¼ê��È5½n.

SSSKKK 1980 y²: È©∫
R(x,

√
ax + b,

√
cx + d) dx (R�kn¼ê)

�O��8(�kn¼ê�È©.
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) Ø�� a, c ÑØ�u 0, � ad 6= bc, Ï�Ù{�¹�knz´²w�.

- t =
√

ax + b, Kk

x = t2 − b
a

, cx + d =
ct2 + (ad − bc)

a
,

���È¼ê®´�¹���g�ª�kn¼ê, �âî.��, §�±knz. �

3.3.5 ������ªªª���©©©���¦¦¦ÈÈÈ (SSSKKK 1981–1990)

¡ xm(a + bxn)p ���ª�©, Ù¥�n�ëê m, n, p Ñ´knê. 'u§�Ø

½È©kÍ¶��'ÈÅ½n. e¡ò§��·K, ¿é�È^��¿©5�Ñy².

···KKK 3.4 (���'''ÈÈÈÅÅÅ½½½nnn) ��ª�©�Ø½È©∫
xm(a + bxn)p dx

�Ð�¼ê�¿©7�^�´knê m, n, p ÷v±en�^���:

(1) p��ê;

(2) m + 1
n

��ê;

(3) m + 1
n

+ p��ê.

y ±e�y²þã^��¿©5. ½n�7�5Ü©®²�Ñ
êÆ©Û��

�, k,��Öö�±ë� [9] �18Ù.

�¹ (1) p��ê. ù���knê m, n�äkú©1�©ê m =
m1

N
, n =

n1

N
,

Ù¥ m1, n1, N Ñ´�ê, � N > 0.

u´��- x = tN , Òk dx = NtN−1 dt, xm = tm1 , xn = tn1 , l¢y
kn

z. (ù� §3.3.1 �SK 1927 �q, �,TKØ´��ª�©�È©.)

�¹ (2) m + 1
n

��ê. k- xn = u, Kk x = u
1

n , dx = 1
n

u
1

n
−1

du, u´k

∫
xm(a + bxn)p dx = 1

n

∫
u

m

n (a + bu)pu
1

n
−1

du

= 1
n

∫
u

m+1

n (a + bu)pu−1 du.

e� p = M
N

, M, N ��ê, � N > 0, K2- a + bu = tN Ò�¢yknz.

Ü¿±þ��, éu�¹ (2) �knz��´

a + bxn = tN ,

Ù¥ N (> 0) ´kn©ê p �©1.

�¹ (3) m + 1
n

+ p��ê. ��¹ (2) ��, k- xn = u, KÈ©C��

∫
xm(a + bxn)p dx = 1

n

∫
u

m

n (a + bu)pu
1

n
−1

du

= 1
n

∫
u

m+1

n
+p

(

a + bu
u

)p

u−1 du,
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��e� p = M
N

, M, N ��ê, � N > 0, K2-
a + bu

u
= tN Ò�¢yknz.

Ü¿±þ��, éu�¹ (3) �knz��´
a + bxn

xn = a
xn + b = tN ,

Ù¥ N (> 0) ´kn©ê p �©1. �

5 d±þy²��, n«�È�¹���=´c¡Ñ®²^L���, Ø7kP.

,n«�È�¹�^�´I����, Ï�Ød�	���ª�©ÑØ�È.

£�c¡�SK, �±w� §3.3.1 �SK 1933 Ò´��ª�©�È©K. d	, �

kNõ��ÏL{ü���Ò�±z���ª�©�È©K. Öö�±Á^��!�

�{�)§�.

SSSKKK 1981 ¦

∫ √
x3 + x4 dx.

) (V�) ò�È¼êU����ª�©:

x
3

2 (1 + x)
1

2 = x2

√

1 + x
x

,

�� m = 3
2

, n = 1, p = 1
2

. d
m + 1

n
+ p = 3 ��áu1n«�È�¹. ��^�

� t =

√

1 + x
x

=�knz. �

5 ùÒ´3 §3.1.5 �SK 1782 �) 3 ¥¤^���. eqòÈ©��∫
x
√

x(1 + x) dx,

KÒ´1n«î.��.

SSSKKK 1982 ¦

∫ √
x

(1 + 3
√

x)2
dx.

) (V�) ò�È¼êU��

x
1

2 (1 + x
1

3 )
−2

,

l p = −2 ��áu1�«�È�¹. ��- x = t6 =�¢yknz. �

5 �K� §3.3.1 �SK 1927 ¤^��{´aq�.

SSSKKK 1983 ¦

∫
xdx

√

1 +
3
√

x2

.

) 1 (V�) ò�È¼êU��

x(1 + x
2

3 )
−

1

2 ,

�� m = 1, n = 2
3

, p = −
1
2

, u´
m + 1

n
= 3, áu1�«�È�¹.

��� 1 +
3
√

x2 = t2, Kk

x = (t2 − 1)
3

2 , dx = 3
2

(t2 − 1)
1

2 · 2t dt,
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u´È©¤� ∫
xdx

√

1 +
3
√

x2

= 3
∫
(t2 − 1)2 dt,

=®¢yknz. �

) 2 (V�) k-
3
√

x2 = u, K x = u
√

u, dx = 3
2

√
u du. u´È©C��

∫
xdx

√

1 +
3
√

x2

= 3
2

∫
u2 du√
1 + u

,

����2- 1 + u = t2 =�¢yknz. �

SSSKKK 1984 ¦

∫
x5 dx√
1 − x2

.

) Ø������?Ø. l�!c¡�?Ø®�, é¤k�ê k, Ø½È©∫
xk dx√
1 − x2

Ñ´�È�. eò�È¼ê����ª�©:

xk(1 − x2)
−

1

2 ,

K m = k, n = 2, p = −
1
2

. u´k

m + 1
n

= k + 1
2

,
m + 1

n
+ p = k + 1

2
−

1
2

= k
2

,

��� k�Ûê�áu1�«�È�¹, � k �óê�áu1n«�È�¹. d	,

·K 3.4 �w�·�, � k Ø´�ê�, þãØ½È©�½Ø´Ð�¼ê.

éu k = 5, - 1 − x2 = u2, k xdx = −u du, u´�¦ÈXe:∫
x5 dx√
1 − x2

= −

∫
(u4 − 2u2 + 1) du = −

1
5

u5 + 2
3

u3 − u + C

= −
1
5

(1 − x2)
5

2 + 2
3

(1 − x2)
3

2 − (1 − x2)
1

2 + C

= −
1
15

√

1 − x2 (3x4 + 4x2 + 8) + C. �

SSSKKK 1985 ¦

∫
dx

3
√

1 + x3
.

) (V�) Ø�?Ø����È©

∫
dx

k

√
1 + xk

, òÙ�È¼ê��

(1 + xk)
−

1

k ,

Kk m = 0, n = k, p = −
1
k

. ù�k
m + 1

n
+ p = 0, =áu1n«�È�¹, �� k

�?¿knê�Ñ´Xd. (SK 1986 =´ k = 4 ��¹.)

��� u = xk, Kk x = u
1

k , dx = 1
k

u
1−k

k du, u´È©C�

∫
dx

k

√
1 + xk

= 1
k

∫
(

u
1 + u

)

1

k

·
du
u

,

����2- t = k

√

u
1 + u

=�¢yknz. �
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SSSKKK 1989 ¦

∫
3
√

3x − x3 dx.

) (V�) òÙ�È¼ê����ª�©:

x
1

3 (3 − x2)
1

3 ,

Kk m = 1
3

, n = 2, p = 1
3

. ù�k
m + 1

n
+ p = 1, =áu1n«�È�¹.

��� x2 = u, Kk x =
√

u, dx = du

2
√

u
, u´È©C�

∫
x

1

3 (3 − x2)
1

3 du =
∫
u

1

6 (3 − u)
1

3 ·
du

2
√

u
= 1

2

∫
3

√

3 − u
u

du.

����2- t =
3

√

3 − u
u

=�¢yknz. �

3e�K¥�BuÚ^·K 3.4 �^�, ò�K¥�ëê m UP� k.

SSSKKK 1990 3�o�/e, È©∫ √
1 + xk dx (k�knê)

�Ð�¼ê?

) ù� m = 0, n = k, p = 1
2

, Ïdk

m + 1
n

= 1
k

,
m + 1

n
+ p = 1

k
+ 1

2
= k + 2

2k
.

�â·K 3.4, ���K�È©�k3ü«�¹e�Ð�¼ê:

(1) k = 1
n

, n ∈ Z, n 6= 0; (2) k = 2
2n − 1

, n ∈ Z.

§�©O´1�«Ú1n«�È�¹.

þã^��¿©5´N´y²�.

éu�¹ (1), k = 1
n

, Ù¥ n��"�ê. - xk = u, Kk

x = un, dx = nun−1 du,

u´È©C� ∫
√

1 + x1/n dx = n

∫
un−1

√
1 + u du,

����2- 1 + u = t2 =�knz.

éu�¹ (2), k = 2
2n− 1

, Ù¥ n��ê. - xk = u, Kk

x = u
2n−1

2 , dx = 2n− 1
2

u
2n−3

2 du,

u´È©C�
∫ √

1 + x
2

2n−1 dx = 2n − 1
2

∫
u

2n−3

2
√

1 + u du =
(

n −
1
2

)
∫
un−1

√

1 + u
u

du,

����2- t =

√

1 + u
u

=�knz. �
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§3.4 nnn���¼¼¼êêê���ÈÈÈ©©©{{{ (SSSKKK 1991–2065 )

SSSNNN{{{000 �!0��È¼ê�n�¼ê��Èa., Ù¥�9õ«�{. ±eU

ì�È¼ê�a.Ú�{©¤A��!.

3O�¥�,²~I�^�
~��n�ð�ª!Ä��¦�úªÚÈ©úª�.

5¿� tan x, cotx, secx, csc x k'�úª�´ék^�.

3 5SK86� §3.1 ¥®²��L�È¼ê�n�¼ê�Ø½È©, ~XSK

1695–1704, 1717–1718, 1742–1758 �. Ød�	, éuéõÃn¼ê�Ø½È©5`,

n���´�«ék^�knz�{, u´¯K�8(�n�¼ê�Ø½È©, ~X�

§3.1 �SK 1778–1785, §3.3 �SK 1957–1962 �.

3.4.1 ���ÈÈÈ¼¼¼êêê��� sin
m

x cos
n
x ���¦¦¦ÈÈÈ (SSSKKK 1991–2006, 2011–2012)

SSSKKK 1991 ¦

∫
cos5 xdx.

) 1 |^ cosxdx = d(sinx) Ún�ð�ª cos2 x = 1 − sin2 x, ÒN´^n�©

{¦ÈXe: ∫
cos5 xdx =

∫
cos4 xd(sinx) =

∫
(1 − sin2 x)2 d(sinx)

=
∫
(1 − 2 sin2 x + sin4 x) d(sin x)

= sin x −
2
3

sin3 x + 1
5

sin5 x + C. �

) 2 X §3.1.4 �SK 1747 �) 1 ¤«, �±ò cos5 x Ðm���¼ê�Ú5¦

È. kO��È¼ê�ÐmªXe:

cos5 x =
[

1
2

(1 + cos 2x)
]2

cosx

= 1
4

cosx + 1
2

cos 2x cosx + 1
4

cos2 2x cosx

= 1
4

cosx + 1
4

(cosx + cos 3x) + 1
8

(1 + cos 4x) cosx

= 5
8

cosx + 1
4

cos 3x + 1
16

(cos 3x + cos 5x)

= 5
8

cosx + 5
16

cos 3x + 1
16

cos 5x.

,�=�¦ÈXe:∫
cos5 xdx =

∫
( 5

8
cosx + 5

16
cos 3x + 1

16
cos 5x) dx

= 5
8

sin x + 5
48

sin 3x + 1
80

sin 5x + C. �

) 3 ^©ÜÈ©{ò cosx ��gü$, K�¦ÈXe.

k^©ÜÈ© (¿|^Ì�y�) ��
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∫
cos5 xdx =

∫
cos4 xd(sinx) = cos4 x sin x −

∫
sinxd(cos4 x)

= cos4 x sin x + 4
∫
sin2 x cos3 xdx = cos4 x sin x + 4

∫
(1 − cos2 x) cos3 xdx

= 1
5

cos4 x sin x + 4
5

∫
cos3 xdx.

,�éþª����È©^aq��{O�Xe:∫
cos3 xdx =

∫
cos2 xd(sinx) = cos2 x sin x + 2

∫
sin2 x cosxdx

= cos2 x sin x + 2
∫
(1 − cos2 x) cosxdx = 1

3
cos2 x sin x + 2

3

∫
cosxdx

= 1
3

cos2 x sin x + 2
3

sin x + C.

Ü¿±þ=��∫
cos5 xdx = 1

5
cos4 x sin x + 4

15
cos2 x sin x + 8

15
sin x + C. �

) 4 (V�) |^�¡�SK 2011(b) ïá�4íúª¦). ù¢SþÒ´) 3 �

��z. �

SSSKKK 1998 ¦

∫
cos4 x

sin3 x
dx.

) 1 �^©ÜÈ©{¦ÈXe:∫
cos4 x

sin3 x
dx =

∫
cos3 x

sin3 x
d(sinx) = cos3 x

sin2 x
−

∫
sin xd

(

cos3 x

sin3 x

)

= cos3 x

sin2 x
−

∫
sin x ·

(

−
3 cos2 x

sin2 x
−

3 cos4 x

sin4 x

)

dx

= cos3 x

sin2 x
+ 3

∫
cos2 x
sinx

dx + 3
∫

cos4 x

sin3 x
dx = −

1
2
·

cos3 x

sin2 x
−

3
2

∫
1 − sin2 x

sin x
dx

= −
1
2
·

cos3 x

sin2 x
−

3
2

∫
1

sinx
dx −

3
2

cosx

= −
cos3 x

2 sin2 x
−

3
2

ln
∣

∣

∣
tan x

2

∣

∣

∣
−

3
2

cosx + C. �

) 2 Ó�^©ÜÈ©{�kØÓ�¦È�{:∫
cos4 x

sin3 x
dx =

∫
cos3 xd

(

−
1

2 sin2 x

)

= −
cos3 x

2 sin2 x
−

1
2

∫
1

sin2 x
· 3 cos2 x sin xdx

= −
cos3 x

2 sin2 x
−

3
2

∫
1 − sin2 x

sin x
dx.

±e�) 1 �Ó, lÑ. �

) 3 �±�m©ÒÐm¦ÈXe:∫
cos4 x

sin3 x
dx =

∫
(1 − sin2 x)2

sin3 x
dx

=
∫
sin xdx − 2

∫
dx

sin x
+

∫
dx

sin3 x

= − cosx − 2 ln
∣

∣

∣
tan x

2

∣

∣

∣
+

∫
dx

sin3 x
,
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þª����È©=´e¡�SK 1999 (§q´SK 2012(a) �A~), lÑ. �

SSSKKK 1999 ¦

∫
dx

sin3 x
.

) 1 ò�È¼ê�©f 1 ^ cos2 x + sin2 x �\, =�Ðm¦ÈXe:∫
dx

sin3 x
=

∫
cos2 x

sin3 x
dx +

∫
dx

sin x

= −
1
2

∫
cosxd

(

1
sin2 x

)

+
∫

dx
sinx

= −
cosx

2 sin2 x
−

1
2

∫
dx

sinx
+

∫
dx

sinx

= −
cosx

2 sin2 x
+ 1

2
ln
∣

∣

∣
tan x

2

∣

∣

∣
+ C. �

) 2 |^{�Ú{�¼ê�úª�^©ÜÈ©{¦ÈXe:∫
dx

sin3 x
= −

∫
cscxd(cot x) = − cscx cotx +

∫
cotxd(csc x)

= − cscx cotx −

∫
cot2 x csc xdx = − cscx cotx −

∫
(csc2 x − 1) cscxdx

= − cscx cotx −

∫
(

1
sin3 x

−
1

sin x

)

dx

= −
1
2

csc x cotx + 1
2

ln
∣

∣

∣
tan x

2

∣

∣

∣
+ C. �

SSSKKK 2002 ¦

∫
dx

sin3 x cos5 x
.

) 1 é�È¼ê�©f 1 ^ (cos2 x + sin2 x)2 �\, =�Ðm¿¦ÈXe:
∫

dx

sin3 x cos5 x
=

∫
cos4 x + 2 cos2 x sin2 x + sin4 x

sin3 x cos5 x
dx

=
∫

dx

sin3 x cosx
+ 2

∫
dx

sin x cos3 x
+

∫
sin xdx

cos5 x

=
∫

(cos2 x + sin2 x) dx

sin3 x cos x
+ 2

∫
(cos2 x + sin2 x) dx

sin x cos3 x
+

∫
sin xdx

cos5 x

=
∫

cosxdx

sin3 x
+ 3

∫
dx

sin x cosx
+ 2

∫
sinxdx

cos3 x
+

∫
sin xdx

cos5 x

= −
1

2 sin2 x
+ 3 ln | tan x| + 1

cos2 x
+ 1

4 cos4 x
+ C. �

) 2 ^��Ú��¼ê�n�©¦ÈXe:
∫

dx

sin3 x cos5 x
=

∫
d(tanx)

tan3 x cos6 x
=

∫
sec6 xd(tan x)

tan3 x

=
∫

(tan2 x + 1)3

tan3 x
d(tan x)

=
∫
(

tan3 x + 3 tanx + 3
tan x

+ 1
tan3 x

)

d(tanx)

= 1
4

tan4 x + 3
2

tan2 x + 3 ln | tan x| −
1

2 tan2 x
+ C. �
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SSSKKK 2004 ¦

∫
tan5 xdx.

) Ø�?Ø�����È©

∫
tann xdx, Ù¥ n���ê. ^e¡��{=�3

z�Úò�êü$ 2, l����¤¦�È©.

� n > 2, Kk∫
tann xdx =

∫
tann−2 x (sec2 x − 1) dx

=
∫
tann−2 xd(tanx) −

∫
tann−2 xdx

= 1
n − 1

tann−1 x −

∫
tann−2 xdx.

�^dúªUì n�ÛêÚóêü«�¹�Ñ

∫
tann xdx ���L�ª.

é n = 5 �^d4íúª��∫
tan5 xdx = 1

4
tan4 x −

1
2

tan2 x − ln | cosx| + C. �

5 éu�ê�Ûê��¹, ��^e¡��{¦ÑØ½È©���úª.

P n = 2k + 1, k��K�ê, Kk∫
tan2k+1 xdx =

∫
tanx(sec2 x − 1)k dx

=
k
∑

i=0

(−1)k−iCi

k

∫
tan x sec2i xdx

= (−1)k

∫
tan xdx +

k
∑

i=1

(−1)k−iCi

k

∫
sec2i−1 xd(sec x)

= (−1)k+1 ln | cosx| +

k
∑

i=1

(−1)k−iCi

k

2i
sec2i x + C.

òdúª^u n = 5 Òk∫
tan5 xdx = − ln | cosx| − sec2 x + 1

4
sec4 x + C.

SSSKKK 2011 íÑe�È©�4íúª:

(a) In =
∫
sinn xdx; (b) Kn =

∫
cosn xdx (n > 2).

|^ù
úªO� ∫
sin6 xdx Ú

∫
cos8 xdx.

) (a) ^©ÜÈ©{Òk

In =
∫
sinn xdx =

∫
sinn−1 xd(− cosx) = − sinn−1 x cosx +

∫
cosxd(sinn−1 x)

= − sinn−1 x cos x + (n − 1)
∫
sinn−2 x cos2 xdx

= − sinn−1 x cos x + (n − 1)In−2 − (n − 1)In,

=)�¤��4íúª�:
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In = −
1
n

sinn−1 x cos x + n − 1
n

In−2.

dd=�4íO��� (L§lÑ):

I6 =
∫
sin6 xdx = −

1
6

sin5 x cos x −
5
24

sin3 x cosx −
5
16

sinx cos x + 5
16

x + C.

(b) �¦)�±�� (a) �){, ��±^�� x = π
2

− t 8(� (a), ùp��Ñ

¤���4íúª�

Kn =
∫
cosn xdx = 1

n
cosn−1 x sin x + n − 1

n
Kn−2,

,�=�4íO��� (L§lÑ):

K8 =
∫
cos8 xdx = 1

8
cos7 x sin x + 7

48
cos5 x sin x + 35

192
cos3 x sin x

+ 35
128

cosx sin x + 35
128

x + C. �

SSSKKK 2012 íÑe�È©�4íúª:

(a) In =
∫

dx
sinn x

; (b) Kn =
∫

dx
cosn x

(n > 2).

|^ù
úªO� ∫
dx

sin5 x
Ú

∫
dx

cos7 x
.

) (a) ^©ÜÈ©{Òk

In =
∫
cscn xdx = −

∫
cscn−2 xd(cotx)

= − cscn−2 x cotx − (n − 2)
∫
cscn−2 x cot2 xdx

= − cscn−2 x cotx − (n − 2)In + (n − 2)In−2,

=)�¤��4íúª�:

In = −
1

n − 1
cscn−2 x cotx + n − 2

n − 1
In−2.

dd=�4íO��� (L§lÑ):

I5 =
∫
csc5 xdx = −

1
4

csc3 x cotx −
3
8

cscx cotx + 3
8

ln | tan x
2
| + C. �

(b) �¦)�SK 2011(b) aq, ùp��Ñ¤���4íúª�

Kn =
∫
secn xdx = 1

n − 1
secn−2 x tan x + n − 2

n − 1
Kn−2,

,�=�4íO��� (L§lÑ):

K7 =
∫
sec7 xdx = 1

6
sec5 x tan x + 5

24
sec3 x tan x + 5

16
secx tan x

+ 5
16

ln | secx + tanx| + C. �
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3.4.2 nnn���¼¼¼êêê���CCCþþþØØØÓÓÓ������¦¦¦ÈÈÈ (SSSKKK 2013–2024)

�þ��!�SKØÓ, 3ù��!�SK¥, ��n�¼ê�CþØ��Ó, Ï

dÈzÚ��n�úªå��^. ��Bå�ò§�±BuPÁ�/ª�ÑXe:

sin α sin β = 1
2

[cos(α − β) − cos(α + β)],

cosα cosβ = 1
2

[cos(α − β) + cos(α + β)],

sin α cosβ = 1
2

[sin(α − β) + sin(α + β)].

(3.17)

SSSKKK 2015 ¦

∫
sin x sin x

2
sin x

3
dx.

) ^ÈzÚ�úªÐm�=�¦ÈXe:∫
sin x sin x

2
sin x

3
dx = 1

2

∫
sin x(cos x

6
− cos 5x

6
) dx

= 1
4

∫
[(sin 5x

6
+ sin 7x

6
) − (sin x

6
+ sin 11x

6
)] dx

= 3
2

cos x
6

−
3
10

cos 5x
6

−
3
14

cos 7x
6

+ 3
22

cos 11x
6

+ C. �

SSSKKK 2018 ¦

∫
sin3 2x · cos2 3xdx.

) �|^��úª�ÈzÚ�úªÐm¦ÈXe:∫
sin3 2x · cos2 3xdx =

∫
1
2

sin 2x(1 − cos 4x) · 1
2

(1 + cos 6x) dx

= 1
4

∫
(sin 2x − sin 2x cos 4x + sin 2x cos 6x − sin 2x cos 4x cos 6x) dx

= 1
4

∫
[sin 2x −

1
2

(− sin 2x + sin 6x) + 1
2

(− sin 4x + sin 8x)

−
1
2

sin 2x(cos 2x + cos 10x)] dx

= 1
4

∫
[sin 2x −

1
2

(− sin 2x + sin 6x) + 1
2

(− sin 4x + sin 8x)

−
1
4

sin 4x −
1
4

(− sin 8x + sin 12x)] dx

=
∫
( 3

8
sin 2x −

3
16

sin 4x −
1
8

sin 6x + 3
16

sin 8x −
1
16

sin 12x) dx

= −
3
16

cos 2x + 3
64

cos 4x + 1
48

cos 6x −
3

128
cos 8x + 1

192
cos 12x + C. �

SSSKKK 2019 ¦

∫
dx

sin(x + a) sin(x + b)
.

) 1 ù��
Ðm�È¼êI�|^��{ü�ð�ª

sin(a − b) = sin[(x + a) − (x + b)].

3 sin(a − b) 6= 0 �, ò�È¼ê�©f©1Ó¦±þãL�ª�=�Ðm¦ÈXe:
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∫
dx

sin(x + a) sin(x + b)
= 1

sin(a − b)

∫
sin[(x + a) − (x + b)]

sin(x + a) sin(x + b)
dx

= 1
sin(a − b)

∫
sin(x + a) cos(x + b) − cos(x + a) sin(x + b)

sin(x + a) sin(x + b)
dx

= 1
sin(a − b)

∫
[

cot(x + b) − cot(x + a)
]

dx

= 1
sin(a − b)

ln
∣

∣

∣

sin(x + b)

sin(x + a)

∣

∣

∣
+ C.

3 sin(a − b) = 0 �, K�3�ê k, ¦� a = b + kπ, u´�¦ÈXe:∫
dx

sin(x + a) sin(x + b)
= (−1)k

∫
dx

sin2(x + a)

= (−1)k

∫
csc2(x + a) dx = (−1)k+1 cot(x + a) + C. �

) 2 (V�) �,é�È¼ê�©1^ÈzÚ�úªØ�Uò©ªÐm, �E,�

Ué¦Èk�Ï:∫
dx

sin(x + a) sin(x + b)
=

∫
2dx

cos(a − b) − cos(2x + a + b)
.

ek�ê k ¦� a − b = kπ, KÒN´���) 1 �Ó��Y.

éuÙ¦�¹, K��¤�∫
dx

sin(x + a) sin(x + b)
= 1

cos(a − b)

∫
d(2x + a + b)

1 − sec(a − b) cos(2x + a + b)
,

±e�ë� §3.4.3 �SK 2028 (¦
∫

dx
1 − ε cosx

, Ù¥ ε ∈ (0, 1) ∪ (1, +∞)), lÑ. �

SSSKKK 2023 ¦

∫
dx

cosx + cos a
.

) 1 ò©1Ú�zÈ�=���SK 2019 �) 1. 3 sina 6= 0 ��¦ÈXe:∫
dx

cosx + cos a
=

∫
dx

2 cos x + a
2

cos x − a
2

= 1
2 sina

∫ sin( x + a
2

−
x − a

2
)

cos x + a
2

cos x − a
2

dx

= 1
2 sina

∫
(

tan x + a
2

− tan x − a
2

)

dx

= 1
sina

ln

∣

∣

∣

∣

cos x − a
2

cos x + a
2

∣

∣

∣

∣

+ C.

3 sin a = 0 �K a� π ��ê�. e a = 2nπ, n��ê, =´ §3.1.2 �SK 1668:∫
dx

1 + cosx
=

∫
dx

2 cos2 x
2

= tan x
2

+ C;

e a = (2n + 1)π, n��ê, Kk∫
dx

−1 + cosx
= −

∫
dx

2 sin2 x
2

= cot x
2

+ C. �
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SSSKKK 2024 ¦

∫
tan x tan(x + a) dx.

) e tan a = 0, K tan(x + a) = tanx, �c¡ §3.4.1 �SK 2004. ÄK|^��

���¼êúª

tan a = tan[(x + a) − x] =
tan(x + a) − tan x

1 + tan(x + a) tanx
,

=�¢y��¼ê�ÈzÚ�, u´3 tan a 6= 0 ��¦ÈXe:∫
tan x tan(x + a) dx =

∫
(

1
tana

[tan(x + a) − tan x] − 1
)

dx

= −x + 1
tan a

· ln
∣

∣

∣

cosx
cos(x + a)

∣

∣

∣
+ C. �

3.4.3 kkknnnnnn���¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2025–2041)

dun�¼ê sinx, cos x, tan x, cotx, secx, csc x �knª��¤� R(cosx, sin x),

Ù¥ R(u, v) ´��kn¼ê, Ïd���Ä

∫
R(cosx, sin x) dx �¦È.

|^¤¢��U�� t = tan x
2

, −π < x < π, Kle¡�O���T��U
Ó

�ò sin x, cosx ¢yknz (Nã´ x�b���¹):

sin x = 2 sin x
2

cos x
2

= 2 tan x
2

cos2 x
2

= 2t

1 + t2
,

cosx = cos2 x
2

− sin2 x
2

=
1 − tan2 x

2

sec2 x
2

= 1 − t2

1 + t2
,

dx = d(2 arctan t) = 2
1 + t2

dt,

1 − t2

2t1 + t2

x

�U���Nã

ù�Ò�±òknn�¼ê�È©8(�kn¼ê�Ø½È©:

I =
∫
R(cosx, sin x) dx =

∫
R

(

1 − t2

1 + t2
,

2t

1 + t2

)

·
2

1 + t2
dt.

�U���":´�UÚ\�E�O�, Ïd3±eA«AÏ�¹¥, ·�  �

¿¦^¤�Ñ���{ü�knz��.

(1) e R(− sinx, cos x) = −R(sinx, cos x), K�^��

t = cosx,

ÙA~Ò´ R(cosx) sin x;

(2) e R(sin x,− cosx) = −R(sinx, cos x), K�^��

t = sinx,

ÙA~Ò´ R(sin x) cos x;

(3) e R(− sinx,− cosx) = R(sin x, cosx), K�^��

t = tanx,

ÙA~Ò´ R(tanx). e�ÈL�ª� P (cos2 x, cosx sin x, sin2 x) dx, Ù¥ P (u, v, w)

´ u, v, w �kn¼ê, d t = tanx �O���

cos2 x = 1
1 + t2

, cosx sin x = t

1 + t2
, sin2 x = t2

1 + t2
, dx = dt

1 + t2
,
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Ïd®²òÈ©

∫
P (cos2 x, cos x sin x, sin2 x) dx ¢y
knz.

SSSKKK 2025 ¦

∫
dx

2 sinx − cosx + 5
.

) ��U�� t = tan x
2

, K�¦ÈXe:
∫

dx
2 sinx − cosx + 5

=
∫

2dt

4t− (1 − t2) + 5(1 + t2)

=
∫

dt

3t2 + 2t + 2
= 1

3

∫
dt

t2 + 2
3

t + 2
3

= 1
3

∫
dt

(t + 1
3

)2 + 5
9

= 1√
5

arctan
(

3t + 1√
5

)

+ C

= 1√
5

arctan
( 3 tan x

2
+ 1

√
5

)

+ C. �

SSSKKK 2028 ¦

∫
dx

1 + ε cosx
, (a) 0 < ε < 1, (b) ε > 1.

) ��� t = tan x
2

, KÈ©C�
∫

dx
1 + ε cosx

=
∫

2dt

(1 + ε) + (1 − ε)t2
.

(a) 3 0 < ε < 1 ��¦ÈXe:
∫

dx
1 + ε cosx

= 2
1 − ε

∫
dt

t2 + 1 + ε
1 − ε

= 2√
1 − ε2

arctan
(

√

1 − ε
1 + ε

· t
)

+ C

= 2√
1 − ε2

arctan
(

√

1 − ε
1 + ε

· tan x
2

)

+ C. �

(b) 3 ε > 1 ��¦ÈXe:
∫

dx
1 + ε cosx

= 2
1 − ε

∫
dt

t2 −
ε + 1
ε − 1

= −
1√

ε2 − 1
ln

∣

∣

∣

∣

∣

t −

√

ε + 1
ε − 1

t +

√

ε + 1
ε − 1

∣

∣

∣

∣

∣

+ C

= 1√
ε2 − 1

ln
∣

∣

∣

t
√

ε − 1 +
√

ε + 1

t
√

ε − 1 −
√

ε + 1

∣

∣

∣
+ C

= 1√
ε2 − 1

ln
∣

∣

∣

(ε − 1)t2 + 2t
√

ε2 − 1 + (ε + 1)

(ε − 1)t2 − (ε + 1)

∣

∣

∣
+ C

= 1√
ε2 − 1

ln
∣

∣

∣

ε(1 + t2) + 2t
√

ε2 − 1 + (1 − t2)

ε(1 − t2) + (t2 + 1)

∣

∣

∣
+ C

= 1√
ε2 − 1

ln
∣

∣

∣

ε +
√

ε2 − 1 sin x + cosx
1 + ε cosx

∣

∣

∣
+ C. �

35SK86�SK 2029–2041 ¥Ø
SK 2032, 2041 �	, Ñáu��!m©¤

`��¹ (3), �^�� t = tanx ¦È. ��5`, ù'^�U���O�þ��.
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SSSKKK 2029 ¦

∫
sin2 x

1 + sin2 x
dx.

) d�È¼ê÷v��!m©¤«��¹ (3), Ïd�^�� t = tanx ¦ÈX

e: ∫
sin2 x

1 + sin2 x
dx =

∫
tan2 xdx

sec2 x + tan2 x
=

∫
(

1 −
sec2 x

2 tan2 x + 1

)

dx

= x −
1
2

∫
d(tan x)

tan2 x + 1
2

= x −
1√
2

arctan(
√

2 tan x) + C. �

SSSKKK 2032 ¦

∫
sin x cosx

sin x + cosx
dx.

) 1 ©f©1Ó¦± cosx − sinx, ,��Ðm¦ÈXe:∫
sinx cos x

sin x + cosx
dx =

∫
sin x cos x(cosx − sin x)

cos2 x − sin2 x
dx

= −

∫
cos2 xd(cos x)

2 cos2 x − 1
+

∫
sin2 xd(sinx)

2 sin2 x − 1

= −
1
2

∫
(

1 +

1
2

cos2 x −
1
2

)

d(cos x) + 1
2

∫
(

1 +

1
2

sin2 x −
1
2

)

d(sinx)

= −
1
2

cosx + 1
2

sin x −
1

4
√

2
ln
∣

∣

∣

√
2 cosx − 1

√
2 cosx + 1

∣

∣

∣
+ 1

4
√

2
ln
∣

∣

∣

√
2 sin x − 1

√
2 sin x + 1

∣

∣

∣
+ C. �

) 2 |^ (sin x + cosx)2 = 1 + 2 sinx cos x Ò�±¦ÈXe:
∫

sinx cos x
sin x + cosx

dx = 1
2

∫
(sin x + cosx)2 − 1

sin x + cosx
dx

= 1
2

∫
(sin x + cosx) dx −

1
2

∫
dx

sin x + cosx

= 1
2

(− cosx + sinx) − 1

2
√

2

∫
dx

sin
(

x + π
4

)

= 1
2

(sin x − cosx) − 1

2
√

2
ln
∣

∣

∣
tan

(

x
2

+ π
8

)∣

∣

∣
+ C. �

) 3 �K��±^�U�� t = tan x
2

¦È. k�����

∫
sin x cos x

sinx + cosx
dx =

∫
4t(1 − t2)

(1 + t2)2(−t2 + 2t + 1)
dt,

2^ §3.2.2 �cdAÛ�.]Ä�{¦Ñ

4t(1 − t2)

(1 + t2)2(−t2 + 2t + 1)
=
(

t − 1
t2 + 1

)

′

+ 1
t2 − 2t − 1

,

,�=�¦ÈXe:



§3.4 n�¼ê�È©{ (SK 1991–2065 ) 75

∫
sin x cosx

sin x + cosx
dx = t − 1

t2 + 1
+

∫
dt

(t − 1)2 − 2

= t − 1
t2 + 1

+ 1

2
√

2
ln
∣

∣

∣

t − 1 −
√

2

t − 1 +
√

2

∣

∣

∣
+ C

= 1
2

sin x −
1
2

cosx + 1

2
√

2
ln

∣

∣

∣

∣

tan x
2

− 1 −
√

2

tan x
2

− 1 +
√

2

∣

∣

∣

∣

+ C. �

SK 2034–2037 ��È¼ê�©1Ñ´ sinn x+cosn x �/ª, Ù¥ n � 3, 4, 8. §

��¦È� §3.1.3 �SK 1718 aq (Ù¥ n = 4). e¡�wÙ¥�SK 2035.

SSSKKK 2035 ¦

∫
dx

sin4 x + cos4 x
.

) 1 d�È¼ê÷v��!m©¤«��¹ (3), Ïd�^�� t = tanx. ò�

È¼ê�©f©1Ø± cos4 x ��¦ÈXe:∫
dx

sin4 x + cos4 x
=

∫
sec4 xdx

1 + tan4 x
=

∫
(1 + t2) dt

1 + t4

=
∫
(

1 + 1
t2

)

dt

t2 + 1
t2

=
∫ d

(

t −
1
t

)

(

t −
1
t

)2

+ 2

= 1√
2

arctan
(

t2 − 1√
2t

)

+ C = 1√
2

arctan
(

tan2 x − 1√
2 tanx

)

+ C. �

) 2 XSK 1718 ¤«, ©1��¤��� 2x �n�¼êXe:

sin4 x + cos4 x = (sin2 x + cos2 x)2 − 2 sin2 x cos2 x

= 1 −
1
2

sin2 2x = cos2 2x + 1
2

sin2 2x,

Ïd�K��È¼ê��Cþ� 2x �knn�¼ê�÷v��!m©¤«��¹ (3),

l�^�� t = tan 2x ¦ÈXe:∫
dx

sin4 x + cos4 x
=

∫
dx

cos2 2x + 1
2

sin2 2x
=

∫
sec2 2xdx

1 + 1
2

tan2 2x

=
∫

dt

2 + t2
= 1√

2
arctan t√

2
+ C = 1√

2
arctan

(

tan 2x√
2

)

+ C. �

) 3 ò©1L«� 4x �n�¼ê�=�^SK 2028(a) �y¤(JXe:∫
dx

sin4 x + cos4 x
=

∫
4 dx

3 + cos 4x
= 1

3

∫
d(4x)

1 + 1
3

cos 4x

= 1√
2

arctan
(

tan 2x√
2

)

+ C. �

SSSKKK 2041 ¦

∫
dx

a sinx + b cosx
.

(5SK86¥3È©c��©k“r©1z�éê�/ª”, Ù¿ãØ�Ù.)

) 1 lK�� a, b ØÓ�� 0. ò©1�ü�Ü¿����u¼ê:
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a sinx + b cosx =
√

a2 + b2 sin(x + ϕ),

Ù¥ cosϕ = a√
a2 + b2

, sinϕ = b√
a2 + b2

, =�¦ÈXe (Ù¥@^
 §3.1.3 �SK

1703 �) 1): ∫
dx

a sinx + b cosx
= 1√

a2 + b2

∫
d(x + ϕ)

sin(x + ϕ)

= 1√
a2 + b2

∫ sec2 x + ϕ

2

tan
x + ϕ

2

d
(

x + ϕ

2

)

= 1√
a2 + b2

ln
∣

∣

∣
tan

x + ϕ

2

∣

∣

∣
+ C. �

) 2 ^�U�� t = tan x
2

¦ÈXe:
∫

dx
a sin x + b cosx

=
∫

2 dt

2at + b(1 − t2)
= −

2
b

∫
dt

t2 −
2a
b

t − 1

= −
2
b

∫
dt

(t − a
b

)2 − (1 + a2

b2
)

= −
1√

a2 + b2
ln
∣

∣

∣

bt − a −
√

a2 + b2

bt − a +
√

a2 + b2

∣

∣

∣
+ C

= −
1√

a2 + b2
ln

∣

∣

∣

∣

b tan x
2

− a −
√

a2 + b2

b tan x
2

− a +
√

a2 + b2

∣

∣

∣

∣

+ C. �

) 3 X) 1 @�Ú\� ϕ �, �^{�¼êÚ{�¼ê¦ÈXe:∫
dx

a sinx + b cosx
= 1√

a2 + b2

∫
d(x + ϕ)

sin(x + ϕ)

= 1√
a2 + b2

∫
csc(x + ϕ) dx

= 1√
a2 + b2

∫
[csc(x + ϕ) − cot(x + ϕ)]′

csc(x + ϕ) − cot(x + ϕ)
dx

= 1√
a2 + b2

ln | csc(x + ϕ) − cot(x + ϕ)| + C. �

3.4.4 ^̂̂���½½½XXXêêê{{{���444ííí{{{¦¦¦ÈÈÈ (SSSKKK 2042–2059, 2063–2065)

35SK86�SK 2042, 2046, 2050, 2053, 2057, 2059 ¥JÑ
¦,
AÏ/ª

��È¼ê�È©���½Xê{, lòÈ©O�8(�¦�½Xê��ê¯K. d

	, SK 2057–2059, 2063–2065 ��±l4í{5n).

e¡´��Ä��(J.

SSSKKK 2042 y²:∫
a1 sin x + b1 cosx
a sinx + b cosx

dx = Ax + B ln |a sin x + b cosx| + C,

ª¥ A, B, C �~ê.
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) |^�uÚ{u¼ê��êúª±9ü�w,�È©(J:∫
a sinx + b cosx
a sinx + b cosx

dx = x + C,

∫
(a sin x + b cosx)′

a sinx + b cosx
dx =

∫
a cosx − b sinx
a sinx + b cosx

dx

= ln |a sinx + b cosx| + C,

=���'u�½Xê A, B ��§�:

a1 sinx + b1 cosx = A(a sin x + b cosx) + B(a cosx − b sinx).

��ü>3 sin x Ú cosx c�Xê 1© , ��'u A, B ��5�ê�§|:
{

aA − bB = a1,

bA + aB = b1,

��3 a, b ØÓ�� 0 �, A, B �)�3��. �

SSSKKK 2043(b) ¦

∫
sin x

sin x − 3 cosx
dx.

) 1 �âSK 2042, �IUìe��§

sin x = A(sin x − 3 cosx) + B(cos x + 3 sin x),

�Ñ'uXê A, B ��§|
{

A + 3B = 1,

−3A + B = 0.

3)� A = 1
10

, B = 3
10

��Ò��

∫
sin x

sin x − 3 cosx
dx = 1

10
x + 3

10
ln | sinx − 3 cosx| + C. �

) 2 ��é', ·�weØ^�½Xê{, KXÛ^knz�{)�K.

du�È¼êáu §3.4.3 m©¤`��¹ (3), Ïd� (�O�U��) ^��

t = tanx. ù�Òk

x = arctan t, dx = dt

t2 + 1
.

,��¦ÈXe:∫
sin x

sinx − 3 cosx
dx =

∫
tan xdx
tanx − 3

=
∫
(

1 + 3
tanx − 3

)

dx

= x +
∫

3 dt

(t − 3)(t2 + 1)

= x +
∫
(

3
10

(t − 3)
+

−
3
10

t −
9
10

t2 + 1

)

dt

= x + 3
10

ln |t − 3| − 3
20

ln(t2 + 1) − 9
10

arctan t + C

= 1
10

x + 3
10

ln | sin x − 3 cosx| + C. �

1© XSK 2041 �) 1 ¤«, k a sinx + b cos x =
√

a2 + b2 sin(x + ϕ), ��e a sinx + b cos x ≡ 0, K

�U�� a = b = 0 (ëw §2.11.3 �SK 1456.1(e)).
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yò�)SK 2042 3S��^�½Xê{¦)�úª�LXe, ø'�Úë�^.

2042 :
∫

a1 sin x + b1 cosx

a sinx + b cosx
dx = Ax + B ln |a sin x + b cosx| + C;

2046 :
∫

a1 sin x + b1 cosx + c1

a sin x + b cosx + c
dx = Ax + B ln |a sin x + b cosx + c|

+ C

∫
dx

a sin x + b cosx + c
;

2050 :
∫

a1 sin2 x + 2b1 sinx cos x + c1 cos2 x
a sinx + b cosx

dx = A sin x + B cosx

+ C

∫
dx

a sin x + b cosx
;

2053 :
∫

a1 sinx + b1 cosx

a sin2 x + 2b sinx cosx + c cos2 x
dx = A

∫
du1

k1u
2
1 + λ1

+ B

∫
du2

k2u
2
2 + λ2

,

Ù¥� (a − c)2 + b2 6= 0, λ1, λ2 ´�§
∣

∣

∣

∣

∣

a − λ b

b c − λ

∣

∣

∣

∣

∣

= 0 (λ1 6= λ2)

��,  ui = (a − λi) sin x + b cosx, ki = 1
a − λi

(i = 1, 2);

2057 :
∫

dx
(a sinx + b cosx)n

= A sin x + B cosx

(a sin x + b cosx)n−1
+ C

∫
dx

(a sin x + b cosx)n−2
;

2059 :
∫

dx
(a + b cosx)n

= A sin x

(a + b cosx)n−1
+ B

∫
dx

(a + b cosx)n−1

+ C

∫
dx

(a + b cosx)n−2
, � |a| 6= |b|, n��u 1 ���ê.

�±wÑ, þãL¥�c 3 �úª�Ä�g�´aq�. SK 2053 K�(J�:,

§�9XÛ?n©1��g.¯K, e¡=ò�;�?Ø. ïÆÿ�ÆLp��ê¥k

'�£�ÖökaLdK, ±�2Æ. L¥���ü�úªK´4í{�A^, Ù¥�

�½Xê�±3í�¥����, ù�ò3e¡?Ø.

SSSKKK 2053 y²: e (a − c)2 + b2 6= 0, K

∫
a1 sin x + b1 cosx

a sin2 x + 2b sinx cos x + c cos2 x
dx = A

∫
du1

k1u
2
1 + λ1

+ B

∫
du2

k2u
2
2 + λ2

,

ª¥ A, B ��½Xê, λ1, λ2 ��§
∣

∣

∣

∣

∣

a − λ b

b c − λ

∣

∣

∣

∣

∣

= 0 (λ1 6= λ2)

��, 

ui = (a − λi) sin x + b cosx, ki = 1
a − λi

(i = 1, 2).

) �n)�K�(Ø, �Ð´lp��ê��g.Úé¡Ý
Ñu.
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Äk*	 b = 0 ��{ü�¹ 1© . ù��È¼ê�©1�ü�²����êÚ, 

��±kØÓ��{:

a sin2 x + c cos2 x = a + (c − a) cos2 x = c + (a − c) sin2 x,

lÒ�±ÐmXe:∫
a1 sin x + b1 cosx

a sin2 x + c cos2 x
dx =

∫
b1 d(sinx)

c + (a − c) sin2 x
+

∫
−a1 d(cosx)

a + (c − a) cos2 x
.

(ù«�{3 §3.4.3 �SK 2032 �) 1 ¥®²^L.)

òþãÐmª�K¥�y²�Ðmª'�, ��ù��K�^��y
 a 6= c. U

ìK¿� λ1 = c, λ2 = a, KÒ��XeÐmª:∫
a1 sin x + b1 cosx

a sin2 x + c cos2 x
dx =

b1

a − c

∫
d((a − c) sin x)

1
a − c

· (a − c)2 sin2 x + c

−
a1

c − a

∫
d((c − a) cosx)

1
c − a

· (c − a)2 cos2 x + a
.

dd��, �SK¥�Ñ� u1, u2, k1, k2 �úª�U·^u b 6= 0 ��¹.

y3l�g.��Ý5?Ø b 6= 0 ���5�¹. �±wÑ�K��È¼ê�©1

´�é¡
 S =
(

a b

b c

)

éA��g.. K�¥� λ1, λ2 Ò´ù�é¡
 S �ü�A�

�. lA��§
∣

∣

∣

∣

∣

a − λ b

b c − λ

∣

∣

∣

∣

∣

= λ2
− (a + c)λ + (ac − b2) = 0

��, K�^� (a − c)2 + b2 6= 0 L² λ1 6= λ2.

u´¯K¤�XÛò©1��g.é�z, =�¤�ü��g���êÚ, c¡

®²?ØL� b = 0 TÐÒ´ØI��ù�Ú�{ü�¹.

�{²å�, Pü ��þ x = (sin x, cosx)T , u´�K��È¼ê©1þ��g

.�P� x
T Sx, Ù¥�êþ�PÒ T L«Ý
½�þ�=�.

�â�g.½é¡
nØ, �3��Ý
 U , ¦�¢y

S = U
(

λ1 0

0 λ2

)

UT ,

x
T Sx = x

T U
(

λ1 0

0 λ2

)

UT
x,

=3é¡
é�z�Ó��Ò¦�éA��g.¤�²����êÚ, ÙXê�ü�

A��.

P UT
x = y = (y1, y2)

T , K y1, y2 Ñ´ sin x Ú cosx ��5|Ü. du U ���


, Ïdk y2
1 + y2

2 = 1, ©1K¤� λ1y
2
1 + λ2y

2
2 .

� b = 0 ��¹aq, ©1kü«L��ª:

λ1y
2
1 + λ2y

2
2 = λ1 + (λ2 − λ1)y

2
2 = λ2 + (λ1 − λ2)y

2
1 .

1©5SK86¥�SK 2054 ��È¼ê�
2 sinx − cos x

3 sin2 x + 4 cos2 x
, Òáu b = 0 ��¹.
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�±O��� 1©

(λ2 − λ1)y
2
2 = 1

a − λ1

[(a − λ1) sin x + b cosx]2,

(λ1 − λ2)y
2
1 = 1

a − λ2

[(a − λ2) sin x + b cosx]2,

,�ò�È¼ê�©f©)Xe:

a1 sin x + b1 cosx = A[(a − λ1) cosx − b sinx] + B[(a − λ2) cosx − b sinx],

2�ì b = 0 @�ò�5�Ø½È©Ðm�ü�È©=�. �

±eAKÑ�±l4í{��Ý5ÆS. ùaSK3c¡®²õg��, ~X

§3.4.1 �SK 2011–2012 �Ñ´Xd. �,éuäN¯K��´�±���½Xê{5

¦^¤���úª.

SSSKKK 2057 y²:∫
dx

(a sin x + b cosx)n
= A sin x + B cosx

(a sinx + b cosx)n−1
+ C

∫
dx

(a sinx + b cosx)n−2
,

ª¥ A, B, C ��½Xê.

) 1 (V�) kò a sin x + b cosx ��
√

a2 + b2 sin(x + ϕ), ,��K�c¡�S

K 2012(a) ®²�Ó. �

) 2 ò± n�ëê�È©P� In. �ì) 1 �g´, �±��¦ÈXe:

In =
∫

dx
(a sin x + b cosx)n

= 1
a2 + b2

∫
(a sin x + b cosx)2 + (a cosx − b sin x)2

(a sinx + b cosx)n
dx

= 1
a2 + b2

In−2 + 1
a2 + b2

∫
(a cosx − b sinx)2

(a sin x + b cosx)n
dx

= 1
a2 + b2

In−2 + 1
(a2 + b2)(1 − n)

∫
(a cosx − b sin x) d [(a sin x + b cosx)1−n]

=
In−2

a2 + b2
+ 1

(a2 + b2)(1 − n)

[

a cosx − b sinx

(a sin x + b cosx)n−1
−

∫
(−a sinx − b cosx) dx

(a sin x + b cosx)n−1

]

= 1
a2 + b2

In−2 + a cosx − b sinx

(a2 + b2)(1 − n)(a sin x + b cosx)n−1
+ 1

(a2 + b2)(1 − n)
In−2

= a cosx − b sinx

(a2 + b2)(1 − n)(a sin x + b cosx)n−1
+ n − 2

(a2 + b2)(n − 1)
In−2. �

SSSKKK 2059 e n��u 1 ���ê, y²:∫
dx

(a + b cosx)n
= A sin x

(a + b cosx)n−1
+ B

∫
dx

(a + b cosx)n−1
+ C

∫
dx

(a + b cosx)n−2
,

Ù¥ |a| 6= |b|, ¿¦ÑXê A, B Ú C.

1© ùp�O�lÑ. ÆLp��ê�Öö�±òù
O�����é¡
�öSK5�. ÿ�ÆL�Öö

8c�±�ySK¥��Y´�(�, �3k
�A��ê�£��âUn)��o�ù��.
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) P± n�ëê�Ø½È©� In, K��ìSK 2057 4íXe:

In =
∫

dx
(a + b cosx)n

=
∫

(a + b cosx)2 + b2 sin2 x − 2a(a + b cosx) + 2a2

(a2 + b2)(a + b cosx)n
dx

= 1
a2 + b2

In−2 −
2a

a2 + b2
In−1 + 2a2

a2 + b2
In + 1

a2 + b2

∫
b2 sin2 xdx

(a + b cosx)n
,

,�O�þª����È©Xe:∫
b2 sin2 xdx

(a + b cosx)n
= −

1
1 − n

∫
b sin xd [(a + b cosx)1−n]

= −
b sinx

(1 − n)(a + b cosx)n−1
+ 1

1 − n

∫
b cosxdx

(a + b cosx)n−1

= −
b sinx

(1 − n)(a + b cosx)n−1
+

1

1 − n

∫
(a + b cosx) dx

(a + b cosx)n−1
−

a

1 − n
In−1

= −
b sinx

(1 − n)(a + b cosx)n−1
−

1
n − 1

In−2 + a
n − 1

In−1.

Ü¿±þÒ��

In = b

(n − 1)(b2 − a2)
·

sin x

(a + b cosx)n−1
−

(2n − 3)a

(n − 1)(b2 − a2)
In−1

+ n − 2
(n − 1)(b2 − a2)

In−2. �

SSSKKK 2063 ¦

∫
dx

(1 + ε cosx)2
(0 < ε < 1).

) ^SK 2059 �(J, 3Ù¥- n = 2, a = 1, b = ε, Ò��∫
dx

(1 + ε cosx)2
= ε sinx

(ε2 − 1)(1 + ε cosx)
−

1
ε2 − 1

∫
dx

1 + ε cosx
.

,�éþªm>�È©^ §3.4.3 �SK 2028 (éu 0 < ε < 1) �(J, Ò��
∫ dx

(1 + ε cosx)2
=

ε sinx

(ε2 − 1)(1 + ε cosx)
+

2

(1 − ε2)
3

2

arctan
(

√

1 − ε

1 + ε
· tan

x

2

)

+ C. �

e�K¥�këê n, ����ÈÑ. Ù¥��{3e��SK 2065 ¥�k^.

SSSKKK 2064 ¦

∫ cosn−1 x + a
2

sinn+1 x − a
2

dx.

) k���{ü��5�� t = x − a
2

, Kk x = 2t + a, dx = 2dt, x + a
2

=

t + a. ù�k

cos(t + a)
sin t

= cos t cos a − sin t sina
sin t

= cos a cot t − sin a.

e cos a = 0, K | sin a| = 1, Ïd�È¼ê´ csc2 t ��ê, ÙØ½È©´ cot x − a
2

�

�ê\þ?¿~ê C.

±e� cos a 6= 0, u´k

d
dt

( cos(t + a)
sin t

)

= − cosa csc2 t.
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u´�^n�©{È©Xe:

∫ cosn−1 x + a
2

sinn+1 x − a
2

dx = 2
∫

cosn−1(t + a)

sinn+1 t
dt = 2

∫
( cos(t + a)

sin t

)n−1

· csc2 t dt

= −
2

cosa

∫
( cos(t + a)

sin t

)n−1

d
( cos(t + a)

sin t

)

= −
2

n cosa

( cos(t + a)
sin t

)n

+ C = −
2

n cosa

(

cos x + a
2

sin x − a
2

)n

+ C. �

SSSKKK 2065 íÑÈ©

In =
∫( sin x − a

2

sin x + a
2

)n

dx (n���ê)

�4íúª.

) k��5�� t = x + a
2

, ±e�ìSK 2059 k�ÑXe�ª:

In = 2
∫
[ sin(t − a)

sin t

]n

dt = 2
∫
[ sin(t − a)

sin t

]n−2

·
sin2(t − a)

sin2 t
dt,

ò1��ÏfÐmXe:

sin2(t − a)

sin2 t
=

(sin t cos a − cos t sin a)2

sin2 t

= cos2 a −
2 cos t sin a cosa

sin t
+ sin2 a cot2 t

= cos2 a +
2(sin t cos a − cos t sina) cos a

sin t
− 2 cos2 a + sin2 a cot2 t

= −1 + 2 cosa ·
sin(t − a)

sin t
+ sin2 a csc2 t,

,�òþª�\È©��

In = 2
∫
[ sin(t − a)

sin t

]n−2

·
( sin2(t − a)

sin2 t

)

dt

= 2
∫
[ sin(t − a)

sin t

]n−2

·
(

− 1 + 2 cosa ·
sin(t − a)

sin t
+ sin2 a csc2 t

)

dt

= −In−2 + 2 cos a · In−1 + 2 sin2 a

∫
[ sin(t − a)

sin t

]n−2

csc2 t dt.

����È©�SK 2064 aq, l

d
dt

( sin(t − a)
sin t

)

= d
dt

(cos a − sin a cot t) = sin a csc2 t,

Ò�n�©¦È��∫
[ sin(t − a)

sin t

]n−2

csc2 t dt = 1
sin a

∫
[ sin(t − a)

sin t

]n−2

d
( sin(t − a)

sin t

)

= 1
(n − 1) sina

[ sin(t − a)
sin t

]n−1

+ C.

Ü¿±þ(J¿^ x�gCþ, Ò��
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In = −In−2 + 2 cosa · In−1 + 2 sina
n − 1

(

sin x − a
2

sin x + a
2

)n−1

. �

3.4.5 ¹¹¹ÃÃÃnnn���ªªª���nnn���¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2007–2010, 2060–2062)

ùpI� §3.2 ¥'uÃn¼ê�È©�£, Ù¥�)�©��ª3S.

SSSKKK 2007 ¦

∫
dx√

sin3 x cos5 x
.

) ^�� t = tanx, Ò�n�©�Ðm¦ÈXe:∫
dx√

sin3 x cos5 x
=

∫
dx

cos4 x
√

tan3 x
=

∫
(tan2 x + 1) d(tanx)

√
tan3 x

=
∫
[(tanx)

1

2 + (tanx)
−

3

2 ] d(tanx)

= 2
3

(tanx)
3

2 − 2(tanx)
−

1

2 + C

=
2(sin2 x − 3 cos2 x)

3
√

sin x cos3 x
+ C. �

5 �K� §3.4.1 �SK 2002 �) 2 ¥¤^��{�Ó, Ï�§���È¼êÑ

áu §3.4.3 �!m©¤`��¹ (3).

SSSKKK 2008 ¦

∫
dx

cosx
3
√

sin2 x
.

) (V�) ^ t = sin x �n�©��∫
dx

cosx
3
√

sin2 x
=

∫
d(sinx)

3
√

sin2 x (1 − sin2 x)
,

u´�È¼ê´± t = sin x�gCþ��©��ª t
−

2

3 (1 − t2)−1, áu1�«�È�

¹ (m = −
2
3

, n = 2, p = −1), Ïd^ t = u3 =�knz. ±elÑ. �

SSSKKK 2060 ¦

∫
sin xdx

cosx
√

1 + sin2 x
.

) 1 ^ t = cosx �n�©��∫
sinxdx

cosx
√

1 + sin2 x
= −

∫
d(cos x)

cosx
√

2 − cos2 x
.

u´�È¼ê´± t = cosx�gCþ��©��ª t−1(2 − t2)
−

1

2 , áu1��È�¹

(m = −1, n = 2, m + 1
n

��ê). - 2 − t2 = u2, Kk −t dt = u du, u´�È©Xe:
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∫
sin xdx

cosx
√

1 + sin2 x
= −

∫
dt

t
√

2 − t2
=

∫
du

2 − u2

= 1

2
√

2
ln
∣

∣

∣

u +
√

2

u −
√

2

∣

∣

∣
+ C

= 1

2
√

2
ln
∣

∣

∣

√

1 + sin2 x +
√

2
√

1 + sin2 x −
√

2

∣

∣

∣
+ C

= 1√
2

ln
∣

∣

∣

√

1 + sin2 x +
√

2
cosx

∣

∣

∣
+ C. �

) 2 ��±Xe¦È:∫
sin xdx

cosx
√

1 + sin2 x
=

∫
tan xdx√
2 − cos2 x

=
∫

d(sec x)
√

2 sec2 x − 1

= 1√
2

ln |
√

2 sec x +
√

2 sec2 x − 1| + C. �

SSSKKK 2062 ¦

∫
sin xdx√
2 + sin 2x

.

) 1 |^

sin 2x = cos(2x −
π
2

) = 2 cos2(x −
π
4

) − 1 = 1 − 2 sin2(x −
π
4

),

��� t = x −
π
4

�=�¦ÈXe:

∫
sinxdx√
2 + sin 2x

=

√
2

2

∫
sin t + cos t√

2 + cos 2t
dt

= −
1
2

∫
d(
√

2 cos t)
√

1 + 2 cos2 t
+ 1

2

∫
d(
√

2 sin t)
√

3 − 2 sin2 t

= −
1
2

ln |
√

2 cos t +
√

1 + 2 cos2 t| + 1
2

arcsin
(

√
2 sin t
√

3

)

+ C

= −
1
2

ln | cosx + sin x +
√

2 + sin 2x| + 1
2

arcsin
(

sin x − cosx√
3

)

+ C. �

) 2 ^�é{, Ó�^©1�ü«L«/ª, =�Ðm¦ÈXe:∫
sin xdx√
2 + sin 2x

= 1
2

(
∫

d(sin x − cosx)
√

3 − (sin x − cosx)2
−

∫
d(sinx + cosx)

√

1 + (sin x + cosx)2

)

= 1
2

arcsin
(

sinx − cosx√
3

)

−
1
2

ln | sin x + cosx +
√

2 + sin 2x| + C. �
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§3.5 ���«««������¼¼¼êêê���ÈÈÈ©©©{{{ (SSSKKK 2066–2125 )

SSSNNN{{{000 �!´éuÓ�¹kõ�ª��ê¼ê!n�¼ê!éê¼ê!�n�

¼êÚV¼ê��È¼ê��
Ä�È©K, Ù¥�¹kÑyéêÈ©¼ê (�«�

�¼ê) �SK. 3�!���k'u¦^©ÜÈ©{�²�5K���Ö¿.

3.5.1 õõõ���ªªª������êêê¼¼¼êêêÚÚÚnnn���¼¼¼êêê¦¦¦ÈÈÈ���¦¦¦ÈÈÈ (SSSKKK 2066–2080)

ùaSK�Ä��{´^©ÜÈ©{ü$õ�ª�gê, ��C�~ê. ®�u

§3.1.6 �SK 1799 �.

e¡�Ñ�!m©�SK 2066 Ú 2067 Jø�úªøë�. §��y²Ñ�±^

©ÜÈ©��, lÑ.

2066 e P (x)� n gõ�ª, K

∫
P (x) eax dx = eax

[

P (x)
a

−
P ′(x)

a2
+ · · · + (−1)n

P (n)(x)

an+1

]

+ C;

2067 e P (x)� n gõ�ª, K

∫
P (x) cos axdx = sinax

a

[

P (x) −
P ′′(x)

a2
+

P (4)(x)

a4
− · · ·

]

+ cos ax

a2

[

P ′(x) −
P ′′′(x)

a2
+

P (5)(x)

a4
− · · ·

]

+ C,

∫
P (x) sin axdx = −

cos ax
a

[

P (x) −
P ′′(x)

a2
+

P (4)(x)

a4
− · · ·

]

+ sin ax

a2

[

P ′(x) −
P ′′′(x)

a2
+

P (5)(x)

a4
− · · ·

]

+ C.

3e¡�SK¥Q�±@^þãúª, ��±��^©ÜÈ©{�.

SSSKKK 2069 ¦

∫
(x2 − 2x + 2) e−x dx.

) 1 ^SK 2066 �úªÒk
∫
(x2 − 2x + 2) e−x dx = e−x

(

x2 − 2x + 2
−1

−
2x − 2

1
+ 2

−1

)

+ C

= −e−x(x2 + 2) + C. �

) 2 ��^©ÜÈ©{�¦ÈXe:
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∫
(x2 − 2x + 2) e−x dx =

∫
(x2 − 2x + 2) d(−e−x)

= (x2 − 2x + 2)(−e−x) +
∫
e−x d(x2 − 2x + 2)

= −e−x(x2 − 2x + 2) −
∫

(2x − 2) d(e−x)

= −e−x(x2 − 2x + 2) − e−x(2x − 2) +
∫
e−x · 2 dx

= −e−xx2 − 2e−x + C. �

SSSKKK 2071 ¦

∫
(1 + x2)2 cosxdx.

) 1 ^©ÜÈ©{¦È�O�þ��, e@^SK 2067 �úª, K�¦ÈXe:∫
(1 + x2)2 cosxdx = sin x

[

(1 + x2)2 − (4 + 12x2) + 24
]

+ cosx
[

4x(1 + x2) − 24x
]

+ C

= (x4 − 10x2 + 21) sinx + (4x3 − 20x) cosx + C. �

) 2 e^Eê�{, K��u¦

∫
(1 + x2)2eix dx �¢Ü. éù�EÈ©E�^S

K 2066 �úª, u´�¦ÈXe:∫
(1 + x2)2 cosxdx = Re

∫
(1 + x2)2eix dx

= Re
[

eix

( (1 + x2)2

i
−

4x3 + 4x
−1

+ 12x2 + 4
−i

−
24x
1

+ 24
i

)]

+ C

= (1 + x2)2 sin x + (4x3 + 4x) cosx − (12x2 + 4) sin x − 24x cosx + 24 sinx + C

= (x4 − 10x2 + 21) sinx + (4x3 − 20x) cosx + C. �

5 dd��SK 2067 �úª��±lSK 2066 �úª^Eê�{��.

SSSKKK 2076 ¦

∫
x ex sin xdx.

) 1 l §3.1.6 �SK 1829 ��, ¯K´��K�È¼ê�1��Ïf x. �«�

{´|^TK��Y, ex sin x k�¼ê ex

2
(sin x− cosx), u´=�©ÜÈ©¦ÈXe:

∫
x ex sin xdx =

∫
xd( ex

2
(sin x − cosx))

= x ·
ex

2
(sin x − cosx) −

∫
ex

2
(sin x − cosx) dx

= x ·
ex

2
(sin x − cosx) + ex

2
cosx + C. �

) 2 ��^©ÜÈ©¦ÈXe:
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∫
x ex sin xdx =

∫
x sin xd(ex)

= exx sin x −

∫
ex d(x sin x)

= exx sin x −

∫
(sin x + x cosx) d(ex)

= exx sin x −

∫
x cosxd(ex) −

∫
ex sin xdx

= exx sin x − exx cosx +
∫
ex d(x cos x) −

∫
ex sinxdx

= x ex(sin x − cosx) +
∫
ex(cosx − sin x) dx −

∫
xex sinxdx

= 1
2

x ex(sin x − cosx) + 1
2

∫
ex(cos x − sin x) dx

= 1
2

x ex(sin x − cosx) + 1
2

ex cosx + C. �

) 3 |^ ex sin x ´ e(1+i)x �JÜ, �^Eê�{¦ÈXe:∫
x ex sinxdx = Im

∫
x e(1+i)x dx = Im

∫
xd

(

e(1+i)x

1 + i

)

= Im
(

x
e(1+i)x

1 + i
−

∫
e(1+i)x

1 + i
dx

)

= Im
(

x
e(1+i)x

1 + i
−

e(1+i)x

(1 + i)2

)

+ C

= Im
[(

x
2

− i
( x

2
−

1
2

)

)

· ex(cos x + i sinx)
]

+ C

= 1
2

x ex(sin x − cosx) + 1
2

ex cosx + C. �

3.5.2 kkknnn���êêê¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2081–2090)

òSK 2081 ¥��È¼ê¡�kn�ê¼ê.

SSSKKK 2081 y²: e R�kn¼ê, ê a1, a2, · · · , an ��ú��, KÈ©∫
R(ea1x, ea2x, · · · , eanx) dx

´Ð�¼ê.

) K¿L², �3��¢ê α 6= 0, ¦�z�� ai (i = 1, 2, · · · , n) Ñ´ α ��ê

�. ùÒ´�3�ê ki (i = 1, 2, · · · , n), ¤á ai = kiα (i = 1, 2, · · · , n).

��� t = eαx, Kk x = 1
α

ln t, dx = 1
αt

dt, eaix = tki (i = 1, 2, · · · , n), lÈ

©C�� ∫
R(ea1x, ea2x, · · · , eanx) dx =

∫
R(tk1 , tk2 , · · · , tkn)

αt
dt,

u´®²¢y
knz. ùL²È©´ t �Ð�¼ê, l�´ x = 1
α

ln t �Ð�¼

ê. �

5 5SK86�SK 2082–2086 Ñáuþãa., ÏdÑ�±^Ú����¢y

knz. éu�Ñy�� ex ��¹, �Ò´þãSK¥ n = 1, K t = ex o´k��.
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SSSKKK 2084 ¦

∫
dx

e2x + ex − 2
.

) ò�È¼ê�©f©1Ó¦± ex, ¿- t = ex, ù�k dt = ex dx, Ò�±¦È

Xe:
∫

dx

e2x + ex − 2
=

∫
dt

t(t2 + t − 2)
=

∫
( −

1
2
t

+

1
6

t + 2
+

1
3

t − 1

)

dt

= 1
6

ln
∣

∣

∣

(t − 1)2(t + 2)

t3

∣

∣

∣
+ C

= −
x
2

+ 1
6

ln[(ex − 1)2(ex + 2)] + C. �

SK 2087–2090 ¥�Ñy
¹k�ê¼ê�Ãn�ª. �,ØU`ùa¼ê�½

�È, �éù
SK5`, þã���´k��. e¡�éùA�SK�ÑXÛ¢yk

nz.

SSSKKK 2087 ¦

∫
dx√

ex − 1
.

) (V�) - ex = t, KÈ©C��∫
dx√

ex − 1
=

∫
dt

t
√

t − 1
,

����2-
√

t − 1 = u =�¢yknz. �

SSSKKK 2088 ¦

∫ √

ex − 1
ex + 1

dx.

) (V�) - ex = t, KÈ©C��
∫ √

ex − 1
ex + 1

dx =
∫ √

t − 1
t + 1

·
dt
t

,

����2-

√

t − 1
t + 1

= u =�¢yknz. �

SSSKKK 2089 ¦

∫ √
e2x + 4ex − 1 dx.

) (V�) - ex = t, KÈ©C��∫
√

e2x + 4ex − 1 dx =
∫ √

t2 + 4t − 1
t

dt,

��^ §3.3 ¥�õ«�{ÑU¢yknz. �

SSSKKK 2090 ¦

∫
dx√

1 + ex +
√

1 − ex
.

) (V�) - ex = t, KÈ©C��∫
dx√

1 + ex +
√

1 − ex
=

∫
dt

t(
√

1 + t +
√

1 − t)
=

∫ √
1 + t −

√
1 − t

2t2
dt,

w,�Ðm�ü�{üÈ©¦È. �
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3.5.3 kkknnn¼¼¼êêê������êêê¼¼¼êêê¦¦¦ÈÈÈ���¦¦¦ÈÈÈ (SSSKKK 2091–2097)

SSSKKK 2091 y²: e R�kn¼ê, Ù©1=k¢�, KÈ©∫
R(x) eαx dx

�^Ð�¼êÚ��¼ê∫
eαx

x
dx = li(eαx) + C, ª¥ li(x) =

∫
dx
lnx

5L« 1©.

) �âÜ©©ª©)½n (§3.2.1 �·K 3.2), ©1�k¢��kn¼ê R(x) �

±���ªÐm�õ�ª�±e/G�{ü©ª�Ú:

A
(x − a)n

,

Ù¥ n���ê, a ´ R(x) �©1�¢ê":.

duõ�ª��ê¼ê�¦È��¼ê´Ð�¼ê (� §3.5.1 �SK 2066), Ïd

��éuþã/ª�{ü©ª� eαx �¦È5y²�K�(Ø=�.

e n = 1, Kk�²£ x − a = t
(

½2��� eαt = u, u´k αt = lnu,

α dt = du
u

)

, ù�Ò��

∫
A eαx dx

x − a
= A eαa

∫
eαt dt

t

(

= A eαa

∫
du
lnu

= A eαa li(u) + C
)

= A eαa li(eα(x−a)) + C.

éu n > 1, K��Xe^©ÜÈ©{:∫
A eαx dx
(x − a)n

=
∫
A eαx(x − a)−n dx = A

1 − n

∫
eαx d[(x − a)1−n]

= A
1 − n

eαx(x − a)1−n −
αA

1 − n

∫
eαx(x − a)1−n dx,

XdUYe�, ���È¼ê�Ïf (x − a) ���ê�u −1��. ù�3È©Ò	�

Ñ´Ð�¼ê. �

SSSKKK 2092 e P
(

1
x

)

= a0 +
a1

x
+ · · · +

an

xn , a0, a1, · · · , an �~ê, K3�o�

/e, È© ∫
P

(

1
x

)

ex dx

�Ð�¼ê?

) �âSK 2091, þãÈ©3©ÜÈ©��äke�/ª:∫
P

(

1
x

)

ex dx = ex

(

b0 +
b1

x
+ · · · +

bn−1

xn−1

)

+ B

∫
ex

x
dx,

1© 'u
ex

x
��¼êÚ lix��Ð�¼ê���ÐÚ?Ø� [34] �1ÊÙ�����ë�K. 3 §4.4.4

�SK 2391 ¥�¬2�� li x.
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ü>¦���ð�ª

P
(

1
x

)

ex =
[

ex

(

b0 +
b1

x
+ · · · +

bn−1

xn−1

)]

′

+ B
ex

x
,

u´��¦Ñ�½Xê¥� B, ,�- B = 0 Ò���K��Y.

O�þãð�ªm>�1��, ,���ü>� ex, ¿��ü>� x �Ó�g��

Xê, Ò�� a0 = b0 Ú'uÙ¦ n ���ê b1, · · · , bn−1, B ��5�ê�§|�

a1 = b1 + B,

a2 = b2 − b1, a3 = b3 − 2b2, a4 = b4 − 3b3, · · · , an−1 = bn−1 − (n − 2)bn−2,

an = −(n − 1)bn−1.

^Ý
�þPÒ, ¿Uì B, b1, · · · , bn−1 �^S, �ò�5�§|�¤�e�/ª:






























1 1 0 0 · · · 0 0

0 −1 1 0 · · · 0 0

0 0 −2 1 · · · 0 0

0 0 0 −3 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · −(n − 2) 1

0 0 0 0 · · · 0 −(n − 1)





























































B

b1

b2

b3

...

bn−2

bn−1































=































a1

a2

a3

a4

...

an−1

an































.

duXêÝ
�1�ª�u (−1)n−1(n − 1)!, l�y
þã�½Xê�)�3��

�.

^�.%{K��, ��ê B ´ü�1�ª�û, Ù¥©f�1�ª´òXêÝ


�1�ª�1�����§|m>��þ���. òT1�ªUì1��Ðm, Ø±

XêÝ
�1�ª, Ò��Ñ B �L�ª�:

B = a1 +
a2

1!
+

a3

2!
+

a4

3!
+ · · · +

an−1

(n − 2)!
+

an

(n − 1)!
,

Ïd�K¤¦�^�´

a1 +
a2

1!
+

a3

2!
+

a4

3!
+ · · · +

an−1

(n − 2)!
+

an

(n − 1)!
= 0. �

3.5.4 éééêêê¼¼¼êêêÚÚÚ���nnn���¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2098–2115)

ùp�Ì�óäE,´©ÜÈ©{Ú��{. 3©ÜÈ©{�¦^¥, �!"Ö¿

�²�5K“�é�n�”´kë�d��.

SSSKKK 2098 ¦

∫
lnn xdx (n���ê).

) 1 (V�) Uìe��ª�©ÜÈ©;∫
lnn xdx = x lnn x −

∫
xd(lnn x) = x lnn x − n

∫
lnn−1 xdx,

¿UYe�, ��òéê¼ê lnx ���êü� 0. (n = 1 �= §3.1.6 �SK 1791.) �
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) 2 ��� t = lnx, K x = et, dx = et dt, u´È©C��∫
lnn xdx =

∫
tn et dt.

A^ §3.5.1 �SK 2066 Jø�úª, Ò�¦ÈXe:∫
lnn xdx =

∫
tn et dt

= et(tn − ntn−1 + · · · + (−1)nn!) + C

= x[lnn x − n lnn−1 x + · · · + (−1)nn!] + C. �

SSSKKK 2104 ¦

∫
lnx

(1 + x2)
3

2

dx.

) 1 ��� x = tan t, Kk dx = sec2 t dt, u´�¦ÈXe:∫
lnx

(1 + x2)
3

2

dx =
∫

ln tan t

sec3 t
· sec2 t dt =

∫
cos t ln tan t dt

=
∫
ln tan t d(sin t) = sin t ln tan t −

∫
sin t ·

sec2 t
tan t

dt

= sin t ln tan t −

∫
dt

cos t

= sin t ln tan t − ln | tan t + sec t| + C

= x lnx√
1 + x2

− ln(x +
√

1 + x2) + C. �

) 2 k^n��� x = tan t ¦Ñ∫
dx

(1 + x2)
3

2

=
∫

sec2 t dt

sec3 t
=

∫
cos t dt = sin t + C = x√

1 + x2
+ C,

,�©ÜÈ©Xe:∫
lnx

(1 + x2)
3

2

dx =
∫
lnxd

(

x√
1 + x2

)

= x lnx√
1 + x2

−

∫
dx√

1 + x2

= x lnx√
1 + x2

− ln(x +
√

1 + x2) + C. �

SSSKKK 2110 ¦

∫
arcsin

( 2
√

x

1 + x

)

dx.

) 1 ��� x = t2, K�¦ÈXe:∫
arcsin

( 2
√

x

1 + x

)

dx =
∫
arcsin

(

2t

1 + t2

)

d(t2)

= t2 arcsin
(

2t

1 + t2

)

−

∫
t2 ·

1
√

1 − (2t/(1 + t2))2
·

2(1 + t2) − 4t2

(1 + t2)2
dt

= t2 arcsin
(

2t

1 + t2

)

− 2
∫

t2(1 − t2)

|1 − t2| · (1 + t2)
dt

= t2 arcsin
(

2t

1 + t2

)

− 2 sgn(1 − t2)
∫

t2

1 + t2
dt

= t2 arcsin
(

2t

1 + t2

)

− 2 sgn(1 − t2)(t − arctan t) + C.
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Ï� t > 0, sgn(1 − t2) = sgn(1 − t) = sgn(1 − x), ¤±��∫
arcsin

( 2
√

x

1 + x

)

dx = x arcsin
( 2

√
x

1 + x

)

− 2 sgn(1 − x)(
√

x − arctan
√

x) + C. �

) 2 ^©ÜÈ©{k∫
arcsin

( 2
√

x

1 + x

)

dx = x arcsin
( 2

√
x

1 + x

)

−

∫
xd

[

arcsin
( 2

√
x

1 + x

)]

.

ùpI�c[O�e��ê:

d
dx

[

arcsin
( 2

√
x

1 + x

)]

= 1
√

1 −
4x

(1 + x)2

·

1√
x

(1 + x) − 2
√

x

(1 + x)2

=
∣

∣

∣

1 + x
1 − x

∣

∣

∣
·

1 − x

(1 + x)2
√

x
=

sgn(1 − x)

(1 + x)
√

x
.

lK¿�� x > 0, ,� x > 1 �þã�ê�u 0 1© . u´�UYO�Xe:∫
arcsin

( 2
√

x

1 + x

)

dx = x arcsin
( 2

√
x

1 + x

)

− sgn(1 − x)
∫

xdx

(1 + x)
√

x

= x arcsin
( 2

√
x

1 + x

)

− sgn(1 − x)
∫

(1 + x) dx

(1 + x)
√

x
+ sgn(1 − x)

∫
dx

(1 + x)
√

x

= x arcsin
( 2

√
x

1 + x

)

− 2 sgn(1 − x)
√

x + 2 sgn(1 − x) arctan
√

x + C

= x arcsin
( 2

√
x

1 + x

)

− 2 sgn(1 − x)(
√

x − arctan
√

x) + C. �

3.5.5 VVV¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2116–2125)

éuV¼êØ´�~ÙG�Öö�±k£�c¡� §3.1.8, Ù¥�¹
V¼ê

�Ä�úª (3.8)–(3.13), ±9k'�Ä�È©K.

duV¼ê´ÏL�ê¼ê5½Â�, ÏdXJ^Ù½Âò¯Kz��ê¼ê

�È©, K  �´'��B��^å». ù�cA��!¥��{²~k�.

d	, �,��±|^V¼ê�n�¼ê��q5, ò §3.4 ¥��{£�L5.

SSSKKK 2122 ¦

∫ √
tanhxdx.

) 1 |^V¼ê�Ä�úª (� §3.1.8 � (3.10)–(3.13)), - tanhx = t2, k
dx

cosh2 x
= 2t dt, = dx = 2t dt

1 − t4
, u´�¦ÈXe:

∫ √
tanhxdx =

∫
2t2 dt

1 − t4
=

∫
(

1
1 − t2

−
1

1 + t2

)

dt

= 1
2

ln
∣

∣

∣

1 + t
1 − t

∣

∣

∣
− arctan t + C

= 1
2

ln
∣

∣

∣

1 +
√

tanhx

1 −
√

tanhx

∣

∣

∣
− arctan(

√
tanhx) + C. �

1© l1�þN¹��SK 323(b) ¥¼ê y = arcsin 2x
1 + x2

�ã���ù(¢Xd.
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) 2 òV��¼ê^�ê¼êLÑ��¦ÈXe:

∫ √
tanhxdx =

∫ √

ex − e−x

ex + e−x
dx =

∫ √
e2x − 1

√
e2x + 1

dx

=
∫

e2x − 1√
e4x − 1

dx =
∫

e2x dx√
e4x − 1

−

∫
dx√

e4x − 1

= 1
2

∫
d(e2x)

√

(e2x)2 − 1
+ 1

2

∫
d(e−2x)

√

1 − (e−2x)2

= 1
2

ln(e2x +
√

e4x − 1) + 1
2

arcsin(e−2x) + C. �

SSSKKK 2123(d) ¦

∫
coshxdx

3 sinhx − 4 coshx
.

) 1 �ì §3.4.4 �SK 2042, l

A(3 sinhx − 4 coshx) + B(3 coshx − 4 sinhx) = coshx

(½Ñ�½Xê A = −
4
7

, B = −
3
7

, ,�=�¦ÈXe:
∫

coshxdx
3 sinhx − 4 coshx

= −
4
7

∫
dx −

3
7

∫
3 coshx − 4 sinhx
3 sinhx − 4 coshx

dx

= −
4
7

x −
3
7

ln |3 sinhx − 4 coshx| + C. �

) 2 ^V�uÚV{u�½Â, =�òÈ©=z�kn�ê¼ê�È©:∫
coshxdx

3 sinhx − 4 coshx
=

∫
ex + e−x

−ex − 7e−x
dx = −

∫
e2x + 1
e2x + 7

dx.

��� t = ex, Ò�¦ÈXe:∫
coshxdx

3 sinhx − 4 coshx
= −

∫
t2 + 1

t(t2 + 7)
dt = −

∫
(

1
7t

+ 6t

7(t2 + 7)

)

dt

= −
1
7

ln t −
3
7

ln(t2 + 7) + C = −
1
7

x −
3
7

ln(e2x + 7) + C. �

'u©ÜÈ©{�Ö¿

ùp�â{IêÆ�r, 90 ò (1983) 210–211 �þ�á�é©ÜÈ©{�úª∫
f(x) dx =

∫
u(x) d(v(x)) = u(x)v(x) −

∫
v(x) d(u(x)) (3.18)

��:Ö¿.

Xúª (3.18) ¤«, 3^©ÜÈ©{�, I�ò�È¼ê f(x) ©)� u(x)v′(x) �

¦È/ª. ��ó, ùpkü^�K:

(1) N´l v′(x) ¦Ñ v(x),

(2) (3.18) m>�
∫
v(x) d(u(x)) �'�>�

∫
u(x) d(v(x)) =

∫
f(x) dx N´¦.

éu f(x) ´ØÓ«a¼ê�¦È��¹, k<o(Ñ�^²�5K“é��n�”

(Ù=��Äi1 Ñi� LIATE), =´Uìéê¼ê!�n�¼ê!�ê¼ê (ÙA

~Ò´�¼ê)!n�¼êÚ�ê¼ê�^S, éu�È¼ê¥Ñyü«a.�¼ê
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¦È��¹, A�òüS3c�3e5�� u(x), òüS3��� dx n¤��©

d(v(x)) = v′(x) dx.

3Ðg�>©ÜÈ©{� §3.1.6 ¥, ÒkNõÎÜù^²�5K�~f, ~XS

K 1791, 1799, 1824, 1828, 1829 ��, 3�!¥Kk�õ�~f. ~X�m©�SK

2066 Ú 2067 ¤Jø�k^úª, §��y²Ò��´Uìù^5K5��, Ù¥SK

2066 ��È¼ê´õ�ª P (x) ��ê¼ê eax �¦È, SK 2067 ��È¼ê´õ

�ª P (x) ��{u¼ê sinax Ú cos ax �¦È.

éù^5K�)ºXe. duéê¼êÚ�n�¼ê��ê´�ê¼ê, �ê¼

ê��¼ê3õê�¹´�ê¼ê (� §3.2 Ú §3.3), AOÙ¥��¼ê (Ø
 x−1 �

	) ´Xd, Ïdò�öÀ� v′(x), Ò�U¦� (3.18) m>�È©��È¼ê¤��ê

¼ê, §�U'�5�È©N´¦. ,��¡, n�¼ê (Ì���{uõ�ª) Ú�ê

¼ê��¼ê3õê�¹E,áu�Ó�a., Ïd��ê¼ê�'�·Üu�À�

v′(x).

�Ä�X
∫

ex

x
dx ù�{ü�Ø½È©ÑÈØÑ5, Ïdþã5K�U´�^²�

5K, Ù¥��«¼ê��Ñáu¤`a.¥��{ü�¹, �!Øþ§��EÜ¼ê

��¹
. �N´ÞÑ^ù^5K�¬ò{ü¯KE,z�~f. E,l²�Ñu,

~Xl�!��þ~f5w, ·��±`ù^5K�´k^�, “k'vkÐ”!
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§3.6 ¦¦¦¼¼¼êêêÈÈÈ©©©������«««~~~fff (SSSKKK 2126–2180 )

SSSNNN{{{000 �!´Ø½È©�Ù�o(, Ù¥�SK¹kc¡�!��«a., �

��ES^. d	, �!�k�þ�knØ5��O�KÚy²K.

3.6.1 kkknnn¼¼¼êêê���ÃÃÃnnn¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2126–2138)

��!�SK´é §3.2 Ú §3.3 �ESÚÖ¿.

X §3.2 ¤`, kn¼ê´����a�È¼ê, Ù¦È�{Ì�´ÏLÜ©©ª

�©)Ðm¦È (�·K 3.2), Ød�	�kcdAÛ�.]Ä��½Xê{. d	,

�ØüØéuAÏ¯KI�æ^�é{½4í{�¦È. e¡�w��~f.

SSSKKK 2127 ¦

∫
x2

(1 − x2)3
dx.

) 1 e^IO�Ü©©ªÐm, KO�L§��. e¡æ^cdAÛ�.]Ä�

{. Uì §3.2.2 �úª (O’), =k

x2

(1 − x2)3
=

(

Ax3 + Bx2 + Cx + D

(1 − x2)2

)

′

+ Ex + F

1 − x2
,

ddO��� A = C = −F = 1
8

, B = D = E = 0. u´�¦ÈXe:
∫

x2

(1 − x2)3
dx = x3 + x

8(1 − x2)2
−

1
8

∫
dx

1 − x2

= x3 + x

8(1 − x2)2
−

1
16

ln
∣

∣

∣

1 + x
1 − x

∣

∣

∣
+ C. �

) 2 (V�) kòÈ©�¤�∫
x2

(1 − x2)3
dx =

∫
1 − (1 − x2)

(1 − x2)3
dx =

∫
dx

(1 − x2)3
−

∫
dx

(1 − x2)2
,

,��±^ §3.2.3 ¥SK 1921 �4íúª¦È. �

5 e^n��� x = sin t, kòÈ©�¤�∫
x2

(1 − x2)3
dx =

∫
sin2 t dt

cos5 t

=
∫

1 − cos2 t

cos5 t
dt =

∫
sec5 t dt −

∫
sec3 t dt,

,��±^ §3.4.1 ¥SK 2012(b) �4íúª¦È. ù����":´�·^u |x| 6 1.

±ewÃn¼ê�È©, ù��Ø½È©�7�Ð�¼ê. e¡�ÞÑÌ���È

a., Ù¥��È¼ê��� R(x,
n
√

f(x)), R �kn¼ê. f(x) �õ�ª½�5©ª

¼ê. ùp�Ì�å»´knz.

knz��U5�m��gê n Ú�Òe�õ�ªgêk��'X. �knz�

Ãn¼ê¥�Ì��k±eüa: (1) n > 1, f(x) ��g¼ê½�5©ª¼ê, ù�^

�� f(x) = tn =�knz; (2) n = 2, f(x) ��gn�ª. ù�Ø
î.��´ÊH
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k���{�	, �âäN�¹�kNõÙ¦�{�^. 3 §3.3.2 ¥éu�È¼ê�

P (x)/y Ú R(x)/y ��¹Jø
Nõ�{, Ù¥ P (x) �õ�ª, R(x) �kn¼ê.

d	, �©��ª�n«�È�¹�´~��. �½áu�È�¹�Ó��ÒJø


�knz���.

SSSKKK 2132 ¦

∫ √

x

1 − x
√

x
dx.

) 1 ���©��ª�IO/ª x
1

2 (1 − x
3

2 )
−

1

2 , ��áu1�a�È�¹, �

^ 1 − x
3

2 = t2 =�knz. ù�k

x = (1 − t2)
2

3 , dx = −
4
3

(1 − t2)
−

1

3 t dt,

u´�¦ÈXe:

∫ √

x

1 − x
√

x
dx = −

4
3

∫
(1 − t2)

1

3

t
· (1 − t2)

−
1

3 t dt

= −
4
3

∫
dt = −

4
3

t + C = −
4
3

√

1 − x
√

x + C. �

) 2 ^
√

xdx = 2
3

d(x
√

x) =�n�©¦ÈXe:

∫ √

x

1 − x
√

x
dx = −

2
3

∫
d(1 − x

√
x)

√

1 − x
√

x
= −

4
3

√

1 − x
√

x + C. �

SSSKKK 2135 ¦

∫
dx

x
√

1 + x3 + x6
.

) (V�) òÈ©U��∫
dx

x
√

1 + x3 + x6
= 1

3

∫
d(x3)

x3
√

1 + x3 + (x3)2
,

,�^�� t = x3 z� §3.1.7 �SK 1856, 2^���Ò�ÈÑ (��ë� §3.1.3 �S

K 1682 Ú §3.1.7 �SK 1858 �). �

SSSKKK 2138 ¦

∫
(1 + x) dx

x +
√

x + x2
.

) 1 (V�) éuùa�È¼ê5`, Äkò©1knz´���Ð��{. (�

ëw §3.3.3 'uî.���A�SK, Ù¥ÑkØ^î.��^©1knz�){.)

ù�Òk∫
(1 + x) dx

x +
√

x + x2
=

∫
(1 + x)(

√
x + x2 − x)
x

dx

=
∫
(

− x − 1 +
√

x + x2 +

√
x + x2

x

)

dx

=
∫
(

− x − 1 +
√

x + x2 + 1√
x + x2

+ x√
x + x2

)

dx,

±e®Ã(J, lÑ. �



§3.6 ¦¼êÈ©��«~f (SK 2126–2180 ) 97

) 2 (V�) �K�±^1�«î.��
√

x + x2 = t − x, ù�k

x = t2

2t + 1
, dx =

2t(1 + t)

(2t + 1)2
dt, x + 1 =

(t + 1)2

2t + 1
,

u´È©C��∫
(1 + x) dx

x +
√

x + x2
=

∫
2(t + 1)3

(2t + 1)3
dt

=
∫
(

1
4

+ 3
4(2t + 1)

+ 3
4(2t + 1)2

+ 1
4(2t + 1)3

)

dt,

±eO�lÑ. �

3.6.2 ������¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2139–2165)

��!�SK´é §3.4 Ú §3.5 �ESÚÖ¿.

3±e��I�©ÜÈ©�SK�, ��Ñ´Uì3 §3.5 ���Ö¿¥�“é��

n�”�²�5K5?1�.

SSSKKK 2140 ¦

∫
(2x + 3) arccos(2x − 3) dx.

) 1 ��� t = arccos(2x − 3), K 2x − 3 = cos t, dx = −
1
2

sin t dt, u´�¦È

Xe: ∫
(2x + 3) arccos(2x − 3) dx = −

1
2

∫
t(cos t + 6) sin t dt

= −
1
2

t
(

−
1
2

cos2 t − 6 cos t
)

−
1
8

∫
(1 + cos 2t) dt − 3

∫
cos t dt

= 1
4

t cos2 t + 3t cos t −
t
8

−
1
16

sin 2t − 3 sin t + C

= t
(

1
4

cos2 t + 3 cos t −
1
8

)

−
(

1
8

cos t + 3
)

sin t + C

= arccos(2x − 3)
(

x2 + 3x −
55
8

)

−
(

2x + 21
4

)

√

−x2 + 3x − 2 + C. �

) 2 k^©ÜÈ©{��∫
(2x + 3) arccos(2x − 3) dx =

∫
arccos(2x − 3) d(x2 + 3x)

= (x2 + 3x) arccos(2x − 3) −
∫

(x2 + 3x) d(arccos(2x − 3))

= (x2 + 3x) arccos(2x − 3) +
∫

x2 + 3x√
−x2 + 3x − 2

dx.

é����È©�^ §3.3.2 ¥��«�{¦È. ùp'�Ü·�´^·K 3.3 Jø��

½Xê{ (ë�T?�SK 1943 �). u´��k∫
x2 + 3x√

−x2 + 3x − 2
dx = (Ax + B)

√

−x2 + 3x − 2 + λ
∫

dx√
−x2 + 3x − 2

,

,�ü>¦�, (½Ñ A = −
1
2

, B = −
21
4

Ú λ = 55
8

. ù�Ò�¦ÈXe:
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∫
(2x + 3) arccos(2x − 3) dx = (x2 + 3x) arccos(2x − 3) −

(1

2
x +

21

4

)

√

−x2 + 3x − 2

+ 55
8

∫
dx√

−x2 + 3x − 2

= (x2 + 3x) arccos(2x − 3) −
(

1
2

x + 21
4

)

√

−x2 + 3x − 2 + 55
8

∫
dx

√

1
4
−

(

x −
3
2

)2

= (x2 + 3x −
55
8

) arccos(2x − 3) −
(

1
2

x + 21
4

)

√

−x2 + 3x − 2 + C. �

SSSKKK 2142 ¦

∫
arcsinx

x2
·

1 + x2

√
1 − x2

dx.

) 1 ��� t = arcsinx, Kk x = sin t, dx = cos t dt, u´�¦ÈXe:∫
arcsinx

x2
·

1 + x2

√
1 − x2

dx =
∫

t

sin2 t
· (1 + sin2 t) dt =

∫
t dt

sin2 t
+

∫
t dt

= 1
2

t2 − t cot t +
∫
cot t dt = 1

2
t2 − t cot t + ln | sin t| + C

= 1
2

arcsinx
(

arcsinx − 2

√
1 − x2

x

)

+ ln |x| + C. �

) 2 Ðm�ü�È©�©O?n. ù�Òk∫
arcsinx

x2
·

1 + x2

√
1 − x2

dx =
∫

arcsinxdx√
1 − x2

+
∫

arcsinxdx

x2
√

1 − x2
,

m>�1��È©�|^
dx√

1 − x2
= d(arcsinx) n�©��. é1��È©���

t = arcsinx, Òk x = sin t, dx = cos t dt, u´k∫
arcsinxdx

x2
√

1 − x2
=

∫
t dt

sin2 t
= −

∫
t d(cot t)

= −t cot t +
∫
cot t dt = −t cot t + ln | sin t| + C

= −

√
1 − x2

x
arcsinx + ln |x| + C.

Ü¿±þÒ���K��Y�∫
arcsinx

x2
·

1 + x2

√
1 − x2

dx = 1
2

arcsin2 x −

√
1 − x2

x
arcsinx + ln |x| + C. �

SSSKKK 2143 ¦

∫
x ln(1 +

√
1 + x2)

√
1 + x2

dx.

) 1 |^
xdx√
1 + x2

= d(
√

1 + x2), =�^©ÜÈ©{¦ÈXe:

∫
x ln(1 +

√
1 + x2)

√
1 + x2

dx =
∫
ln(1 +

√

1 + x2) d(
√

1 + x2)

=
√

1 + x2 ln(1 +
√

1 + x2) −
∫
√

1 + x2 d[ln(1 +
√

1 + x2)]

=
√

1 + x2 ln(1 +
√

1 + x2) −
∫

x

1 +
√

1 + x2
dx.
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,�2O�þªm>�����È©, ÙO�þ��, lÑ. �

) 2 |^
xdx√
1 + x2

= d(1 +
√

1 + x2), K�±2|^

∫
lnu du = u lnu − u + C

��: ∫
x ln(1 +

√
1 + x2)

√
1 + x2

dx =
∫
ln(1 +

√

1 + x2) d(1 +
√

1 + x2)

= ln(1 +
√

1 + x2)(1 +
√

1 + x2) −
√

1 + x2 + C. �

5 ò) 1 Ú) 2 '�, ��ek∫
f(x) dx =

∫
u(x)v′(x) dx =

∫
u(x) d(v(x)) = u(x)v(x) −

∫
v(x) d(u(x)),

KÓ��¤á∫
f(x) dx =

∫
u(x) d(v(x) + c) = u(x)(v(x) + c) −

∫
(v(x) + c) d(u(x)),

Ù¥�~ê c �±�âI�À�. �,ù«E|3È©O�¥´²~k^�, �Ø�u

©ÜÈ©{, ~X §3.1.3 �SK 1675 Ò´Xd.

SSSKKK 2146 ¦

∫
dx

(2 + sin x)2
.

) 1 (V�) ^ t = π
2

− x, ò�È¼ê�©1C¤ (2 + cos t)2, ,�=8(�

§3.4.4 �SK 2063. �

) 2 ^n�¼êÈ©¥��U�� t = tan x
2

(� §3.4.3), È©C��

∫
dx

(2 + sin x)2
= 1

2

∫
1 + t2

(1 + t + t2)2
dt,

,�^cdAÛ�.]Ä�{. �â�ª

1 + t2

(t2 + t + 1)2
=

(

At + B

t2 + t + 1

)

′

+ Ct + D

t2 + t + 1

�(½Ñ A = 1
3

, B = 2
3

, C = 0, D = 4
3

.

��=�¦ÈXe:

∫
dx

(2 + sin x)2
=

1
6

t + 1
3

t2 + t + 1
+ 2

3

∫
dt

t2 + t + 1

= cosx
3(2 + sin x)

+ 4

3
√

3
arctan

( 2 tan x
2

+ 1
√

3

)

+ C. �

SSSKKK 2147 ¦

∫
sin 4x

sin8 x + cos8 x
dx.

) 1 kò©f��

sin 4x = 2 sin 2x cos 2x = 4 sinx cosx(cos2 x − sin2 x)

= 4 sinx cos3 x − 4 sin3 x cosx,

,�ò©f©1ÓØ± cos8 x �^�� t = tanx =�¦ÈXe:
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∫
sin 4x

sin8 x + cos8 x
dx =

∫
4(t − t3)(1 + t2)

1 + t8
dt (2��� u = t2)

=
∫

2(1 − u2) du

1 + u4
= 2

∫
(

1
u2

− 1
)

du

u2 + 1
u2

= −2
∫ d

(

u + 1
u

)

(

u + 1
u

)2

− 2
= 1√

2
ln

∣

∣

∣

u + 1
u

+
√

2

u + 1
u

−
√

2

∣

∣

∣
+ C

= 1√
2

ln
∣

∣

∣

tan4 x +
√

2 tan2 x + 1

tan4 x −
√

2 tan2 x + 1

∣

∣

∣
+ C. �

) 2 ò©1=��gCþ� 2x �n�¼ê:

sin8 x + cos8 x = (sin4 x + cos4 x)2 − 2 sin4 x cos4 x

= [(sin2 x + cos2 x)2 − 2 sin2 x cos2 x]2 − 2 sin4 x cos4 x

= (1 −
1
2

sin2 2x)2 − 1
8

sin4 2x

= 1 − sin2 2x + 1
8

sin4 2x,

u´�È©Xe:∫
sin 4x

sin8 x + cos8 x
dx =

∫
2 sin 2x cos 2xdx

1 − sin2 2x + 1
8

sin4 2x

= 1
2

∫
d(sin2 2x)

1 − sin2 2x + 1
8

sin4 2x

= 4
∫

d(sin2 2x − 4)

(sin2 2x − 4)2 − 8

= 1√
2

ln
∣

∣

∣

sin2 2x − 4 − 2
√

2

sin2 2x − 4 + 2
√

2

∣

∣

∣
+ C. �

) 3 ��±ò©1=��gCþ� 4x �n�¼ê:

sin8 x + cos8 x = 1 − sin2 2x + 1
8

sin4 2x

= 1 −
1
2

(1 − cos 4x) + 1
32

(1 − cos 4x)2

= 1
32

(cos2 4x + 14 cos 4x + 17),

u´�È©Xe:∫
sin 4x

sin8 x + cos8 x
dx = 32

∫
sin 4xdx

cos2 4x + 14 cos 4x + 17

= −8
∫

d(cos 4x + 7)

(cos 4x + 7)2 − 32

= 1√
2

ln
∣

∣

∣

cos 4x + 7 + 4
√

2

cos 4x + 7 − 4
√

2

∣

∣

∣
+ C. �
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SSSKKK 2154 ¦

∫
x3 arccosx√

1 − x2
dx.

) ��� x = cos t �È©Xe 1©:∫
x3 arccosx√

1 − x2
dx =

∫
t cos3 t
sin t

· (− sin t) dt = −

∫
t cos3 t dt

= −

∫
t
(

3
4

cos t + 1
4

cos 3t
)

dt

= −
3
4

t sin t −
t
12

sin 3t +
∫
(

3
4

sin t + 1
12

sin 3t
)

dt

= −
3
4

t sin t −
t
12

sin 3t −
3
4

cos t −
1
36

cos 3t + C

= −
3
4

t sin t −
t
12

(

− 4 sin3 t + 3 sin t
)

−
3
4

cos t

−
1
36

(

4 cos3 t − 3 cos t
)

+ C

= −t sin t + t
3

sin3 t −
2
3

cos t −
1
9

cos3 t + C

= − arccosx ·
√

1 − x2 ·
2 + x2

3
−

6x + x3

9
+ C. �

SSSKKK 2158 ¦

∫ √
1 − x2 arcsinxdx.

) 1 Uì
√

1 − x2 �È©úª (� §3.1.6 � (3.6)) �©ÜÈ©Xe:∫
√

1 − x2 arcsinxdx =
∫
arcsinxd

(

1
2

x
√

1 − x2 + 1
2

arcsinx
)

= arcsinx
(

1
2

x
√

1 − x2 + 1
2

arcsinx
)

−

∫
(

1
2

x
√

1 − x2 + 1
2

arcsinx
)

d(arcsinx)

= arcsinx
(

1
2

x
√

1 − x2 + 1
2

arcsinx
)

−

∫
(

1
2

x + arcsinx

2
√

1 − x2

)

dx

= arcsinx
(

1
2

x
√

1 − x2 + 1
2

arcsinx
)

−
1
4

x2 −
1
4

arcsin2 x + C

= arcsinx
(

1
2

x
√

1 − x2 + 1
4

arcsinx
)

−
1
4

x2 + C. �

) 2 ��� x = sin t, K�È©Xe:∫
√

1 − x2 arcsinxdx =
∫
t cos2 t dt

= 1
2

∫
t(1 + cos 2t) dt

= 1
4

t2 + 1
4

t sin 2t + 1
8

cos 2t + C

= 1
4

(arcsinx)2 + 1
2

x
√

1 − x2 arcsinx + 1
8

(1 − 2x2) + C

= arcsinx
(

1
2

x
√

1 − x2 + 1
4

arcsinx
)

−
1
4

x2 + C. �

1© Ù¥õg|^�uÚ{u¼ê�e�úª:

sin 3x = −4 sin3 x + 3 sin x, cos 3x = 4 cos3 x − 3 cos x.
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SSSKKK 2160 ¦

∫
xx(1 + lnx) dx.

J« £Áéê¦�{ (� §2.1.2 �SK 884 9Ù5), =k (xx)′ = xx(x ln x)′ =

xx(1 + lnx). �

SSSKKK 2163 ¦

∫
dx

(ex+1 + 1)2 − (ex−1 + 1)2
.

) ��� t = ex, Kk x = ln t, dx = 1
t

dt, u´�È©Xe:
∫

dx

(ex+1 + 1)2 − (ex−1 + 1)2
=

∫
dx

(ex+1 − ex−1)(ex+1 + ex−1 + 2)

= 1
4 sinh 1

∫
dx

e2x(e−x + cosh 1)
= 1

4 sinh 1

∫
dt

t2(t cosh 1 + 1)

= 1
4 sinh 1

∫
(

−
cosh 1

t
+ 1

t2
+ cosh 1

t + 1
cosh 1

)

dt

= 1
4 sinh 1

(

− cosh 1 · ln t −
1
t

+ cosh 1 · ln
∣

∣

∣
t + 1

cosh 1

∣

∣

∣

)

+ C

= −
coth 1

4
x −

e−x

4 sinh 1
+ coth 1

4
· ln(ex cosh 1 + 1) + C. �

SSSKKK 2164 ¦

∫
√

tanh2 x + 1 dx.

) 1 |^V¼ê�5� (� §3.1.8 � (3.10) Ú (3.12) �) =�¦ÈXe:

∫
√

tanh2 x + 1dx =
∫

tanh2
x + 1

√

tanh2 x + 1
dx =

∫ 2 −
1

cosh2
x

√

tanh2 x + 1
dx

= 2
∫ coshxdx

√

sinh2 x + cosh2 x
−

∫ d(tanhx)
√

tanh2 x + 1
=

√
2

∫ d(
√

2 sinhx)
√

1 + 2 sinh2 x
−

∫ d(tanhx)
√

tanh2 x + 1

=
√

2 ln |
√

2 sinhx +
√

1 + 2 sinh2 x| − ln | tanhx +
√

tanh2 x + 1| + C. �

) 2 |^V¼ê�½Â¿��� t = e2x ¦ÈXe:∫
√

tanh2 x + 1dx =
∫ √

(

ex − e−x

ex + e−x

)2

+ 1dx =
√

2
∫ √

e4x + 1
e2x + 1

dx

=

√
2

2

∫ √
e4x + 1d(e2x)

e2x(e2x + 1)
=

√
2

2

∫ √
t2 + 1

t(t + 1)
dt =

√
2

2

∫
(

1 −
t − 1

t(t + 1)

)

dt√
t2 + 1

=

√
2

2
ln(t +

√

t2 + 1) +

√
2

2

∫
dt

t
√

t2 + 1
−
√

2
∫

dt

(t + 1)
√

t2 + 1

=

√
2

2
ln(t +

√

t2 + 1) −

√
2

2

∫ d
(

1
t

)

√

(

1
t

)2

+ 1

+
∫ d

(

1
t + 1

−
1
2

)

√

(

1
t + 1

−
1
2

)2

+ 1
4

=

√
2

2
ln(t +

√

t2 + 1) −

√
2

2
ln

∣

∣

∣

1 +
√

t2 + 1
t

∣

∣

∣
+ ln

∣

∣

∣

1 − t +
√

2
√

t2 + 1
t + 1

∣

∣

∣
+ C

=

√
2

2
ln

∣

∣

∣

e2x(e2x +
√

e4x + 1)

1 +
√

e4x + 1

∣

∣

∣
+ ln

∣

∣

∣

1 − e2x +
√

2
√

e4x + 1
e2x + 1

∣

∣

∣
+ C. �
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SSSKKK 2165 ¦

∫
1 + sinx
1 + cosx

ex dx.

) 1 �^©ÜÈ©{¦ÈXe:∫
1 + sinx
1 + cosx

ex dx =
∫

ex

1 + cosx
dx +

∫
sin x

1 + cosx
ex dx

=
∫

ex

1 + cosx
dx + sinx

1 + cosx
ex −

∫
(

sin x
1 + cosx

)

′

ex dx

=
∫

ex

1 + cosx
dx + sinx

1 + cosx
ex −

∫
ex

1 + cosx
dx

= sin x
1 + cosx

ex + C. �

) 2 |^��úª

tan x
2

= sin x
1 + cosx

,

(

tan x
2

)

′

= 1
2

sec2 x
2

= 1
1 + cosx

,

KÒ�¦ÈXe: ∫
1 + sin x
1 + cosx

ex dx =
∫
[(

tan x
2

)

′

+ tan x
2

]

ex dx

=
∫
(

tan x
2

· ex

)

′

dx

= tan x
2

· ex + C. �

3.6.3 ©©©ããã½½½ÂÂÂ¼¼¼êêê���¦¦¦ÈÈÈ (SSSKKK 2166–2175)

��!´3«mþ©ã½Â�ëY¼ê�¦È¯K.

¤¢©ã½Â¼ê�¿g´: ò¼ê�½Â«m©�k�½Ã��f«m, ,�3

z�f«mþ©O�Ñ¼ê�L�ª. ©ã½Â¼ê�ëY�^�L², T¼êØ=3

z�f«mSëY, �3��f«m�©.:?�ëY.

�â8�3½È©¥ò¬Æ��½n, ëY¼ê7½k�¼ê, u´ù���¼ê

�,´ëY��¼ê. Ïd«mþ©ã½Â�ëY¼ê��¼ê�´Xd.

ÒO��¡5w, du3«mþ��¼ê�±��?¿~ê, Ïd��©ã¦Ñ�

¼ê��, ·�N���f«mþ�?¿~ê, Ò�±��3��½Â«mþ���ë

Y����¼ê, ,�é§\±?¿~êÒ��
¤�¦�Ø½È©.

SSSKKK 2166 ¦

∫
|x| dx.

) 1 ýé�¼ê y = |x| �@�´�{ü�©ãëY¼ê��. 3 x > 0 � y = x,

3 x 6 0 � y = −x, Ïd3 x > 0 �k∫
|x| dx = 1

2
x2 + C1,

3 x 6 0 �Kk
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∫
|x| dx = −

1
2

x2 + C2.

�
¦Ñ y = |x| 3 (−∞, +∞) þ�Ø½È©, �I�¦Ñ���¼ê F (x) �

\±?¿~ê=�. ,��¡, duØ½È©¥¹k?¿~ê, Ïd÷vþã�¦�

C1, C2 �)Ø´���.

du�È¼ê y = |x| ´ó¼ê, Ïd§��¼ê¥k���Û¼ê (�·K 3.1).

ù�·��±Uì F (0) = 0 �^�5(½§. l x > 0 �¤���L�ª5w, A�

C1 = 0; l x 6 0 �¤���L�ª5w, A�� C2 = 0. ù�Ò���¼ê

F (x) =

{ 1
2

x2, x > 0,

−
1
2

x2, x < 0.

2òd F (x) ��
1
2

x|x|, K�K��Y�
∫
|x| dx = 1

2
x|x| + C. �

) 2 éuýé�¼ê y = |x|, �±|^ |x| = sgn x · x ¦ÈXe:∫
|x| dx =

∫
sgn x · xdx

= sgnx

∫
xdx = sgn x ·

1
2

x2 + C

= 1
2

x|x| + C. �

5 ) 2 L¡þé{ü, �3nØþ�3"�. Ù¥ò sgnx lÈ©ÒeJÑ�È

©Òc, ùq�´Ø½È©5� ∫
cf(x) dx = c

∫
f(x) dx

�A^. , sgn x ¿�´~�¼ê, Ïd) 2 �ù�Ú�é x > 0 Ú x < 0 ©Ok�,

éu x = 0 ´vk¿Â�.

äN5`, ùpkó,5. du F (x) = sgnx ·
1
2

x2 ©O3«m x < 0 Ú x > 0 þ

´ |x| ��¼ê, Ó�ù�L�ªT|q3: x = 0 k½Â, �ëY, ÏdJø
�(�

�Y.

SSSKKK 2170 ¦

∫
e−|x| dx.

) 3 x < 0 Ú x > 0 �©O¦È��

F1(x) = ex + C1, x < 0,

F2(x) = −e−x + C2, x > 0.

�SK 2166 aq, Ø�Uì3: x = 0 ?�u 0 �òÿ�¦À�~ê C1, C2, u´��

C1 = −1, C2 = 1. dd����¼ê (�Û¼ê) �:

F (x) =

{

ex − 1, x < 0,

−e−x + 1, x > 0.
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u´�K��Y� ∫
e−|x| dx = − sgnx · (e−|x| − 1) + C. �

SSSKKK 2171 ¦

∫
max{1, x2} dx.

) 1 ò x2 � 1 '�, ���K��È¼ê�±3n�«m (−∞,−1), [−1, 1] Ú

(1, +∞) þ©O½Â� x2, 1 Ú x2. u´�©OÈ©��
1
3

x3+C1, x+C2 Ú
1
3

x3+C3.

Ù¥n�~ê C1, C2, C3 A�ÀJ¦�¼ê

F (x) =























1
3

x3 + C1, x < −1,

x + C2, − 1 6 x 6 1,

1
3

x3 + C3, x > 1

3f«m�ü�©.: ±1 ?ëY.

duØ½È©¥¹k��?¿~ê, Ïd÷vþã�¦�n�~ê C1, C2, C3 �)

Ø´���. du�È¼ê�ó¼ê, �SK 2166, 2170 aq, Ø�l^� F (0) = 0 m

©. dd��A� C2 = 0. ,�l F (−1 − 0) = F (−1) = −1 �±(½ C1 = −
2
3

. �

�l F (1 + 0) = F (1) = 1 �±(½ C3 = 2
3

. \þ?¿~ê C �, �K��Y�:

∫
max{1, x2} dx =























1
3

x3 −
2
3

+ C, x < −1,

x + C, − 1 6 x 6 1,

1
3

x3 + 2
3

+ C, x > 1.

�

) 2 ±e�{¥�3�², §L²3¦^SK 2166 �) 2 ¥��{�7L�%.

�Ñ±eð�ª (ëw1�þSK 749 �) 2):

max{1, x2} = 1
2

(1 + x2) + 1
2
|1 − x2|,

u´Òk ∫
max{1, x2} dx =

∫
[

1
2

(1 + x2) + 1
2
|1 − x2|

]

dx

= 1
2

(x + x3

3
) + 1

2
sgn(1 − x2)

∫
(1 − x2) dx

= 1
2

(x + x3

3
) + 1

2
sgn(1 − x2)(x −

x3

3
) + C.

�ùw,´�Ø�, Ï�þã1��3 x = ±1 ?þØëY. þª�>´�¼ê�N, 

m>´3 ±1 ?þØëY���¼ê�?¿~ê�Ú, �ªØU¤á.

¯K3u$�L§¥��ª∫
sgn(1 − x2) · (1 − x2) dx = sgn(1 − x2)

∫
(1 − x2) dx

ØU¤á. 2£�SK 2166 �) 2 ¥�aq�ª, ��§3@p¤á´kó,5�, Ï

�3@pØëY:´ x = 0, ò sgn x �È©

∫
xdx �¦ (�3 x = 0 òÿ) ��TÐ¦

������¼êëY.
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Uì) 1 �aq�{�±O���

∫
sgn(1 − x2) · (1 − x2) dx =























−x + 1
3

x3 −
4
3

+ C, x < −1,

x −
x3

3
+ C, − 1 6 x 6 1,

−x + 1
3

x3 + 4
3

+ C, x > 1,

,��c¡�(JÜ¿, Ò�±���) 1 �Ó��Y. �ù��5�){Òvk�o

`:
. �

SSSKKK 2172 ¦

∫
ϕ(x) dx, Ù¥ ϕ(x) �ê x ��C�ê�ål 1© .

) 1 du ϕ(x) ´±Ï�u 1 �±Ï¼ê, Ïdk?Ø«m [0, 1] þ��¹.

3 [0, 1] þk

ϕ(x) =







x, 0 6 x 6
1
2

,

1 − x,
1
2

< x 6 1,

Ïd���¦Ñ3 [0, 1] þ��¼ê, P�

F0(x) =











1
2

x2 + C0, 0 6 x 6
1
2

,

−
x2

2
+ x −

1
4

+ C0,
1
2

< x 6 1,

Ù¥ −
1
4

5gu F0(x) 3: x = 1
2

�ëY5, C0 ��?¿~ê. ��¦ F (0) = 0, K

�~ê C0 = 0. ±e�âù��¦5¦Ñ½Âu (−∞, +∞) þ����¼ê.

|^ ϕ(x) ´±Ï� 1 �±Ï¼ê, éz���ê n, 3«m [n, n + 1] þ^��

t = x − n, Ò�±¦Ñ3T«mþ��¼ê, P�

Fn(x) =











1
2

(x − n)2 + Cn, n 6 x 6 n + 1
2

,

−
(x − n)2

2
+ (x − n) − 1

4
+ Cn, n + 1

2
< x 6 n + 1,

Ù¥ Cn ��½~ê.

�âëY5�¦, éz���ê n A�÷v^�

Fn(n + 1) = Fn+1(n + 1),

|^þãL�ª=���
1
4

+ Cn = Cn+1. du®�½
 C0 = 0, ÏdÒ�±8B/

(½Ñ Cn = n
4

.

ù�Ò��
÷v^� F (0) = 0 ��¼ê F (x):

F (x) =











1
2

(x − [x])2 +
[x]
4

, [x] 6 x 6 [x] + 1
2

,

−
(x − [x])2

2
+ (x − [x]) − 1

4
+

[x]
4

, [x] + 1
2

< x 6 [x] + 1,

1© ¼ê ϕ(x) �AÛL«�1�þN¹�¥�SK 362(e) �ã�. �´3@p^PÒ (x) L«�K�

ϕ(x), 3�K�¦)��Y¥·�^ (x) L«¢ê x ��êÜ©, =k (x) = x − [x].
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Ø½È©� F (x) + C. �

) 2 Uì1nÙ�m©y²�·K 3.1, �K��È¼ê´±Ï� 1 �±Ï¼ê

ϕ(x), Ïd§��¼êd±Ï� 1 �±Ï¼ê��5¼ê�Ú|¤. ±e��©O¦Ñ

§�2�\=�.

3±Ï�Ý�«m [0, 1] þ, ��È©Ò��÷v F (0) = 0 ��¼ê�L�ª�

F (x) =











1
2

x2, 0 6 x 6
1
2

,

−
x2

2
+ x −

1
4

,
1
2

< x 6 1.

l·K 3.1 ��, |^ T = 1 Ú F (1)− F (0) = 1
4

, Ò�(½Ñþã�5��
1
4

x. §é

uz���¼êÑ´�Ó�.

l F (x) 3 [0, 1] þ�L�ª~��5�, ,�2Uì±Ï 1 �±Ïòÿ, ��

3 (−∞, +∞) þ�±Ï� 1 �±Ï¼ê. läNö�5`, ��ò [0, 1) þ� x ��

x − [x] = (x) =�. ù�Ò���¼ê�±Ï�, P� T (x):

T (x) =







1
2

(x)2 − 1
4

(x), 0 6 (x) 6
1
2

,

−
1
2

(x)2 + 3
4

(x) − 1
4

,
1
2

< (x) < 1.

u´�K��YÒ´ ∫
ϕ(x) dx = T (x) + 1

4
x + C. �

5 �K��Y��±Xe�¤�;n�/ª.

^ (x) − 1
2

5�Ñ F (x), K3 0 6 (x) 6
1
2

�k

F (x) = 1
2

(x)2 − 1
4

(x) + 1
4

x

= 1
2

[(x) − 1
2

]2 + 1
4

[(x) − 1
2

] + x
4

,

3
1
2

< (x) < 1 �Kk

F (x) = −
1
2

(x)2 + 3
4

(x) − 1
4

+ 1
4

x

= −
1
2

[(x) − 1
2

]2 + 1
4

[(x) − 1
2

] + x
4

.

Ü¿±þ, Ò�±ò�YU�¤3 (−∞, +∞) þ�Ú�L«�∫
ϕ(x) dx = −

1
2
|(x) − 1

2
| · [(x) − 1

2
] + 1

4
[(x) − 1

2
] + x

4
+ C.

3.6.4 ,,,KKK (SSSKKK 2176–2180.1)

ùp´�
�knØ5�½AÏa.�O�K.
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SSSKKK 2176 ¦

∫
xf ′′(x) dx.

) ^©ÜÈ©{Òk∫
xf ′′(x) dx =

∫
xd(f ′(x)) = xf ′(x) −

∫
f ′(x) dx

= xf ′(x) − f(x) + C. �

SSSKKK 2179(b) � f ′(ln x) =







1, 0 < x 6 1,

x, 1 < x < +∞,
� f(0) = 0, ¦ f(x).

) � t = lnx, |^éê¼ê�î�üN5=�¦Ñ�¼ê�L�ª�

f ′(t) =







1, −∞ < t 6 0,

et, 0 < t < +∞,

,�ò t UP� x, ¯KÒ´l©ã½Â��¼ê¦Ù�¼ê.

3ü�f«mþ©ã¦È, ��¼ê f(x) �©ãL�ª�

f(x) =
∫
f ′(x) dx =







x + C1, −∞ < x 6 0,

ex + C2, 0 < x < +∞,

Ù¥ C1, C2 �½. �â^� f(0) = 0 �� C1 = 0, q�âëY5 f(+0) = f(0) ��

C2 = −1, u´��©ã½Â�¼ê

f(x) =







x, −∞ < x 6 0,

ex − 1, 0 < x < +∞.
�

SSSKKK 2180 (���¼¼¼êêê���¦¦¦ÈÈÈúúúªªª) � f(x) �î�üN�ëY¼ê, f−1(x) �Ù�

¼ê. y²: e ∫
f(x) dx = F (x) + C,

K ∫
f−1(x) dx = xf−1(x) − F (f−1(x)) + C. (3.19)

ïÄ~f:

(a) f(x) = xn (x > 0); (b)f(x) = ex;

(c) f(x) = arcsinx; (d)f(x) = arctanhx.

) �KL², �¼ê�¦È$��±ÏLúª (3.19) 5¢y, Ù¥�©O^�¦

{!~{Ú¼ê�EÜ$�.

éTúª�>^©ÜÈ©{, ½éúªm>��¦�, ÑN´y²¤���ª. �

^¦��{��b�¼ê f(x) �´©ã��¼ê, =Ù½Â«m�©�k�½Ã��

f«m, ¦� f 3z�f«m�SÜÑ´���. du f Ó�qî�üNëY, ÏdÙ

�¼ê f−1 �´©ã��¼ê.
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�â §3.6.3 m©��©Û, ·��I�éf«mSÜy² (3.19) ¤á, �Ò�y§

3f«m�©.:þ¤á.

^©ÜÈ©{, Kk∫
f−1(x) dx = xf−1(x) −

∫
xd[f−1(x)].

��� t = f−1(x), Kk x = f(f−1(x)) = f(t), u´þªm>�È©Ò´

∫
f(t) dt, ù

�Ò�� ∫
f−1(x) dx = xf−1(x) −

∫
f(t) dt

= xf−1(x) − F (t) + C

= xf−1(x) − F (f−1(x)) + C.

±e� 4 �~f^u`²úª�^{. duÙ¥��¼ê�Ø½È©Ñ´Ù��,

Ïd¢Sþ�´éuúª (3.19) ��(5å�
�y��^.

(a) ù � f(x) = xn (x > 0), � ¼ ê f−1(x) = n

√
x (x > 0). � F (x) =

1
n + 1

xn+1 (x > 0), KÒk
∫

n

√
xdx = x n

√
x −

1
n + 1

[ n

√
x ]n+1 = n

n + 1
x n

√
x + C.

ùw,´�(�.

(b) ù� f(x) = ex, �¼ê f−1(x) = lnx (x > 0). � F (x) = ex, KÒk∫
lnxdx = x lnx − eln x + C = x lnx − x + C.

ù� §3.1.6 �SK 1791 ¥^©ÜÈ©{¦���Y�Ó.

(c) ù� f(x) = arcsinx, −1 < x < 1, �¼ê f−1(x) = sin x, − π
2

< x <
π
2

. l
∫
arcsinxdx = x arcsinx −

∫
xdx√
1 − x2

= x arcsinx +
√

1 − x2 + C,

�� F (x) = x arcsinx +
√

1 − x2, −1 < x < 1, ù�Ò��∫
sin xdx = xf−1(x) −

[

f−1(x) · arcsin(f−1(x)) +
√

1 − (f−1(x))2
]

+ C

= x sin x − sin x · x −
√

1 − sin2 x + C = − cosx + C.

��^�¼ê¦Èúª¤��(J���O��Ó.

(d) ù� f(x) = arctanhx, −1 < x < 1. Ù�¼ê� f−1(x) = tanhx, −∞ < x <

+∞. Uì §3.1.8 'u�V¼ê��¼êúª (3.11), kL�ª

arctanhx = 1
2

ln
(

1 + x
1 − x

)

, x ∈ (−1, 1),

u´�¦ÈXe:
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∫
arctanhxdx =

∫
1
2

ln
(

1 + x
1 − x

)

dx = 1
2

∫
ln(1 + x) dx −

1
2

∫
ln(1 − x) dx

= 1
2

[(1 + x) ln(1 + x) + (1 − x) ln(1 − x)] + C

= 1
2

x ln
(

1 + x
1 − x

)

+ 1
2

ln(1 − x2) + C.

±e�

F (x) = 1
2

x ln
(

1 + x
1 − x

)

+ 1
2

ln(1 − x2).

,�Uì�¼ê�È©úª��∫
tanhxdx = xf−1(x) −

{

1
2

f−1(x) ln
( 1 + f−1(x)

1 − f−1(x)

)

+ 1
2

ln[1 − (f−1(x))2]
}

= x tanhx −
1
2

tanhx · ln
(

1 + tanhx
1 − tanhx

)

−
1
2

ln(1 − tanh2 x).

|^V��¼ê�ð�ª 1 − tanh2 x = 1

cosh2
x

(� §3.1.8 � (3.10)), ÒN´O�

��Xe�ª:
1
2

ln
(

1 + tanhx
1 − tanhx

)

= ln(sinhx + coshx) = x,

1
2

ln(1 − tanh2 x) = − ln cosh x.

Ü¿±þ(JÒ�� ∫
tanhxdx = ln coshx + C,

ù���O��>�È©¤���(J���Ó. �
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SSSNNN{{{000 �Ù´��È©Æ�Ø%, Ù¥ §4.1–§4.3�½È©�Ä�nØ, §4.4

�2ÂÈ©, §4.5–§4.10�½È©3AÛ�Ôn�¡�A^, §4.11�½È©�CqO�.

§4.1 ½½½ÈÈÈ©©©´́́ÈÈÈ©©©ÚÚÚ���444��� (SSSKKK 2181–2205)

SSSNNN{{{000 �!�SK�©�±eÜ©: 'uÈ©Ú (=iùÚ) 9Ù4��O�

K!k'È©��
nØKÚ'u¼ê�È5�½�SK.

4.1.1 iiiùùùÚÚÚ999ÙÙÙ444��� (SSSKKK 2181–2192)

½È©´ÏLiùÚ�4�5½Â�. � f(x) 3 [a, b] þk½Â, eé?¿©

y P : a = x0 < x1 < · · · < xn = b, ±9�©y�N�?¿0:8 ξi ∈ [xi−1, xi],

i = 1, 2, · · · , n, �©y�[Ý ‖P‖ = max
16i6n

∆xi → 0 �, iùÚÂñu,�ê I, K¡

f(x) u [a, b] þ�È, ¿òù�4��½Â� f(x) 3 [a, b] þ�½È©, P�∫
b

a

f(x) dx
def
= lim

‖P‖→0

n
∑

i=1

f(ξi)∆xi = I.

3 f u«m [a, b] þ�È�cJe, ���[Ýªu 0 ���AÏ©y, Ó��½

�©y�N�0:, ù������iùÚ Sn ÒÂñu½È©

∫
b

a

f(x) dx. e¡l�{

ü�iùÚO�m©.

SSSKKK 2181 r«m [−1, 4] ©� n ����f«m, ¿

�ù
f«m¥:��I��0: ξi (i = 1, 2, · · · , n) �

�. ¦¼ê f(x) = 1 + x 3d«mþ�iùÚ Sn.

) f«m�Ý� ∆x = 5
n

, 1 i �f«m�
[

− 1 +

5
n

(i − 1),−1 + 5
n

i
]

, �0: ξi�f«m�¥:, =

ξi = −1 + 5
n

(

i −
1
2

)

, i = 1, · · · , n,

K=�¦Ñdd©yÚ0:(½�iùÚ

x

y

O 1 2 3 4−1

1

2

3

4

5

−1

1

SK 2181 �Nã

Sn =

n
∑

i=1

[

1 +
(

− 1 + 5
n

(

i −
1
2

))]

·
5
n

= 25
n2

n
∑

i=1

(

i −
1
2

)

= 25
2

.

lNã��, duz�f«méA���F/¡ÈTÐ�u ∆x � f(ξi) �¦È

(3Nã¥IÑ
����F/9Ù¥�), Ïd¤���iùÚ®²´Nã¥æ±�Ú

�����n�/�¡È, �Ò´½È©

∫
4

−1

(1 + x) dx. �
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SSSKKK 2185 Uì½È©�½ÂO�

∫
2

−1

x2 dx.

) ò«m [−1, 2] � n �©, Kf«m� ∆x = 3
n

. �0: ξ �f«m [xi−1, xi]

�mà:, = ξi = −1 + 3i
n

, i = 1, 2, · · · , n, KÒ��iùÚ

Sn =

n
∑

i=1

ξ2
i
∆x = 3

n

n
∑

i=1

(

1 −
6
n

i + 9
n2

i2
)

= 3 −
18
n2

n
∑

i=1

i + 27
n3

n
∑

i=1

i2

= 3 −
9(n + 1)

n
+ 9

2
·

(n + 1)(2n + 1)

n2
,

Ù¥|^
c n ���ê�Ú9Ù²��Ú�úª, =5SK86�SK 1 Ú 2.

é±þiùÚ�4�, ��k

∫
2

−1

x2 dx = lim
n→∞

Sn = 3 − 9 + 9 = 3. �

SSSKKK 2187 Uì½È©�½ÂO�

∫ π
2

0

sin xdx.

) ò«m [0,
π
2

] � n �©, f«m� ∆x = π
2n

. �0:�f«m [
(i − 1)π

2n
,

iπ
2n

]

�mà:, = ξi = iπ
2n

, i = 1, 2, · · · , n, KÒ��iùÚ

Sn =

n
∑

i=1

sin ξi ∆x = ∆x

n
∑

i=1

sin(i∆x) = ∆x

sin ∆x
2

n
∑

i=1

sin(i∆x) sin ∆x
2

= ∆x

2 sin ∆x
2

n
∑

i=1

[

cos
(

i −
1
2

)

∆x − cos
(

i + 1
2

)

∆x
]

= ∆x

2 sin ∆x
2

[

cos
(

1
2

∆x
)

− cos
(

n + 1
2

)

∆x
]

.

(ë� §2.1.4 �SK 1024(b) ¥éÚª sin x + sin 2x + · · · + sin nx �O�.)

3þãiùÚ¥�\ ∆x = π
2n

, - n → ∞, =k

∫ π
2

0

sin xdx = lim
n→∞

Sn = cos 0 − cos π
2

= 1. �

SSSKKK 2189 Uì½È©�½ÂO�

∫
b

a

dx

x2
(0 < a < b).

) 1 ò«m [a, b] ���å©y, ¦�Ù©:�î�I¤��'ê�, =k

P = {a, aq, aq2, · · · , aqn},

Ù¥ aqn = b, ú' q =
n

√

b
a

. q�0: ξi �f«m [aqi−1, aqi] �mà:, = ξi = aqi.

KiùÚ�:

Sn =

n
∑

i=1

1
ξ2
i

∆xi =

n
∑

i=1

a−2q−2i(aqi − aqi−1)

= 1
a

n
∑

i=1

q−i−1(q − 1) = 1
a

(q−1 − q−n−1) = 1
aq

(

1 −
1
qn

)

.
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ò q =
n

√

b
a

�\, - n → ∞, Ò��

∫
b

a

dx

x2
= lim

n→∞

Sn = 1
a

(

1 −
a
b

)

= 1
a

−
1
b

. �

) 2 Uì5SK86�J«, éu©y a = x0 < x1 < · · · < xn = b, ∆xi =

xi − xi−1, i = 1, · · · , n, 3 [xi−1, xi] ¥�0: ξi =
√

xi−1xi, i = 1, · · · , n. ù�Òk

Sn =

n
∑

i=1

1
ξ2
i

∆xi =

n
∑

i=1

xi − xi−1

xi−1xi

=

n
∑

i=1

(

1
xi−1

−
1
xi

)

= 1
a

−
1
b

.

ùL²éù��©yÚ0:5`, iùÚ�~�, Ïde± n�ëê�©y� n → ∞

��[Ýªu 0 (�{ü�Ò´«m [a, b] ��å©y), �Òk

∫
b

a

dx

x2
= 1

a
−

1
b

. �

5 SK 2189 �ü«�{é����¼ê�¦ÈÑk�, ë�5SK86�SK

2190 (¦
∫

b

a
xm dx (0 < a < b, m 6= −1)) ÚSK 2191 (¦

∫
b

a
x−1 dx (0 < a < b)).

) 1 ¦^©:¤�AÛê��©y, 0:��f«m�mà: (½�à:), l¦

�iùÚ�O�'�N´. ) 2 Kæ�AÏÀJ�0:, ©y�±´?¿�. 3��

!���¬�Ñ§�?�Ú�¿Â.

SSSKKK 2192 (ÑÑÑtttÈÈÈ©©©) O�∫π

0

ln(1 − 2α cosx + α2) dx,

�Äü«�/: (a) |α| < 1; (b) |α| > 1.

) ò«m [0, π] � n �©, ¿�0: ξk � [xk−1, xk] �mà:, =k ∆x = π
n

,

ξk = kπ
n

, k = 1, · · · , n, u´iùÚ�

Sn =

n
∑

k=1

ln(1 − 2α cos ξk + α2)∆x = π
n

· ln
(

n
∏

k=1

(1 − 2α cos kπ
n

+ α2)
)

. (4.1)

ùpI�
)L�ª 1 − 2α cosx + α2 �AÛ¿Â. ò§��

1 − 2α cosx + α2 = (α − cosx)2 + (sin x)2

= [α − (cos x + i sinx)] · [α − (cosx − i sin x)] = (α − eix) · (α − e−ix),

=3E²¡¥�¢ê¶þ�: (α, 0) �ü �þ: eix = cosx + i sin x �ål²�, §

q�L«��é�ÝEê�¦È. du |α| 6= 1, ù�¦Èo´�u 0 �.

|^�§ α2n − 1 = 0 � 2n ��´ü �þl α = 1 m©� 2n ��©:éA�

Eê, �KÙ¥� ±1 ü����, Ò´ e
±ikπ

n = e±iξk , k = 1, · · · , n − 1. §�´�0

: ξ1, · · · , ξn−1 éA� n − 1 é�ÝEê. ξn = π KéAuü �þ�: −1.

u´�±|^e�Ïª©)

α2n − 1 = (α2 − 1) ·
n−1
∏

k=1

(α − eiξk)(α − e−iξk),

ò (4.1) ª¥�¦ÈL«�
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n
∏

k=1

(1 − 2α cos kπ
n

+ α2) =
[

n−1
∏

k=1

(α − eiξk)(α − e−iξk)
]

· (α + 1)2

= α2n − 1
(α − 1)(α − (−1))

· (α + 1)2 = (α2n − 1) ·
(

α + 1
α − 1

)

.

òdª�\ (4.1), ¿- n → ∞, Ò��∫π

0

ln(1 − 2α cosx + α2) dx = lim
n→∞

π
n

(

ln |α2n − 1| + ln
∣

∣

∣

α + 1
α − 1

∣

∣

∣

)

= π lim
n→∞

ln |α2n − 1|
n

.

dd���: (a) |α| < 1 �, È©� 0; (b) |α| > 1 �, È©� 2π ln |α|. �

5 |^∫π

0

ln(1 − 2α cosx + α2) dx = 2π ln |α| +
∫π

0

ln
(

1 −
2
α

cosx + 1
α2

)

dx

=�wÑ, 3 |α| < 1 Ú |α| > 1 �ü�(J¥, ������, Ò�±íÑ,��.

�( Xc¤`, ^iùÚ5O�½È©�, ��À���AÏ�©yÚ0:=�,

�XÛ¦Ù4�K  ��(J. Ø
AO{ü��
SK (~XSK 2181) �	, Ñ

I��éäN��È¼êÚÈ©«mæ�AÏ��{.

��5¿�´SK 2189 �) 2, Ù¥é?¿©yæ�|©ÀJ�0:Ò)û
¯

K. e¡?Øù«�{´ÄU
í2����½È©O�.

� f(x) 3 [a, b] þ�È, �k�¼ê F (x), u´3«mþ??¤á F ′(x) = f(x).

£�SK 2189 �) 2, ��§��u3�½©y a = x0 < x1 < · · · < xn = b ��,

3z�f«m [xi−1, xi] SÀ��0: ξi ÷v�ª

f(ξi) (xi − xi−1) = F (xi) − F (xi−1).

�â.�KF�©¥�½n, 3f«m [xi−1, xi] ¥ù��0: ξi ´�½�3�.

,ù´3®��¼ê�cJeâU���(Ø. 3SK 2189 ¥��È¼ê´
1
x2

, Ïd���¼ê F (x) = −
1
x

. ù�þã�ªÒC¤�

F (xi) − F (xi−1)
xi − xi−1

=

1
xi−1

−
1
xi

xi − xi−1

= 1
xi−1xi

= 1
ξ2
i

,

l�� ξi =
√

xi−1xi.

éu�� f(x) k�¼ê F (x) ����¹, ù�Òk

n
∑

i=1

f(ξi)∆xi =

n
∑

i=1

[F (xi) − F (xi−1)] = F (b) − F (a),

u´e^[Ýªu 0 ���©y, ¿�4�, ù�Òí�Ñ∫
b

a

f(x) dx = F (b) − F (a).

ùÒ´½È©O��Ì�óä——Úî–4ÙZ]úª, �¡��È©ÆÄ�½n.
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dd��, 3U
¦Ñ�È¼ê f ��¼ê�cJe, �I�^þãúª=�O�

Ñ½È©. ��5`, |^SK 2189 �) 2 ¥��{´Ø7��, �´Ø�¢S�, Ï

�.�KF�©¥�½n¿ØUJø¥��O��{ (ë� §2.6.2 ¥�k'SK).

4.1.2 eeeZZZyyy²²²KKK (SSSKKK 2193.1–2193.4, 2198–2199, 2204)

ùpÑ´�½È©k'�nØy²K, SK 2205 K�������!¥)û. ù

�¡�SKéõ, ~X�ëw [34] �1�ÙÚ1��Ù�öSKÚë�K.

SSSKKK 2193.1 (Ù|d–ÚCr�½n) �¼ê f(x) 9 ϕ(x) 3 [a, b] þëY, y²:

lim
max |∆xi|→0

n
∑

i=1

f(ξi)ϕ(θi)∆xi =
∫
b

a

f(x) · ϕ(x) dx,

Ù¥ xi−1 6 ξi 6 xi, xi−1 6 θi 6 xi (i = 1, · · · , n), � ∆xi = xi−xi−1 (x0 = a, xn = b).

) du�ª�>�Úª¥Ñy
ü|0:, Ïd§Ø´iùÚ.

|^ f(x) · ϕ(x) 3«m [a, b] þ�È, �òþãÚª� f(x) · ϕ(x) �iùÚ�'�.

XJ�©y�[Ýªu 0 �, ü�Úª���4�� 0, KÒ��
¤��(Ø.

P M ´ |f | 3«m [a, b] þ�þ., qP ωi ´ ϕ 3©y P (½�f«m [xi−1, xi]

þ��Ì, i = 1, · · · , n, KÒk
∣

∣

∣

n
∑

i=1

f(ξi)ϕ(θi)∆xi −

n
∑

i=1

f(ξi)ϕ(ξi)∆xi

∣

∣

∣
6

n
∑

i=1

|f(ξi)| · |ϕ(θi) − ϕ(ξi)|∆xi

6 M

n
∑

i=1

ωi∆xi.

du ϕ(x) 3 [a, b] þ�È, - ‖P‖ = max |∆xi| → 0 =�þã4�� 0. �

5 �K¥�ü�¼ê f, ϕ 3 [a, b] þëY�^��~f��È, 3y²ü�Ú

ª��ªu 0 �, éu f �^�Ùk.5.

SSSKKK 2193.2 �¼ê f(x) 3 [0, 1] þk.�üN, y²:
∫
1

0

f(x) dx −
1
n

n
∑

k=1

f
(

k
n

)

= O
(

1
n

)

(n → ∞).

) �â� O PÒ�½Â, A�y²þª�>´��k.þ�
1
n

�¦È.

Ø�� f 3 [0, 1] þüN4O, ù�=�éþª�>�L�ª�OXe:

∣

∣

∣

∫
1

0

f(x) dx −
1
n

n
∑

k=1

f
(

k
n

)∣

∣

∣
6

n
∑

k=1

∫ k

n

k−1

n

∣

∣

∣
f(x) − f

(

k
n

)∣

∣

∣
dx

6

n
∑

k=1

∫ k

n

k−1

n

[

f
(

k
n

)

− f
(

k − 1
n

)]

dx

= 1
n

[f(1) − f(0)]. �
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5 3k.4«mþ�üN¼ê7½k., ÏdK�¥�k.5^�´õ{�.

SSSKKK 2193.3 (C�êØ�ª) � f(x) 34«m [a, b] þ�]¼ê, y²:

(b − a)
f(a) + f(b)

2
6

∫
b

a

f(x) dx 6 (b − a)f
(

a + b
2

)

.

('u]à¼ê�½ÂÚÄ��£� §2.8, AO´ §2.8.2 �SK 1312.)

) ©Oy²K¥��>Úm>�ü�Ø�ª.

|^]¼ê½Â¥�Ø�ª, =

f(λa + (1 − λ)b) > λf(a) + (1 − λ)f(b), 0 6 λ 6 1,

3½È©
∫
b

a

f(x) dx ¥��� x = λa + (1− λ)b, � x l a 4O� b �, λ l 1 4~� 0,

�k dx = (a − b) dλ, Ò�±Xe���>�Ø�ª:∫
b

a

f(x) dx = (b − a)
∫
1

0

f(λa + (1 − λ)b) dλ

> (b − a)
∫
1

0

[λf(a) + (1 − λ)f(b)] dλ = (b − a)
f(a) + f(b)

2
.

q|^]¼ê�| �½n (ë� §2.8.3 �·K 2.3), �3²L:
(

a + b
2

, f
(

a + b
2

))

�| �, �Ù�Ç� k, K3 [a, b] þÒ¤áØ�ª

f(x) 6 f
(

a + b
2

)

+ k
(

x −
a + b

2

)

.

òù�Ø�ª�ü>é x l a � b È©, ¿5¿�m>1��3 [a, b] þ�È©�u 0,

Ò��¤��m>�Ø�ª:∫
b

a

f(x) dx 6 (b − a)f
(

a + b
2

)

. �

5 1 XNã¤«, C�êØ�ª3AÛþk

�~�*�AÛ¿Â, =´d f(x) (a 6 x 6 b)

( ½ �  > F / � Y 3 ü � � � F / � m, §

�©Odé( (a, f(a)) Ú (b, f(b)) ���Ú3:
(

a + b
2

, f
(

a + b
2

))

�| �)¤. u´§��¡

È�m�¤á�A�Ø�ª, =C�êØ�ª.

ùpN�`�eeØ|^| �9Ù·K 2.3,

K�±Xey²m>�Ø�ª.

x

y

O

b

b

b

a b

(b; f (b))

(a; f (a))

(
a + b

2
; f (

a + b

2
))

SK 2193.3 �Nã

|^
a + b

2
Ø=´: a Ú b �¥:, �´ a + λ(b − a) Ú b− λ(b− a) �¥:, ùé

z�� λ ∈ [0, 1] Ñ´Xd. u´éu]¼ê f ¤áØ�ª

1
2

[f(a + λ(b − a)) + f(b − λ(b − a))] 6 f
(

a + b
2

)

,

,�òØ�ªü>é λ l 0 È©� 1, ¿é�>�ü�È©©O��� x = a + λ(b− a)

Ú x = b − λ(b − a), =���m>�Ø�ª.
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5 2 �KØ=´]¼ê�Ä�Ø�ª��, ���±y², e3«m I þ½Â

�¼ê f é«m¥?Ûü:Ñ¤áC�êØ�ª¥�m>�Ø�ª (½�>�Ø�ª),

K f ´«m I þ�]¼ê. �ó�, C�êØ�ª¥�z��Ñ´¼ê�]¼ê�¿©

7�^� (� [34] 1��Ù1�|ë�K 7). d	, eò f �� −f , Ø�ª��, KÒ

��à¼ê�C�êØ�ª.

5 3 dSK 2193.3 �Nã�±í�, k.4«mþ�]¼ê (Úà¼ê) 7½k

., Ïd�K¥�k.5^�´õ{�.

SSSKKK 2193.4 � f(x) ∈ C(2)[1, +∞), �� x ∈ [1, +∞) � f(x) > 0, f ′(x) >

0, f ′′(x) 6 0. y²: � n → ∞ �
n

∑

k=1

f(k) = 1
2

f(n) +
∫
n

1

f(x) dx + O(1).

) lK�^���, ¼ê y = f(x) �ã�3 Ox ¶�þ�, üN4O, �]¼ê.

XNã¤«, È©
∫
n

1

f(x) dx �L
� y = f(x) (1 6 x 6 n) e��>F/�¡È,

§�±©)� n − 1 �°Ý� 1 �>F/. |^ f üN4O, ÒkØ�ª

f(k) 6

∫
k+1

k

f(x) dx 6 f(k + 1).

,ùéu�K�´Ø
�. �
��¤�¦��O, ��|^ f �]¼ê�^�. �

d�éz��°Ý� 1 �>F/¦^þ��SK¥�C�êØ�ª.

x

y

O 1 2 k k+1 n−1 n

SK 2193.4 �Nã

ù�Òé k = 1, · · · , n − 1 k

f(k) + f(k + 1)
2

6

∫
k+1

k

f(x) dx 6 f(k + 1
2

).

òù n − 1 �Ø�ª�\, Ò��

1
2

f(1) + f(2) + · · · + f(n − 1) + 1
2

f(n) 6

∫
n

1

f(x) dx

6 f( 3
2

) + f( 5
2

) + · · · + f( 2n − 1
2

).

ù���¡k ∫
n

1

f(x) dx + 1
2

f(n) >

n
∑

k=1

f(k) − 1
2

f(1),
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,��¡2g|^ f �]5Ú4O5, ���∫
n

1

f(x) dx + 1
2

f(n) 6
1
2

f( 3
2

) + 1
2

[f( 3
2

) + f( 5
2

)] + · · ·

+ 1
2

[f( 2n − 3
2

) + f( 2n − 1
2

)] + 1
2

f( 2n− 1
2

) + 1
2

f(n)

6
1
2

f( 3
2

) + f(2) + · · · + f(n − 1) + f(n)

6

n
∑

k=1

f(k) + [ 1
2

f( 3
2

) − f(1)].

Ü¿±þÒ��¤��(Ø:∫
n

1

f(x) dx + 1
2

f(n) −

n
∑

k=1

f(k) = O(1). �

SSSKKK 2193.5 � f(x) ∈ C(1)[a, b],

∆n =
∫
b

a

f(x) dx −
b − a

n

n
∑

k=1

f
(

a + k
b − a

n

)

,

¦ lim
n→∞

n∆n.

) ò [a, b] ��å©y, P©: xk = a + k
b − a

n
, k = 0, 1, · · · , n, Kk ∆xk =

b − a
n

(k = 1, · · · , n), ,�ò n∆n �©:

n∆n = n
(

∫
b

a

f(x) dx −
b − a

n

n
∑

k=1

f(xk)
)

= n
(

n
∑

k=1

∫
xk

xk−1

[f(x) − f(xk)] dx
)

= n
(

n
∑

k=1

∫
xk

xk−1

f ′(ξk)(x − xk) dx
)

.

|^ f ′ 3 [a, b] þëY, P mk Ú Mk � f ′(x) 3f«m [xk−1, xk] þ����Ú��

�, KÒk

−n

n
∑

k=1

Mk

∫
xk

xk−1

(xk − x) dx 6 n∆n = n
(

n
∑

k=1

∫
xk

xk−1

f ′(ξk)(x − xk) dx
)

6 −n

n
∑

k=1

mk

∫
xk

xk−1

(xk − x) dx.

dué k = 1, · · · , n þk∫
xk

xk−1

(xk − x) dx = 1
2

(∆xk)2 = b − a
2n

∆xk,

ÏdÒkØ�ª

−
b − a

2

n
∑

k=1

Mk∆xk 6 n∆n 6 −
b − a

2

n
∑

k=1

mk∆xk.

duþª�mü>�ÚªÑ´ f ′(x) 3 [a, b] þ�iùÚ, Ïd� n → ∞ �k�Ó�4

�, lÒ��

lim
n→∞

n∆n = −
b − a

2

∫
b

a

f ′(x) dx = −
1
2

(b − a)[f(b) − f(a)]. �
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SK 2198–2199 L², 3È©%C�¿Âþ, ?Û�È¼êÑ�±©O^�F¼ê

ÚëY¼ê5%C, ù3nØþÚO�þÑ´��. (ë�ùü�SK�Nã.)

SSSKKK 2198 �¼ê f(x) 3«m [a, b] þ�È, �

fn(x) = sup f(x) (xi−1 6 x < xi, i = 1, · · · , n),

Ù¥ xi = a + i
n

(b − a) (i = 0, 1, · · · , n; n = 1, 2, · · · ), y²:

lim
n→∞

∫
b

a

fn(x) dx =
∫
b

a

f(x) dx.

) 3z��f«mþ (�UØ
à:�	) ���~ê�¼ê¡��F¼ê.

du3 [xi−1, xi) þ� fn(x) ���Ò´ f(x) 3Tf«mþ�þ(., ÏdØ
à

: xi �	, fn � f ��Ø¬�L f 3ù�f«mþ��Ì ωi, ù�Ò�±�O f Ú fn

�È©��Xe:
∣

∣

∣

∫
b

a

fn(x) dx −

∫
b

a

f(x) dx

∣

∣

∣
6

n
∑

i=1

∫
xi

xi−1

|fn(x) − f(x)| dx

6

n
∑

i=1

ωi ∆xi,

Ïdl f 3 [a, b] þ�ÈÒ��� n → ∞ �þª4�� 0. �

x

y

O
a b

SK 2198 �Nã

x

y

O

b

b b

b b

b

a b

SK 2199 �Nã

SSSKKK 2199 y ²: e ¼ ê f(x) 3 « m [a, b] þ � È, K � 3 ë Y ¼ ê S �

ϕn(x) (n = 1, 2, · · · ), ¦�3 a 6 c 6 b �∫
c

a

f(x) dx = lim
n→∞

∫
c

a

ϕn(x) dx.

) ò«m [a, b] � n �©, P xi = a + i
n

(b − a), i = 0, 1, · · · , n.

éu i = 1, · · · , n, 3f«m [xi−1, xi] þ^é(: (xi−1, f(xi−1)) Ú: (xi, f(xi))

���5%C� y = f(x), ùÒ´½Â

ϕn(x) = f(xi−1) +
x − xi−1

xi − xi−1

[f(xi) − f(xi−1)], xi−1 6 x 6 xi.

duù�½Â�¼ê ϕn(x) Ø=3 [a, b] þëY, �3z��f«m [xi−1, xi] þ

���Ñ0u f(x) 3Ó��f«mþ�þ(.Úe(.�m, Ïd |ϕn(x) − f(x)| Ø

�L f 3f«mþ��Ì ωi. u´� a 6 c 6 b �Ò�±�O ϕn Ú f �È©��Xe:
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∣

∣

∣

∫
c

a

ϕn(x) dx −

∫
c

a

f(x) dx

∣

∣

∣
6

∫
c

a

|ϕn(x) − f(x)| dx

6

∫
b

a

|ϕn(x) − f(x)| dx

6

n
∑

i=1

∫
xi

xi−1

|ϕn(x) − f(x)| dx 6

n
∑

i=1

ωi ∆xi,

Ïdl f 3 [a, b] þ�ÈÒ��� n → ∞ �þª�4�� 0. �

SSSKKK 2204 (ÈÈÈ©©©���ëëëYYY555) �¼ê f(x) 34«m [A, B] þ�È, y²: ¼ê f(x)

kÈ©ëY5, =

lim
h→0

∫
b

a

|f(x + h) − f(x)| dx = 0,

Ù¥ [a, b] ⊂ (A, B).

) (�KkA«y²�{. ±e�g´´|^SK 2199, ò¯K8(�éuëY

¼ê5y²È©ëY5, ù´'�N´�.)

^� [a, b] ⊂ (A, B) �Ò´ A < a < b < B. §�y, 3 |h| < min{a − A, B − b}

�, f(x + h) 3 x ∈ [a, b] �ok¿Â 1©.

�¼ê ϕ(x) 3«m [A, B] þ�È, KlØ�ª

|f(x + h) − f(x)| 6 |f(x + h) − ϕ(x + h)| + |ϕ(x + h) − ϕ(x)| + |ϕ(x) − f(x)|

��, §��È©k�A�Ø�ª:∫
b

a

|f(x + h) − f(x)| dx 6

∫
b

a

|f(x + h) − ϕ(x + h)| dx +
∫
b

a

|ϕ(x + h) − ϕ(x)| dx

+
∫
b

a

|ϕ(x) − f(x)| dx.

(4.2)

e¡·�ò�y², éu?¿�½� ε > 0, �3 δ > 0, Ú,� ϕ ∈ C[A, B], ¦�

� |h| < δ �, þãØ�ª�m>�z��Ñ�u
ε
3

, lÒy²
¤��(Ø.

Äk�âSK 2199, �3«m [A, B] þ�ëY¼ê ϕ(x), ¦�¤á∫
B

A

|f(x) − ϕ(x)| dx <
ε
3

.

ù�ÒkØ�ª ∫
b

a

|f(x) − ϕ(x)| dx <
ε
3

.

Ó�, �� |h| < min{a − A, B − b}, Òk [a + h, b + h] ⊂ [A, B], l�¤áØ�ª∫
b

a

|f(x + h) − ϕ(x + h)| dx =
∫
b+h

a+h

|f(x) − ϕ(x)| dx <
ε
3

.

ù�3 (4.2) m>�1�Ú1n�ÒÑ�u ε/3.

���Ä (4.2) m>�1��. |^ ϕ(x) 3 [A, B] þëY, Ï��ëY, l

éÓ�� ε > 0, �3 δ > 0, ¦�� x′, x′′ ∈ [A, B], � |x′ − x′′| < δ �, ¤á

|ϕ(x′) − ϕ(x′′)| <
ε

3(b − a)
. ù�� |h| < min{δ, a− A, B − b} �, Òk

1© �K¥�^� [a, b] ⊂ [A, B] Ø
, A�U� [a, b] ⊂ (A, B).
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∫
b

a

|ϕ(x + h) − ϕ(x)| dx 6
ε
3

,

ù�Ò�¤
¤�¦�y². �

4.1.3 ¼¼¼êêê������ÈÈÈ555���½½½ (SSSKKK 2194–2197, 2200–2203)

Äkw�½«m [a, b] þ�¼ê f(x)�iù�È�A«~^�{.

du½È©��¯k�7��, �Uì½È©�½Â, ^iùÚ5�½��¼ê´

Ä�È´é(J�, $�´Ã{���. �d3���êÆ©Û��Ö¥ÑQã¿y²


ù�¡��~^�¿©7�^�, ·�ò§��e¡�·K.

···KKK 4.1 ¼ê f(x) 3«m [a, b] þiù�È�¿�^�´: é?¿�½� ε > 0,

�3 [a, b] ���©y P = {x0, x1, · · · , xn}, ¦�¼ê f(x) ��Ì¡È�u ε, =k

n
∑

i=1

ωi ∆xi < ε,

Ù¥ ωi = sup
xi−16x6xi

{f(x)}− inf
xi−16x6xi

{f(x)} ´ f(x) 31 i �f«m [xi−1, xi] þ��

Ì, i = 1, · · · , n.

·K 4.1 ���AÚ´��é���©y÷vþã^�, Ïd´'�Ð^��È5

OK. 3�õê��Ö¥Ñ´^§5y²«mþ�ëY¼ê!üN¼êÚ�3k�õ�

ØëY:�¼êþ�iù�È.

d·K 4.1 ��Ñe��¿�^�, §3Nõ�½�È�¯K¥���B.

···KKK 4.2 3«m [a, b] þ�k.¼ê f(x)�iù�È�¿©7�^�´: éu?

¿�½��é�ê ε, η > 0, �3 [a, b] ���©y, ¦��ÌØ�u η �f«m��Ý

�Ú�u ε.

dd��, ÃØ´½È©�½Â, �´þãü��È�¿�^�, Ñ´�©y�V

g�éX�. @o´Äk��â¼ê���5����½Ù�È�Ä��{Q?

ù���ÈOK´�3�. ù�¡·�ÞÑ±eü�(J. Ù¥1��´éBu¦

^�¿©5^�.

···KKK 4.3 �¼ê f 3«m [a, b] þk., XJ f �¤kØëY:�±^o�Ý?

¿��k��«mCX, K f �È.

ù�¡�r�´e�Í¶(J.

···KKK 4.4 (VVV������½½½nnn) 3«m [a, b] þk.�¼ê f �È�¿©7�^�´: f

�¤kØëY:�±^o�Ý?¿���õ���«mCX.
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5 éu�±^o�Ý?¿���õ���«mCX�:8, ·�¡�"ÿÝ8,

{¡�"8. e,�5�3�K��"8�	�z�:þ¤á, K¡d5�A�??¤

á. u´V��½n�Qã¤�: «mþk.¼êiù�È�¿�^�´A�??ëY.

·K 4.1 Ú 4.2 �y²3���êÆ©Û��Ö¥Ñk. ·K 4.4 ´¢©Û�§¥

7k�SN, ��uÜ©�#�êÆ©Û��Ö¥, ~X [8, 27, 36] �. d	��±ë

� [34] � §10.1. e¡�Ñ·K 4.3 �y².

·K 4.3 �y² �3«m [a, b] þ¤á |f(x)| < M . éu�½� ε > 0, �o�Ý

Ø�L ε
4M

�k��mf«mCX f �¤kØëY:. ù
m«m�Ö8´k��4

f«m. du f 3Ù¥�z��f«mþ??ëY, Ïd�3©y, ¦� f �ùk��

4f«méA��Ì¡È�Ú�u
ε
2

. ��òù
©y�c¡�k��mf«mÜ¿,

�� [a, b] ���©y, �§éA� f ��Ì¡È=�u ε. �

ùp��Ñ½È©���²~^��5�, ·�ò§�¤���íØ.

íØ ¼ê f(x) 3 [a, b] þ��È�Ä, ±93�È�¹��½È©�, ÑÚ f(x)

3T«mS�k��:þkÃ½Â½ök½Â����Ã'.

y k� f 3 [a, b] þk½Â��È. ù�e?U f 3k��:þ�¼ê�, K^

þã 4 �·K¥�?Û��Ñ�±y²?U��¼êE,�È. �uù��È©�, K

|^3�õk��:þØ�u 0 �¼ê�È©�7½´ 0, Ò��?Uc��¼ê�ü

�½È©��Ó.

dd��, e f 3 [a, b] S�k��:þvk½Â�, ·��±?¿�½ f 3ù


:þ���, ,��ÄÙ�È5Ú3�È��È©�. duùüö�þãk��:þ f

���Ã', Ïdéu3k��:þvk½Â�¼êE,�±�ÄÙ�È5Ú3�È

�O�ÙÈ©�.

éuØ�È�¹��^�y{=�. lÑ. �

e¡·��Ñ��!¥A�SK�)�.

SSSKKK 2194 y²: ØëY¼ê

f(x) = sgn
(

sin π
x

)

3«m [0, 1] þ�È.

) 1 (^·K 4.1) (XcãíØ¤«, f(x) 3 x = 0 ?Ã

½ÂØK�e¡�?Ø.) l¼ê f(x) �L�ª��: 1, 1
2

,

· · · , 1
n

, · · · ´���1�aØëY:,  x = 0 ´1�aØë

Y:. duù
ØëY:�k��à: x = 0,  f 3�¹T:

�?¿f«mþ��Ì� 2, Ïd�Xe�E©y (ë�Nã).

x

y

O 11

2

1

3

1

−1

SK 2194 �Nã

éu�½� ε > 0 (Ø��§®�u 1), � x1 = ε
4

. ù�3«m [x1, 1] þ f �

kk��ØëY:, Ïd�3ù�«m�©y {x1, x2, · · · , xn}, Ù¥ xn = 1, ¦�
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n
∑

i=2

ωi ∆xi <
ε
2

.

Ü¿±þÒ�� [0, 1] �©y {x0, x1, · · · , xn}, ¦� f ��Ì¡È
n

∑

i=1

ωi ∆xi = ω1 ∆x1 +

n
∑

i=2

ωi ∆xi = 2x1 +

n
∑

i=2

ωi ∆xi <
ε
2

+ ε
2

= ε.

ù�Òy²
¤��(Ø. �

) 2 (^·K 4.2) f 3�¹ x = 0 �f«mþ��Ì� 2, 3�¹Ù¦ØëY:�

4f«mþ��ÌØ�L 2, 3Ø¹ØëY:�4f«mþ��ÌÑ´ 0.

éu�½� ε, η > 0, Ø�� ε < 1 Ú η < 2. � x1 ¦� 0 < x1 <
ε
2

, �¦� x1 Ø

´ f �ØëY:. ù�, f 3 [x1, 1] ¥�k f �k��ØëY:, Ïd�È. d·K 4.2

�7�5��, �3«m [x1, 1] �©y P , ¦��ÌØ�u η �f«m��Ý�Ú�u
ε
2

. éu P �©:\\: 0 =��Ñ«m [0, 1] ���©y, ¦Ù¥�ÌØ�u η �f

«m´ P ¥�k�ùaf«m\þf«m [0, x1], Ïd§���Ý�Ú�u ε. �

) 3 (^·K 4.3) éu?¿�½� ε > 0, k^�u
ε
2

�m«mCX x = 0, ù�

{e�ØëY:�kk�õ�, Ïd�±�k��m«mCX, �¦�§��o�Ý�

�u
ε
2

. �â·K 4.3 �� f 3 [0, 1] þ�È. �

) 4 (^·K 4.4) éu�½� ε > 0, du f �ØëY:k���, ��^�Ý

�u
ε
2

�«mCXØëY: x = 0, ^�Ý�u
ε

2n+1
�«mCXØëY: x = 1

n
,

n = 1, 2, · · · , ù�Ò^o�Ý�u ε ����«mCX
¤k�ØëY:. �â·K

4.4 �� f 3 [0, 1] þ�È. �

SSSKKK 2195 y²: iù¼ê

ϕ(x) =







0, x�Ãnê,

1
n

, x = m
n

(m 9 n (n > 1)�p���ê)

3?Ûk��«mþ�È.

) 1 (^·K 4.2) duiù¼ê´±Ï 1 �±Ï¼ê, Ïd�Iy²§3 [0, 1] þ

�ÈÒ

 (ë� §1.7.3 �SK 736 �Nã).

éu�½� ε, η > 0, Ø�� η ∈ (0, 1). XSK 736 (TK?Øiù¼ê�ëY5)

¤«, 3 [0, 1] ¥±Q�©ê m/n L«�kn:¥, �kk��:�©1 n 6
1
η

(Ù¥

�¹: 0, 1). �´Ø¹ù
:�f«mþ�¼ê�ÌÑ�u η. ,��v
[�©y,

¦��¹±þk��:�f«m�Ý�Ú�u ε =�. �

) 2 (^·K 4.4) �âSK 736, iù¼ê�ØëY:�NÒ´kn:�N, k

n:�N�k��õ�, q���:8�"ÿÝ8, Ïd^V��½nÒ��iù¼ê

3?Ûk.«mþ�È. �
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SSSKKK 2197 y²: )|�X¼ê

χ(x) =







0, x�Ãnê,

1, x�knê

3?Û«mþØ�È.

) 1 (^·K 4.1) du3?Ûf«mþ χ(x) ��Ì� 1, ÏdÃØ^�o��©

y, ¤����Ì¡È�U´
n

∑

i=1

ωi ∆xi =

n
∑

i=1

∆xi = 1 − 0 = 1,

Ïd�â·K 4.1 (½·K 4.2), ¼ê χ(x) 3?Û«mþØ�È. �

) 2 (^·K 4.4) du χ(x) ??ØëY (�1�þ� §1.7.3 �SK 734), Ïd3

?Û«mþ χ(x) �ØëY:�NÒ´T«m��, §Ø�U^o�Ý�?¿���õ

���«mCX. �âV��½nÒ�� χ(x) 3?Û«mþØ�È. �

e¡ü�SK3���êÆ©Û��Ö¥Ñk, ùp��{ü©Û.

SSSKKK 2200 y²: ek.¼ê f(x) 34«m [a, b] þ�È, KÙýé� |f(x)| 3

[a, b] þ��È, ¿�
∣

∣

∣

∫
b

a

f(x) dx

∣

∣

∣
6

∫
b

a

|f(x)| dx.

©Û (du�È¼ê7½k., K¥�“k.”^�Ø7`.) �KküÜ©, =y

² |f(x)| �ÈÚ'uÈ©�Ø�ª. 3 |f | �È�cJe, ��òØ�ª −|f(x)| 6

f(x) 6 |f(x)| 3 [a, b] þÈ©=���¤��Ø�ª.

e¡wc�K.

�«�{´^n:Ø�ª
∣

∣|f(x′)| − |f(x′′)|
∣

∣ 6 |f(x′) − f(x′′)|,

ù�Ò�±��éuÓ��©y, 3f«m [xi−1, xi] þ |f(x)| ��ÌØ¬�L f(x) �

�Ì. ^·K 4.1 Ò�±l f(x) �ÈíÑ |f(x)| �È.

,�«�{´y², e x0 ´ f(x) �ëY:, K�´ |f(x)| �ëY: (ë� §1.7.3

�SK 746), Ïd |f(x)| �ØëY:�½´ f(x) �ØëY:. u´CX f(x) �ØëY

:8�«m�N��½CX
 |f(x)| �ØëY:8, ,�^V��½n=�.

d	, c�K��±w¤�e¡'uEÜ¼ê��È5SK 2202 �A~. �

SSSKKK 2201 � f(x) 3«m [a, b] þýé�È, =È©

∫
b

a

|f(x)| dx �3. ù�¼ê

3 [a, b] þ´Ä��È¼ê? ïÄ~f:

f(x) =







1, x�knê,

−1, x�Ãnê.
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©Û lSK¤Jø�~f��, �K��Y´Ø�½, =�3u,�«mþØ�

È�¼ê f(x), ,�ýé����� |f(x)| %�È.

du3êÆ©Û�§¥u«mþØ�È�¼ê~f�5Òé�, Ïd·�²~±

)|�X¼ê�Ñu:5�EØ�È�Ù¦~f. þ¡J«�~f¢SþÒ´

f(x) = 2
(

χ(x) − 1
2

)

,

�,��±�EÑäkXd5��Ù¦~f. �

SSSKKK 2202 �¼ê ϕ(x) 34«m [A, B] þk½Â¿ëY, ¼ê f(x) 3 [a, b] þ�

È, ¿�� a 6 x 6 b � A 6 f(x) 6 B. y²: ¼ê ϕ(f(x)) 3 [a, b] þ�È.

) 1 (^·K 4.2) éu?¿�½� ε, η > 0, |^ ϕ(x) 3 [A, B] þëY, Ï

��ëY, é η > 0, �3 δ > 0, ¦�� x′, x′′ ∈ [A, B] � |x′ − x′′| < δ �, ¤á

|ϕ(x′) − ϕ(x′′)| < η.

|^·K 4.2 ¥^��7�5, du f 3 [a, b] þ�È, éu ε, δ > 0 �3«m [a, b]

�©y, ¦�3d©ye¼ê f(x) ��Ì�L δ �f«m�Ý�Ú�u ε.

d δ ��{Ò��, 3¦� f(x) ��ÌØ�L δ �f«mþ, ¼ê ϕ(f(x)) ��Ì

Ø¬�L η. dd��, 3ùÓ��©ye, ¦�¼ê ϕ(f(x)) ��Ì�L η �f«m�

Ý�Ú�u ε. |^·K 4.2 ¥^��¿©5Ò�� ϕ(f(x)) 3 [a, b] þ�È. �

) 2 (^·K 4.4) e x0 ∈ [a, b] ´ f(x) �ëY:, K§�´ ϕ(f(x)) �ëY:. Ï

d ϕ(f(x)) �ØëY:�½´ f(x) �ØëY:. lCX
 f(x) �ØëY:8�«m

�N�CX
 ϕ(f(x)) �ØëY:8. ^V��½nÒ��l f(x) u [a, b] þ�È=�

íÑ ϕ(f(x)) 3 [a, b] þ�È. �

e��SKL², 3SK 2202 ¥¼ê ϕ(x) �ëY5^�´���. eò§~f�

�È, K(ØØ2¤á.

SSSKKK 2203 e¼ê f(x) 9 ϕ(x) �È, K¼ê f(ϕ(x)) ´Ä�7½�È? ïÄ~f:

f(x) =







0, x = 0,

1, x 6= 0,

ϕ(x)�iù¼ê (�SK 2195).

) Ø�½. dSK¤Jø�~f��, ù�EÜ¼ê f(ϕ(x)) ´)|�X¼ê,

§3?Û«mþÑØ�È. �

4.1.4 ÖÖÖ555 (SSSKKK 2205)

duSK 2205 �¿©5�9�È¼ê������5�, Ïd3ùp?Ø.
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SSSKKK 2205 �¼ê f(x) 34«m [a, b] þ�È, y²: �ª∫
b

a

f2(x) dx = 0

¤á�¿©7�^�´: ¼ê f(x) 34«m [a, b] þ�¤këY:?Ñk f(x) = 0.

) é7�5Ú¿©5©O�Ñy². cö'�N´, �öK��J.

7�5 ^�y{. �K¥�È©� 0, ,%�3 x0 ∈ [a, b], §´ f(x) �

ëY:, � f(x0) 6= 0, K�3 δ > 0, ¦�� x ∈ (x0 − δ, x0 + δ) ∩ [a, b] �, ¤á

f2(x) >
1
2

f2(x0) > 0.

du x0 = a ½ x0 = b �y²�N´, e¡Ø��?Ø x0 ´«m [a, b] �S:��

¹, ��®� δ > 0 ¿©�, ¦� (x0 − δ, x0 + δ) ⊂ [a, b]. u´Òk∫
b

a

f2(x) dx =
∫
x0−δ

a

f2(x) dx +
∫
x0+δ

x0−δ

f2(x) dx +
∫
b

x0+δ

f2(x) dx

>

∫
x0+δ

x0−δ

f2(x) dx >
1
2

f2(x0) · 2δ = f2(x0)δ > 0,

ù�^�
∫
b

a

f2(x) dx = 0 gñ.

¿©5 Ï�/`, ùp�'�3u�y²�È¼ê�ëY:v
õ, Ïd f 3¤

këY:þ�u 0 Ò�y
È©� 0.

l §4.1.3 �·K 4.4 (=V��½n) ��, �È¼ê7½A�??ëY. ,éu

�K5`, �I�y² f(x) �ëY:�N3«m [a, b] þÈ�Òv

. ùÒ´�y²,

3 [a, b] �?¿f«mSÑ�3ù��ëY:.

ùpI�©üÚ: (1) y²�È¼ê�ëY:È�, (2) �È¼ê3Ù¤këY:þ

�u 0 Ò�yÙÈ©� 0.

ky² (2). �d��|^iùÚ�½Â¥�0:�?¿5. duëY:È�, Ïd

ÃØ�o��©y, 3z��f«m¥oU��ëY:��0:. du f (±9 f2) 3

ëY:?� 0, ÏdiùÚ� 0. dd����iùÚ4��½È©�7½�u 0.

y35y² (1). du f 3«m [a, b] þ�È, PÙ½È©�� I, K�â½Â, éu

?¿�½� ε > 0, �3 [a, b] ���©y, ±9�©y�N�?Û0:8, ¦��A�

iùÚ÷vØ�ª

I −
ε
4

(b − a) <

n
∑

i=1

f(ξi)∆xi < I + ε
4

(b − a).

du0: ξ ∈ [xi−1, xi] �?¿5, ÏdþãiùÚ�þe(.Ò÷v�A�Ø�ª:

I −
ε
4

(b − a) 6

n
∑

i=1

mi ∆xi 6

n
∑

i=1

Mi ∆xi 6 I + ε
4

(b − a),

Ù¥ Mi, mi ´ f 3 [xi−1, xi] þ�þ(.Úe(.. P ωi = Mi − mi � f 3Tf«m

þ��Ì, òþª¥�ü�Úª�~, KÒ��Ø�ª
n

∑

i=1

ωi ∆xi 6
ε
2

(b − a) < ε(b − a).
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ù��±wÑ, ��é,�� i ∈ {1, 2, · · · , n} ¤áØ�ª ωi < ε. (ÄK, ez��

ωi > ε, KþãÚªò�u�u ε(b − a) 
.)

y3l [a, b] m©, � εn = 1
2n , n = 1, 2, · · · . éu n = 1, 3 [a, b] ¥�f«m, ¦

�3ù�«mþ f ��Ì�u 1/2. ò§P�«m [a1, b1]. Ø=Xd, 37�� �T

«m, ù� f ��ÌØ¬O\, o�±¦� a < a1 < b1 < b.

�e53 [a1, b1] ¥�f«m [a2, b2], ¦� f 3T«mþ��Ì�u 1/4. Ó�¦�

÷v a1 < a2 < b2 < b1. XeUYe�, Ò�±8B/�EÑ��4«m@ {[an, bn]},

¦�3 [an, bn] þ, f ��Ì�u 1/2n, n = 1, 2, · · · . Ó�4«m@��à:¤¤ê�

{an} î�üN4O, mà:¤¤ê� {bn} î�üN4~.

�â4«m@�n, �3: ξ ∈ [an, bn], n = 1, 2, · · · . ·�5y² f 3 ξ ?ëY.

?¿�½ ε, �3 N , ¦� 1/2N < ε. u´ [aN , bN ] þ¼ê f ��Ì�u ε. d

u ξ ÷vØ�ª aN < ξ < bN , Ïd����ê δ < min{ξ − aN , bN − ξ}, Ò�y�

|x − ξ| < δ �, |f(x) − f(ξ)| 6 1/2N < ε.

ù�Òéu�È¼ê f é�
 [a, b] ¥���ëY:.

du� f 3 [a, b] þ�È�, ��½3 [a, b] S�z��f«mþ�È, Ïdþãy

²�Ò�y
z��f«m¥Ñk f �ëY:, = f �ëY:3 [a, b] ¥È�. �

5 SK 2205 �(ØØ=éu f2 ¤á, �éu����K�È¼ê�¤á, y

²´aq� (�ëw [34] 1�Ù�1�|ë�K�K 8, 9 �).
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§4.2 |||^̂̂ØØØ½½½ÈÈÈ©©©OOO���½½½ÈÈÈ©©©������{{{ (SSSKKK 2206–2315 )

SSSNNN{{{000 �!ò©A��!0�½È©��«O��{. d	, �3 §4.2.2 ¥0

�½È©3ê�4�O�¥�A^.

4.2.1 ^̂̂ÚÚÚîîî–444ÙÙÙZZZ]]]úúúªªªOOO���½½½ÈÈÈ©©© (SSSKKK 2206–2218, 2237–

2238)

Úî–4ÙZ]úªØ=3nØþïá
�©�È©�m�éX, �Ó�Jø
½

È©��Ä��O��{, =��¦Ñ½È©¥��È¼ê��¼ê��, Ò�±^�

¼ê3ü�È©�?������½È©��. ��!=´ù�¡�Ôö. 'u½È©

�Ù¦O��{ò3�¡ÆS.

SSSKKK 2206 ¦

∫
8

−1

3
√
xdx, ¿±ÑéA�>ã/�¡È.

) |^ x
1

3 ��¼ê
3
4
x

4

3 , Ò

�^Úî–4ÙZ]úª��∫
8

−1

3
√
xdx = 3

4
x

4

3

∣

∣

∣

8

−1

= 3
4

(16 − 1) = 45
4
.

XNã¤«, ù´3 x ¶þ��¡È~

�3 x ¶e��¡È¤���. �

x

y

O

1 2 3 4 5 6 7 8

−1

1

2

−1

SK 2206 �Nã

SSSKKK 2210 ¦

∫
sinh 2

sinh 1

dx√
1 + x2

, ¿±ÑéA�>ã/�¡È.

x

y

O 1 2 3 4

1

sinh 1≈ 1:175 sinh 2≈ 3:6 27

SK 2210 �Nã

) 1 ^Úî–4ÙZ]úªO�Xe:∫
sinh 2

sinh 1

dx√
1 + x2

= ln(x+
√

1 + x2)
∣

∣

∣

sinh 2

sinh 1

= ln
[

e2 − e−2

2
+

√

1 +
(

e2 − e−2

2

)2 ]

− ln
[

e − e−1

2
+

√

1 +
(

e − e−1

2

)2 ]

= ln(e2) − ln e = 2 − 1 = 1. �

) 2 e|^V¼ê�� x = sinh t, KÒk dx = cosh t dt, u´��∫
sinh 2

sinh 1

dx√
1 + x2

=
∫
2

1

cosh t dt
cosh t

=
∫
2

1

dt = 2 − 1 = 1. �

) 3 e|^�V�u¼ê�L�ª arcsinhx = ln(x+
√
x2 + 1) (ë� §3.1.8 �

(3.11)), �|^ [ln(x+
√
x2 + 1)]′ = 1/

√
x2 + 1, KÒk
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∫
sinh 2

sinh 1

dx√
1 + x2

= arcsinhx
∣

∣

∣

sinh 2

sinh 1

= 2 − 1 = 1. �

SSSKKK 2211 ¦

∫
2

0

|1 − x| dx, ¿±ÑéA�>ã/�¡È.

) 1 Uì §3.6.3 �SK 2166 �) 2 ¥��{, �±��O��¼ê¿^Úî–4

ÙZ]úªO�Xe:∫
2

0

|1 − x| dx = sgn(1 − x)
∫
2

0

(1 − x) dx

= sgn(1 − x) ·
(

−
1
2

(1 − x)2
)
∣

∣

∣

2

0

=
(

−
1
2
|1 − x|(1 − x)

)∣

∣

∣

2

0

= 1
2

+ 1
2

= 1. �

) 2 d §3.6.3 m©�©ÛÚSK 2171 ) 2 �

�, éuÑyýé���È¼ê¦Ø½È©�N´Ñ

y¯K. Ïdéu©ã½Â��È¼ê�È©, ��

�´©ã¦È�Ð. ù�Ò{ü/�� (ë�Nã):∫
2

0

|1 − x| dx =
∫
1

0

(1 − x) dx +
∫
2

1

(x− 1) dx

= −
1
2

(1 − x)2
∣

∣

∣

1

0

+ 1
2

(x− 1)2
∣

∣

∣

2

1

= 1
2

+ 1
2

= 1. �

x

y

O 1 2

1

SK 2211 �Nã

SSSKKK 2216 ée�½È©, `²��o��$^Úî–4ÙZ]úª¬��Ø�(

�(J:

(a)
∫
1

−1

dx
x

; (b)
∫
2π

0

sec2 xdx
2 + tan2 x

; (c)
∫
1

−1

d
dx

(

arctan 1
x

)

dx.

) (a) /ªþ�O��∫
1

−1

dx
x

= ln |x|

∣

∣

∣

1

−1

= 0 − 0 = 0,

,l�¼ê�Vg5�Ä,
(

ln |x|
)

′

= 1
x

�U©O3 [−1, 0) Ú (0, 1] þ¤á, ln |x|

3 [−1, 1] þ¿�´ 1
x

��¼ê, ÏdØU3 [−1, 1] þ^Úî–4ÙZ]úª 1©. du

�È¼ê y = 1
x

3 [−1, 1] þÃ., Ïd�K�½È©Ø�3. �

(b) /ªþ�O��∫
2π

0

sec2 xdx
2 + tan2 x

=
∫
2π

0

d(tanx)

tan2 x+ 2
= 1√

2
arctan

(

tanx√
2

)∣

∣

∣

2π

0

= 0,

1© 3Úî–4ÙZ]úª
∫

b

a

f(x) dx = F (b) − F (a) ��«í2/ª¥, #N F ′(x) = f(x) 3 [a, b] S

�k��:þØ¤á, �¡ F (x) ��È¼ê f(x) �2Â�¼ê, , F (x) 7L´ [a, b] þ�ëY¼ê, ù

�^�ØU�¿�K. ÄKÒI�|^ §4.2.7 �SK 2301 ¥�úª.
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,�K��È¼ê3È©«mþ??�u 0, ÏdÙÈ©7½�u 0 1©, ��þãO

�7½´�Ø�.

l�¼ê�Vg5�Ä, �ª
[

1√
2

arctan
(

tanx√
2

)]

′

= sec2 x

2 + tan2 x

�U3 tanx k½Â�:þ¤á. 3È©«m [0, 2π]

þ�¼êkü�1�aØëY: (a�:) π
2

Ú 3π
2

,

ÏdØU3 [0, 2π] þ^Úî–4ÙZ]úª (ë�N

ã, Ù¥ØëY:?�üý4���
π

2
√

2
≈ 1.11).

x

y

O π
2

π 3π
2

2π

1

−1

SK 2216(b) ��¼êã�

�KeòÈ©«m©)� [0, π
2

], [ π
2
,

3π
2

] Ú [ 3π
2
, 2π], ,�^Úî–4ÙZ]úª

©ãO�, Ò�±���(��Y 2©. ,���{´|^é¡5, Òk

∫
2π

0

sec2 xdx
2 + tan2 x

= 4
∫ π

2

0

d(tanx)

tan2 x+ 2

= 4√
2

arctan
(

tanx√
2

)
∣

∣

∣

π
2
−0

0

= 4√
2

·
π
2

=
√

2 π. �

(c) /ªþ�O��∫
1

−1

d
dx

(

arctan 1
x

)

dx = arctan 1
x

∣

∣

∣

1

−1

= arctan 1 − arctan(−1) = π
2
,

,�K��È¼ê�

x

y

O

−π= 2

π= 2

1−1

SK 2216(c) �

�¼êã�

d
dx

(

arctan 1
x

)

=
−

1
x2

1 + 1
x2

= −
1

x2 + 1
(x 6= 0),

Ïd3«m [−1, 1] þ�È©�u 0, ��þãO�´�Ø�.

l�¼ê�VgÑu, x = 0 ´¼ê f(x) = arctan 1
x

�1�

aØëY:, 3T:üý©Ok4� f(±0) = ±
π
2

(��>�N

ã), Ïdé�K��È¼ê5`, 3 [−1, 1] þ f(x) = arctan 1
x

QØ´�¼ê, �Ø´2Â�¼ê, Ï��ö���7LëY.

�K��±^©ãO��{, ù�E�^ arctan 1
x

��¼ê:

−

∫
1

−1

(

1
x2 + 1

)

dx = −
(

∫
0

−1

+
∫
1

0

)(

1
x2 + 1

)

dx = arctan 1
x

∣

∣

∣

−0

−1

+ arctan 1
x

∣

∣

∣

1

+0

=
(

−
π
2

−
(

−
π
4

))

+
( π

4
−

π
2

)

= −
π
4

−
π
4

= −
π
2
. �

5 N´���ykð�ª

1© l §4.1.4 �SK 2205 �7�59Ù5��, 3«mþ��K�È¼ê��3��ëY:þ�¼ê��

u 0, Òv±�yÙÈ©�u 0.

2© ddm©kNõÈ©O�¥I�©ãO�. 3©:?�È¼ê�±vk½Â, ù3 §4.1.3 �A�·K�

�íØ¥®��)û. ��5¿, 3O�¥·�²~I�^��¡ §4.2.7 �SK 2301 ¥�úª, =3k��

:? (2Â) �¼êk1�aØëY:��í2�Úî–4ÙZ]úª.
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arctanx+ arctan 1
x

= sgnx ·
π
2

(x 6= 0),

�� arctan 1
x

´�È¼ê −
1

x2 + 1
3«m [−1, 0) Ú (0, 1] þ��¼ê, �Ø´«m

[−1, 1] þ��¼ê (�lAÛþ5n)±þð�ª),  − arctanx K´«m [−1, 1] þ

��¼ê.

SSSKKK 2217 ¦

∫
1

−1

d
dx

(

1

1 + 2
1

x

)

dx.

©Û XNã¤«, F (x) = 1

1 + 2
1

x

3: x = 0

�üý©Ok4� F (−0) = 1 Ú F (+0) = 0, ÏdØ

U3 [−1, 1] þ^ù�¼ê���¼ê5^Úî–4Ù

Z]úª, ��±©ãO����(�(J. �SK

2216(b), (c) aq, ùÒ´ [F (−0)−F (−1)]+ [F (1)−

F (+0)], O�lÑ. �

x

y

O 1−1

1

SK 2217 ��¼êã�

SSSKKK 2238(b) ¦e�È©¿�ÑÙéëê α �¼ê'X I = I(α) �ã�:

I =
∫π

0

sin2 x

1 + 2α cosx+ α2
dx.

) 1 (Ø½È©�{) 3 α = 0 ����¦Ñ I(0) = π/2. 3 |α| = 1 �, Kk∫π

0

1 − cos2 x
2(1 ± cosx)

dx = 1
2

∫π

0

(1 ∓ cosx) dx = 1
2

(x∓ sinx)
∣

∣

∣

π

0

= π
2
.

±e3 |α| 6= 0, 1 �^�eÏLk¦Ø½È©��{5O� I(α).

k¦Ø½È©. ^�U�� t = tan x
2

(� §3.4.3), Ò�òØ½È©C��

∫
sin2 x

1 + 2α cosx+ α2
dx =

∫
8t2 dt

(t2 + 1)2[(1 − α)2t2 + (1 + α)2]
.

éùaÈ©, Ø
^Ü©©ª©)�{�	, '��B�´^ §3.2.2 �cdAÛ�.]

Ä�{. �Ñ¹k�½Xê��ª:
8t2

(t2 + 1)2[(1 − α)2t2 + (1 + α)2]
=

(

At+B

t2 + 1

)

′

+ Ct3 +Dt2 + Et+ F

(t2 + 1)[(1 − α)2t2 + (1 + α)2]
.

ÏLO���

A = −
1
α
, D = −

(1 − α)2

α
, F = 1

α
(1 + α)2, B = C = E = 0.

,�=�È©��∫
sin2 x

1 + 2α cosx+ α2
dx =

∫
8t2 dt

(t2 + 1)2[(1 − α)2t2 + (1 + α)2]

= −
1
α

·
t

t2 + 1
+

∫
(

α2 + 1
2α2

·
1

t2 + 1
−

(α2 − 1)2

2α2
·

1
(1 − α)2t2 + (1 + α)2

)

dt

= −
1
α

·
t

t2 + 1
+

(

1
2

+ 1
2α2

)

arctan t−
|1 − α2|

2α2
arctan

t|1 − α|

|1 + α|
+ C

= −
1
2α

sinx+
(

1
2

+ 1
2α2

)

x
2

−
|1 − α2|

2α2
arctan

(

|1 − α|

|1 + α|
tan x

2

)

+ C.
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��^Úî–4ÙZ]úª��

I(α) =
∫π

0

sin2 x

1 + 2α cosx+ α2
dx

=
(

1
2

+ 1
2α2

) π
2

−
|1 − α2|

2α2

π
2

=











π
2
, |α| < 1,

π
2α2

, |α| > 1.

Ù¥®²K\
 α = ±1 ��O�(J. �wÑ I(α) ´

(−∞,+∞) þ�ëY¼ê, Ùã��Nã. �

�

I (� )

O 1 2−1−2

1

2

SK 2238(b) �Nã

) 2 ��O�½È©. X) 1 ¤«�?Ø |α| 6= 0, 1 ��¹. kò�È¼ê�©1

�¤� (1+α2)(1 + ε cosx), Ù¥ ε = 2α
1 + α2

÷v^� 0 < |ε| < 1; ,�ò©fU��

sin2 x = 1 − cos2 x = 1
ε2

(1 − ε2 cos2 x) +
(

1 −
1
ε2

)

,

ù�Ò�±òÈ©Ðm�ü�Xe:∫π

0

sin2 xdx
1 + 2α cosx+ α2

= 1
(1 + α2)ε2

∫π

0

(1 − ε cosx) dx

+ 1
1 + α2

(

1 −
1
ε2

)
∫π

0

dx
1 + ε cosx

= π
(1 + α2)ε2

+ 1
1 + α2

(

1 −
1
ε2

)
∫π

0

dx
1 + ε cosx

.

é����È©�±©Xe:
∫π

0

dx
1 + ε cosx

=
∫ π

2

0

dx
1 + ε cosx

+
∫π

π
2

dx
1 + ε cosx

,

,�ém>�1��È©��� x = π − t, ¿3C��qò t P� x, ù�Ò��

∫π

0

dx
1 + ε cosx

=
∫ π

2

0

(

1
1 + ε cosx

+ 1
1 − ε cosx

)

dx

= 2
∫ π

2

0

dx
1 − ε2 cos2 x

= 2
∫ π

2

0

d(tan x)

tan2 x+ (1 − ε2)

= 2√
1 − ε2

arctan
(

tanx√
1 − ε2

)∣

∣

∣

π
2

0

= π√
1 − ε2

.

òd(J�\c¡¿\�n=����) 1 �Ó��Y. �

4.2.2 ½½½ÈÈÈ©©©333êêê���444���OOO���¥¥¥���AAA^̂̂ (SSSKKK 2219–2230)

31�þ� §1.5.6 �SK 631 Jø
��½n, §�±3�½^�eO�Xea.

�ê�4�:

lim
n→∞

(x1n + x2n + · · · + xnn) = lim
n→∞

n
∑

k=1

xkn, (4.3)

±9§��«C.

lim
n→∞

(x1n · x2n · · · · · xnn) = lim
n→∞

n
∏

k=1

xkn. (4.4)
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(3z�� xkn > 0 �, ���éêÒ�±ò¯K (4.4) 8(�¯K (4.3).)

±eÌ�?Øa.� (4.3) �ê�4�.

3SK 631 �^�¥, �¦ (4.3) ¥� xkn = ϕ(αkn), � αkn ⇉ 0 (n → ∞) 'u

k = 1, 2, · · · ��. ù�ek ϕ(x) ∼ ψ(x) (x→ 0), � ψ(x) > 0, KÒ��

lim
n→∞

[ϕ(α1n) + ϕ(α2n) + · · · + ϕ(αnn)] = lim
n→∞

[ψ(α1n) + ψ(α2n) + · · · + ψ(αnn)],

Ù¥b�m>�4��3.

dd��, SK 631 �½nk�½�Û�5. ��¡, §�U·^u xkn �AÏa

.��¹; ,��¡, §�´ò (4.3) ¥ xkn = ϕ(αkn) ��¹8(�Ó�a.�¯K,

Ù¥� xkn = ψ(αkn), �öXÛO�K´,��¯K
.

e¡·�ò�|^½È©�£, éua.� (4.3) (±9 (4.4)) �ê�4�¯K, 3

�½�^�e�±ò§w¤�,�¼ê�iùÚ, lÏL½È©O�5¦ÑÙ4�.

�
Bun)ù«�{, ·�ØUì5SK86�k�^S, kwe�SK, §¢

Sþ´ù«�{���/ª.

SSSKKK 2226 |^½È©¦e�Ú�4��:

lim
n→∞

[

1
n

n
∑

k=1

f
(

a+ k
b− a
n

)]

.

) ò�)ÒS�L�ª¦± b − a ��, �±w¤´3«m [a, b] þ�¼ê f(x)

���iùÚ, Ù¥é«m� n �©©y, �3z�f«m¥�Ùmà:�0:.

Ïd��b� f 3«m [a, b] þ�È, Ò��þã4��u
1

b− a

∫
b

a

f(x) dx. �

5 dd��, �^½È©�{¦a.� (4.3) �4����¿©^�´: U
é

�«m [a, b] þ��È¼ê f(x), ¦�¤á

xkn = 1
n
f
(

a+ k
b− a
n

)

, k = 1, 2, · · · , n.

ùÒ´`, 3 (4.3) ¥� xkn A�¦�¦È nxkn ´
k
n

�¼ê, ½ö`´ k Ú n �"g

àg¼ê, =� k Ú n ¦±Ó��~ê c �, nxkn �±ØC.

�,��±ò xkn w¤�,�¼ê f 3 n �©�©y¥�z�f«m��à:½

Ù¦0:þ�¼ê�.

o�, ù«�{Ò´3 (4.3) �Úª

n
∑

k=1

xkn U
w¤�iùÚ�, KÒ�±^½È

©�O�5¦Ñùaê�4�.

SSSKKK 2219 |^½È©¦e�Ú�4��:

lim
n→∞

(

1
n2

+ 2
n2

+ · · · + n− 1
n2

)

.

) ò)ÒS�ÚªU��

1
n2

+ 2
n2

+ · · · + n− 1
n2

= 1
n

(

1
n

+ 2
n

+ · · · + n− 1
n

)

,
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=�ò§w¤�«m [0, 1] þ�¼ê f(x) = x ���iùÚ, Ù¥é«m� n �©�©

y, Ó��z�f«m��à:�0:. u´Ò��

lim
n→∞

(

1
n2

+ 2
n2

+ · · · + n− 1
n2

)

=
∫
1

0

xdx = 1
2
. �

5 �K�,�±��O�Xe:

lim
n→∞

(

1
n2

+ 2
n2

+ · · · + n− 1
n2

)

= lim
n→∞

1 + 2 + · · · + (n− 1)

n2
= lim

n→∞

n(n− 1)

2n2
= 1

2
.

SSSKKK 2220 |^½È©¦e�Ú�4��:

lim
n→∞

(

1
n+ 1

+ 1
n+ 2

+ · · · + 1
n+ n

)

.

) ò)ÒS�ÚªU��

1
n+ 1

+ 1
n+ 2

+ · · · + 1
n+ n

= 1
n

(

1

1 + 1
n

+ 1

1 + 2
n

+ · · · + 1
1 + n

n

)

,

=�ò§w¤�«m [0, 1] þ�¼ê f(x) = 1
1 + x

���iùÚ, u´Ò��

lim
n→∞

(

1
n+ 1

+ 1
n+ 2

+ · · · + 1
n+ n

)

=
∫
1

0

dx
1 + x

= ln(1 + x)
∣

∣

∣

1

0

= ln 2. �

5 ù�4�31�þ¥®²��. 3 §1.2.3 �SK 147 ¥�Ñ
ü�){, Ù¥

) 1 �6uî.~ê, ) 2 K�6uSK 75(a) ¥�Ø�ª. 3 §1.5.6 ", |^SK 631

�½nÚ x ∼ ln(1 + x) (x → 0) q�Ñ
1n�){. ,AT`, ùn�){Ñ��

AÏ, éJí2u)û���5� (4.3) a.�4�O�¯K.

SSSKKK 2223 |^½È©¦e�Ú�4��:

lim
n→∞

1p + 2p + · · · + np

np+1
(p > 0).

) òÚªU��

1p + 2p + · · · + np

np+1
= 1

n

[(

1
n

)p

+
(

2
n

)p

+ · · · +
(

n
n

)p]

,

=�ò§w¤�«m [0, 1] þ�¼ê xp ���iùÚ, ÏdÒ��

lim
n→∞

1p + 2p + · · · + np

np+1
=

∫
1

0

xp dx = 1
p+ 1

. �

5 �K�4���±^ §1.2.7 ��÷�]½n5¦�. ùÒ´5SK86§1.2

�SK 145(a).

SSSKKK 2225 |^½È©¦4��: lim
n→∞

n

√
n!
n

.

) �éê�=�O�Ù4�Xe:

lim
n→∞

ln
(

n

√
n!
n

)

= lim
n→∞

ln
n

√

n!
nn

= lim
n→∞

1
n

(

ln 1
n

+ ln 2
n

+ · · · + ln n
n

)

=
∫
1

0

lnxdx.
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,ùpkü�¯K. Äk, duéê¼ê lnx 3 (0, 1] þÃ., Ïd����È©Ø´

ÊÏ�½È©, ´ §4.4 0��2ÂÈ©. Ùg, 2ÂÈ©��ØUÏLiùÚ5O�

(ùÒ´ §4.4.3 �SK 2385), Ïdþãí�I�k�¡ §4.4.3 �SK 2388 �|±âU

¤á. ù�Òk

lim
n→∞

ln
(

n

√
n!
n

)

=
∫
1

0

lnxdx = lim
ε→+0

∫
1

ε

lnxdx

= lim
ε→+0

(

(x ln x− x)
∣

∣

∣

1

ε

)

= −1 − lim
ε→+0

ε ln ε = −1.

u´�K��Y´ e−1. �

5 �K�4�3 §1.2.7 �SK 142 ¥®²�� (±�ê/ªÑy), @p��{´

±¦È/ª��Ü·K (=T?�SK 141) �Ä:�.

dSK 2226 o(�½È©�{�,ék^, �E,k���Û�5, Ï�§7L

�¦ÚªU
w¤�iùÚ. ±e�SK 2227–2230 L², 3ù�^�Ø÷v�, ��

±(ÜSK 631 ¥�g�5O�¤�¦�4�, ùÒ´y²¤?Ø�Úª���iùÚ

��3�4����. e¡�wÙ¥�1�K.

SSSKKK 2227 ïK���p�Ã¡�, ¦e�Ú�4��:

lim
n→∞

[(

1 + 1
n

)

sin π
n2

+
(

1 + 2
n

)

sin 2π
n2

+ · · · +
(

1 + n− 1
n

)

sin
(n− 1)π
n2

]

.

) ��a. (4.3) �4�, �K�

xkn =
(

1 + k
n

)

sin kπ
n2

, k = 1, 2, · · · , n− 1,

§Ø÷v nxkn 'u k, n �"gàg¼ê��¦, ÏdØ´iùÚ.

/^SK 631 �g�, XJ|^ sinx ∼ x (x → 0), ò�K� xkn ¥Ñy��u¼

ê sinx �� x, KÒ�±^½È©�{ (½Ù¦�{) ¦4�Xe:

lim
n→∞

[(

1 + 1
n

) π
n2

+
(

1 + 2
n

)

2π
n2

+ · · · +
(

1 + n− 1
n

) (n− 1)π
n2

]

= lim
n→∞

1
n

[(

1 + 1
n

) π
n

+
(

1 + 2
n

)

2π
n

+ · · · +
(

1 + n− 1
n

) (n− 1)π
n

]

= π
∫
1

0

(1 + x)xdx = 5
6

π.

{e�¯KÒ´�y², 3 k = 1, · · · , n − 1 �z��¥^ x �� sinx �ï��

o(x) (x→ 0) �oÚ, � n→ ∞ ��4�� 0.

|^Ã¡�Oþúª

sinx = x+ o(x) = x+ o(1)x (x→ 0),

éu�½� ε > 0, �3 δ > 0, ¦�� |x| < δ �, ¤á | sinx− x| < ε|x|.

|^� k = 1, 2, · · · , n − 1 �k
kπ
n2

6
π
n

, �3 N , ¦�� n > N �, éu

k = 1, 2, · · · , n− 1 ��/¤á kπ
n2

< δ.
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u´Ò�±�O��

∣

∣

∣

n−1
∑

k=1

(

1 + k
n

)

sin kπ
n2

−

n−1
∑

k=1

(

1 + k
n

)

kπ
n2

∣

∣

∣
6

n−1
∑

k=1

(

1 + k
n

)

·

∣

∣

∣
sin kπ

n2
−
kπ
n2

∣

∣

∣

6 ε

n−1
∑

k=1

(

1 + k
n

)

kπ
n2

= ε
(

n−1
∑

k=1

kπ
n2

+

n−1
∑

k=1

k2π
n3

)

< 2πε,

Ù¥���Ú´ò¤k k = 1, 2, · · · , n− 1 �� n ���{ü�O.

ù�Òy²


lim
n→∞

[

n−1
∑

k=1

(

1 + k
n

)

sin kπ
n2

−

n−1
∑

k=1

(

1 + k
n

)

kπ
n2

]

= 0.

nÜ±þÒ��

lim
n→∞

n−1
∑

k=1

(

1 + k
n

)

sin kπ
n2

= lim
n→∞

[

n−1
∑

k=1

(

1 + k
n

)

sin kπ
n2

−

n−1
∑

k=1

(

1 + k
n

)

kπ
n2

]

+ lim
n→∞

n−1
∑

k=1

(

1 + k
n

)

kπ
n2

= 0 + 5
6

π = 5
6

π. �

5 eò�Kw¤�¦e�ü�4��Ú:

lim
n→∞

n−1
∑

k=1

sin kπ
n2

+ lim
n→∞

n−1
∑

k=1

k
n

sin kπ
n2

,

Ké1��4����A^SK 631 òÙ¥� sinx �� x, é1��4�K�±

lSK 631 �y²L§wÑ, òÙ¥� sinx �� x �O��{�´�(�.

4.2.3 éééCCCÄÄÄÈÈÈ©©©������¦¦¦��� (SSSKKK 2231–2236)

Äk5¿½È©�Ø½È©�m����É.

½È©

∫
b

a

f(x) dx ´��¢ê, Ø½È©

∫
f(x) dx K´ f ��¼ê�N¤¤�

8Ü.

�d�éX, ½È©¥�È©Cþ^�oÎÒL«Ñ´���. �ó�, ·�k∫
b

a

f(x) dx =
∫
b

a

f(t) dt =
∫
b

a

f(θ) dθ = · · · .

,, Ø½È©

∫
f(x) dx ¥�È©Cþ x ���½, K�È¼ê f(x) ��¼ê�gC

þ�U´ x. Ïd31nÙ^��{O�Ø½È©�, ÃØÙ¥mL§^
�oÙ¦C

þ, ��7L£�, ��± x �gCþ�Ø½È©.

e½È©�È©þ�½e�´,�Cþ (½Cþ�¼ê), K½È©Ò¤�¼ê. ù

´3êÆ¥Ú?#�¼ê��Ãã��.
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�´ùp�5¿, eòÈ©

∫
b

a

f(x) dx �þ� (e�) �¤�Cþ x ��, ù�Cþ

�È©Òe�È©Cþäk��ØÓ�¿Â. �
;�· , A�ò�k�È©CþU

^Ù¦ÎÒ5L«. ~X
∫
x

a

f(t) dt,
∫
b

x

f(θ) dθ ��.

·�ò'uCÄÈ©���Ä�5���e¡�·K. du3êÆ©Û��Ö¥

Ñk§��y², ùplÑ.

···KKK 4.5 �¼ê f(x) 3«m [a, b] þ�È, Kk±e(Ø:

(1) ±eü�CÄÈ©��È©

F (x) =
∫
x

a

f(t) dt, G(x) =
∫
b

x

f(t) dx

Ñ´ [a, b] þ�ëY¼ê;

(2) (�È©ÆÄ�½n��©/ª) e f(x) 3: x0 ∈ [a, b] ?ëY, K3 (1) ¥½

Â� F (x) Ú G(x) 3: x0 ?��, �k

F ′(x0) = f(x0), G′(x0) = −f(x0).

SSSKKK 2231 ¦ (1) d
dx

∫
b

a

sin t2 dt; (2) d
da

∫
b

a

sinx2 dx; (3) d
db

∫
b

a

sinx2 dx.

) (1) ½È©
∫
b

a

sin t2 dt 3 a, b �½��´��(½�¢ê. ��K�¦§'u

Cþ x ��ê, K�U´òù�¢êw¤�'u x �~�¼ê, Ïd�ê�u 0, =k

d
dx

∫
b

a

sin t2 dt = 0.

d	, ùp�Cþ x ÚÈ©Òe�È©Cþvk?Û'X. Xc¤ã, �;�Ø), K¥

òÈ©Cþ^ÎÒ t L«.

(2) dK¿��ù��È©e� a �gCþ, Ïdl·K 4.5 =k

d
da

∫
b

a

sinx2 dx = − sina2.

(3) dK¿��ù��È©þ� b �gCþ, Ïdl·K 4.5 =k

d
db

∫
b

a

sinx2 dx = sin b2. �

3·K 4.5 �Ä:þ, 2(ÜEÜ¼ê�êO��óª{K, ÒN´3È©���

�¼ê��¹e, O�½È©��ê. ù�¡w��~f.

SSSKKK 2232(b) ¦ d
dx

∫
x
3

x2

dt√
1 + t4

.

) ^·K 4.5 Úóª{K=�O�Xe:

d
dx

∫
x
3

x2

dt√
1 + t4

=
(

1√
1 + t4

)
∣

∣

∣

t=x3

· (x3)′ −
(

1√
1 + t4

)
∣

∣

∣

t=x2

· (x2)′

= 3x2

√
1 + x12

−
2x√

1 + x8
. �
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SSSKKK 2233(a) ¦ lim
x→0

∫
x

0

cos t2 dt

x
.

) �â·K 4.5(1), ©f´ x �ëY¼ê, u x = 0 ?�u 0, Ïd�K´ 0
0

.

�Ø½ª. �â·K 4.5(2), ©fé x ��, Ïd�±^â7�{KO�Xe:

lim
x→0

∫
x

0

cos t2 dt

x
= lim

x→0

cosx2

1
= 1. �

SSSKKK 2233(d) � f(x) ∈ C[0,+∞), lim
x→+∞

f(x) = A, ¦

lim
n→+∞

∫
1

0

f(nx) dx.

) 1 �Cþ�� t = nx, ù�k x = 1
n
t, dx = 1

n
dt, �� x l 0 � 1 �, t l 0

� n. Ïd¯K=z�¦4�

lim
n→∞

∫
1

0

f(nx) dx = lim
n→∞

∫
n

0

f(t) dt

n
,

u´¤�
∗
∞

.�4�O�¯K 1©.

ù�,´��ê��4�¯K, ��±ò n w¤�ëYCþ, l�±^·K 4.5

Úâ7�{K��:

lim
n→∞

∫
n

0

f(t) dt

n
= lim

n→+∞

f(n) = A. �

) 2 3) 1 ������±^�÷�]½n, =��

lim
n→∞

∫
1

0

f(nx) dx = lim
n→∞

∫
n

0

f(t) dt

n
= lim

n→∞

∫
n+1

n

f(t) dt.

�y²����4��3��u A, ��é�½� ε > 0, � N , ¦�� n > N �¤á

|f(t) −A| < ε, u´Òk
∣

∣

∣

∫
n+1

n

f(t) dt−A

∣

∣

∣
=

∣

∣

∣

∫
n+1

n

f(t) dt−
∫
n+1

n

Adt
∣

∣

∣
6

∫
n+1

n

|f(t) −A| dt 6 ε,

��(Ø¤á. �

) 3 3«m [0, 1] þ, Ø
3à: x = 0 �	, éuz��: x0 > 0, � n ¿©�

��¼ê� f(nx0) 7½� A ¿©�C. ù�Ò�±ßÿ��K�4��� A. ±e´

Ùî�y².

dK�^��� f 3 [0,+∞) þk. (� §1.7.4 �SK 751), =k M > 0, ¦��

x > 0 �k |f(x)| 6 M . qdd���k |A| 6 M .

u´�±�OXe:

1© e A 6= 0, K�±�½´
∞
∞ .�Ø½ª, ,� A = 0 �ÒØU�½©f´Ä´Ã¡�þ. ù�¦

^3 §2.9.4 �·K 2.10 ´Ü·�.
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∣

∣

∣

∫
1

0

f(nx) dx −A

∣

∣

∣
=

∣

∣

∣

∫
1

0

f(nx) dx−

∫
1

0

Adx
∣

∣

∣
6

∫
1

0

|f(nx) −A| dx.

duÃØ�õ�� n, 3 x = 0 ? f(0) �7� A �� (Ø�TÐ f(0) = A), Ïd±e

æ�“©£�”��{, =òþã����È©©Xe:

∫
1

0

|f(nx) −A| dx =
∫ ε

4M

0

|f(nx) −A| dx+
∫
1

ε

4M

|f(nx) −A| dx.

|^ |f(nx) −A| 6 2M , ��þªm>�1��È©Ø�L ε
2

.

�
¦�þªm>�1��È©¿©�, I�©AÚ5�.

k|^^� f(+∞) = A, éuÓ�� ε > 0, �3 K > 0, ¦�� x > K �, ¤á

|f(x) − A| <
ε
2

. �
¦�31��È©�È©«m [ ε
4M

, 1] þ�z��: x Ñ÷v

nx > K, ��3ù�«m��à:?÷vù�Ø�ªÒv

. ù�Ò�(½��ê

N =
[

4MK
ε

]

,

¦�� n > N �k

n ·
ε

4M
> (N + 1) · ε

4M
>

4MK
ε

·
ε

4M
= K,

l¦�� n > N �, éu¤k� x ∈ [ ε
4M

, 1] Ó�¤á |f(nx) − A| <
ε
2

. ù�Ò�

�¤���O ∫
1

ε

4M

|f(nx) −A| dx 6
ε
2
.

Ü¿±þÒ��� n > N �¤á
∣

∣

∣

∫
1

0

f(nx) dx−A

∣

∣

∣
<

ε
2

+ ε
2

= ε,

ùÒ´ lim
n→∞

∫
1

0

f(nx) dx = A. �

5 ) 3 �,��E,�:, �Ù¥�“©£�”�g�äk�{Øþ�¿Â, §

3Nõ4�¯K¥´k^�. ~X� §4.3 �SK 2326.1(b).

4.2.4 ������{{{ÚÚÚ©©©ÜÜÜÈÈÈ©©©{{{ (SSSKKK 2239–2256, 2260–2262, 2264,

2268–2275, 2277–2280)

Ø
3�!�1��! §4.2.1 ¥^Ø½È©ÚÚî–4ÙZ]úªO�½È©��

{�	, ��±òØ½È©¥�©ÜÈ©{Ú��{£��½È©�O�¥5.

3½È©O�¥¤^�©ÜÈ©{�í�'�{ü, ��|^¼ê¦È�¦�ú

ª�Úî–4ÙZ]úª=���. 3äNA^©ÜÈ©{�, XÛò�È¼ê�¤

u(x) dv(x) �ÀJ�K�Ø½È©´aq�. ùpÓ��±ë� §3.5 "JÑ�“é��

n�”�²�5K.

½È©O�¥¤^���{K�E,�:. e¡·�±ü�·K�/ª©O�Ñ

�~^�ü«�¹, ¿�ÑÙy².
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···KKK 4.6 � f(x) 3 [a, b] þ�È, x = x(t) 3 [α, β] þî�üN��, Ù�¼ê

x′(t) �È, �÷v^� x(α) = a, x(β) = b, K¤áe���úª:∫
b

a

f(x) dx =
∫
β

α

f(x(t))x′(t) dt. (4.5)

y Ø���Ñ x(t) �î�üN4O�¹�y².

� P = {t0, t1, · · · , tn} ´«m [α, β] ���©y, ξ = {ξ1, · · · , ξn} ´� P �N�

0:8, KÒ�� (4.5) m>��È¼ê f(x(t))x′(t) ���iùÚ

σ =

n
∑

i=1

f(x(ξi))x
′(ξi)∆ti.

du x(t) î�üN4O, Ïdl [α, β] �©y P �p�Ñ«m [a, b] ���©y

P ′ = {x0, x1, · · · , xn}, Ù¥ xi = x(ti), i = 0, 1, · · · , n. Ó�l0:8 ξ q)¤� P ′ �

N�0:8 ξ′
i
= x(ξi), i = 1, · · · , n. u´�� f(x) ���iùÚ

σ′ =

n
∑

i=1

f(ξ′
i
)∆xi =

n
∑

i=1

f(x(ξi))x
′(ξ∗

i
)∆ti,

Ù¥|^.�KF�©¥�½n, �3 ξ∗
i
∈ (ti−1, ti), ¦� ∆xi = x(ti) − x(ti−1) =

x′(ξ∗
i
)∆ti, i = 1, · · · , n.

du x′(t) k., �3~ê M > 0, ¦� ∆xi 6 M∆ti, i = 1, 2, · · · , n, =k

‖P ′‖ 6 M‖P‖. u´� ‖P‖ → 0 �Òk ‖P ′‖ → 0, =k σ′ →

∫
b

a

f(x) dx.

q|^3Ù|d–ÚCr�½n (= §4.1.2 �SK 2193.1) ¥�aq�{, |^�È

¼ê f(x) 7k., �3 M1 > 0, ¦� |f(x)| 6 M1, u´k

|σ − σ′| 6

n
∑

i=1

|f(x(ξi))| · |x
′(ξi) − x′(ξ∗

i
)|∆ti 6 M1

n
∑

i=1

ωi∆ti,

Ù¥

n
∑

i=1

ωi∆ti ´ x′(t) ��Ì¡È, ��� ‖P‖ → 0 �, ü�Úª�� σ′ − σ → 0, Ï

diùÚ σ Âñ, �¤á��úª (4.5). �

·K 4.6 ¥ x(t) �î�üN�^�¦�§¤� [α, β] � [a, b] ���N�. ù´é

g,���Ün�¦, �%¿�7�. e¡òw�, e·�\réu f(x) �^�, K3

x(t) Ø´î�üN�, ��úª (4.5) �±ÏLüg¦^Úî–4ÙZ]úª��.

···KKK 4.7 � f(x) 3 [a, b] þëY, x = x(t) 3 [α, β] þ��, Ù�¼ê x′(t) �È,

�÷v^� x(α) = a, x(β) = b Ú x([α, β]) ⊂ [a, b], K��úª (4.5) ¤á.

y ù� f(x) 3 [a, b] þk�¼ê, P� F (x). u´k F (b) − F (a) =
∫
b

a

f(x) dx.

l^� x([α, β]) ⊂ [a, b] Úóª{K�� F (x(t)) ´ f(x(t))x′(t) 3 [α, β] þ��¼ê,

Ó�l §4.1.3 �SK 2202 í� f(x(t))x′(t) �È, u´qk

F (x(β)) − F (x(α)) =
∫
β

α

f(x(t))x′(t) dt.
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��|^^� x(α) = a Ú x(β) = b Ò��úª (4.5). �

5 1 3Ø½È©¥kü«��{ (� §3.1). lúª (4.5) 5w, e�O��´m

>, KÒk dx = x′(t) dt, ÏdÒ´^n�©{ (=1�«��{) òm>z��>. ù

Ó��L²3½È©PÒ¥��©ÎÒ dx éuO��´k�Ï�. ��, l�>z�

m>Ò�±n)�´1�«��{, =^ x = ϕ(t) ��\{.

5 2 lúª (4.5) Úe¡��X�~f�±wÑ, ½È©���{�Ø½È©�

��{k±eØÓ�?:

(1) 7L5¿È©���A�C�.

(2) du½È©�´��ê�, Ïdé½È©^��{�, ��Ø7£�±¡E�

5�È©Cþ, ù�Ò'^Ø½È©���{��B.

SSSKKK 2245 ¦

∫
1

−1

xdx√
5 − 4x

.

) 1 k^��{¦Ø½È© (��±^©ÜÈ©{), -
√

5 − 4x = t, Kk

x = 1
4

(5 − t2), dx = −
1
2
t dt. u´�O�Ø½È©Xe:

∫
xdx√
5 − 4x

=
∫

5 − t2

4t
·
(

−
t
2

)

dt = −
1
8

∫
(5 − t2) dt

= −
5
8
t+ 1

24
t3 + C

= −
5
8

(5 − 4x)
1

2 + 1
24

(5 − 4x)
3

2 + C.

,�^Úî–4ÙZ]úª��∫
1

−1

xdx√
5 − 4x

=
(

−
5
8

(5 − 4x)
1

2 + 1
24

(5 − 4x)
3

2

)∣

∣

∣

1

−1

= −
5
8

+ 1
24

+ 15
8

−
27
24

= 1
6
. �

) 2 ^½È©���{, -
√

5 − 4x = t, Kk x = 1
4

(5 − t2), dx = −
1
2
t dt, �

� x l −1 � 1 �, t l 3 � 1. u´�O�Xe:∫
1

−1

xdx√
5 − 4x

= −
1
8

∫
1

3

(5 − t2) dt = 1
8

∫
3

1

(5 − t2) dt

= 1
8

(5t− t3

3
)
∣

∣

∣

3

1

= 1
8

(6 − 4 2
3

) = 1
6
. �

) 3 ^½È©�©ÜÈ©{�O�Xe:∫
1

−1

xdx√
5 − 4x

=
∫
1

−1

xd
(

−
1
2

√
5 − 4x

)

= −
1
2
x
√

5 − 4x
∣

∣

∣

1

−1

+ 1
2

∫
1

−1

√
5 − 4xdx

= −
1
2

(1 + 3) + 1
2

·
(

−
1
4

)

·
2
3

(5 − 4x)
3

2

∣

∣

∣

1

−1

= −2 −
1
12

(1 − 27) = −2 + 13
6

= 1
6
. �
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3^��{O�½È©�, k�UÑyÈ©«m�Ã.��¹, �ö´�«2ÂÈ

© (� §4.4). e¡Ò´ù����~f.

SSSKKK 2250 - x−
1
x

= t, O�È©

∫
1

−1

1 + x2

1 + x4
dx.

) (ë� §3.1.3 �SK 1712.) du t(x) = x−
1
x

3: x = 0 ?kmä, Ø�U3

−1 6 x 6 1 þ��. |^¤¦È©��È¼ê�ó¼ê, kòÈ©C�Xe:∫
1

−1

1 + x2

1 + x4
dx = 2

∫
1

0

1 + x2

1 + x4
dx.

ù�l t′(x) = 1 + 1
x2

> 0 ��l x � t (±9l t � x) �î�üN4O. , x

l 0 � 1 %éAu t l −∞ � 0, ÏdùpÑy
2ÂÈ©. du2ÂÈ©´ÏLòÈ

©��4����, Ïd��XeO�:

2
∫
1

0

1 + x2

1 + x4
dx = 2 lim

ε→+0

∫
1

ε

1
x2

+ 1

1
x2

+ x2
dx = 2 lim

ε→+0

∫
1

ε

d
(

x−
1
x

)

(

x−
1
x

)2

+ 2

= 2 lim
T→−∞

∫
0

T

dt
t2 + 2

=
√

2 lim
T→−∞

arctan t√
2

∣

∣

∣

0

T

= π√
2
. �

5 �{Bå�, 8��²~ò±þ��O���4��L§��

2
∫
1

0

1 + x2

1 + x4
dx = 2

∫
1

0

1
x2

+ 1

1
x2

+ x2
dx = 2

∫
1

0

d
(

x−
1
x

)

(

x−
1
x

)2

+ 2

= 2
∫
0

−∞

dt
t2 + 2

=
√

2 arctan t√
2

∣

∣

∣

0

−∞

= π√
2
.

SSSKKK 2251(a) `²��o3e�È©¥^�� t = x
2

3 ¬Ú�Ø�(�(J:∫
1

−1

dx.

) l t = x
2

3 5w, §´ x �ó¼ê, x = ±1 éAuÓ��� t = 1, Ïd���

�È©�U�u 0. ÃØ´·K 4.6 �´·K 4.7 ÑØ#NÑyù���¹. ,�K

�È©w,�u 2, ÏdØ�U^ù����5?1�(�O�.

ù�k x = ϕ(t) = t
3

2 , Ù��� [0,+∞), È©«m� −1 6 x 6 1. 3Xe�/

ªO�¥, dx = 3
2
t

1

2 dt, @� x = ±1 �éAuÓ��� t = 1, �,�U���Ø�

(J: ∫
1

−1

dx = 3
2

∫
1

1

t
1

2 dt = 0.
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U�±þ�Ø��{��´3 −1 6 x 6 0 þ- t = −x
2

3 , 3 0 6 x 6 1 þ- t = x
2

3 ,

ù�=����(�È©(J� 2. �

5 l·K 4.7 ��, �� x = ϕ(t) Ø´î�üN¼ê�Ek�U^u½È©

�O�. Ò�K5`, X- x = ϕ(t) = sin t, − π
2

6 t 6
5π
2

, Kk ϕ
(

−
π
2

)

= −1,

ϕ
(

5π
2

)

= 1, ù�k dx = cos t dt, l�±���(��YXe:

∫
1

−1

dx =
∫ 5π

2

−

π
2

cos t dt = sin t
∣

∣

∣

5π
2

−
π
2

= 1 − (−1) = 2.

SSSKKK 2256 � f(x) 34«m [A,B] þëY, [a, b] ⊂ (A,B), � [a−x, b−x] ⊂ [A,B]

�, ¦ d
dx

∫
b

a

f(x+ y) dy 1©.

) ��� t = x+ y, Ù¥ x �ëê, u´k y = t− x, dy = dt, � y l a � b �,

t l a+ x � b+ x. u´k ∫
b

a

f(x+ y) dy =
∫
b+x

a+x

f(t) dt.

ù�Ò�±ÏLéuCÄÈ©�¦���

d
dx

∫
b

a

f(x+ y) dy = d
dx

∫
b+x

a+x

f(t) dt

= f(b+ x) − f(a+ x). �

5 �K�½È©¥ y ´È©Cþ,  x ´ëCþ. 8�3ÆS
¹ëCþÈ©�

nØ�� (ÙSK� §7.1), Ò��3 f �ëY���^�e, �KéuëCþ x �¦�

$��±�éu y �È©$�?1��, lk

d
dx

∫
b

a

f(x+ y) dy =
∫
b

a

d
dx

f(x+ y) dy =
∫
b

a

f ′(x + y) dy

= f(x+ y)
∣

∣

∣

y=b

y=a

= f(x+ b) − f(x+ a).

�K�¿Â3u, �� f ëY, Ò�±���Ó�(J.

SSSKKK 2260 Ú\#Cþ t = x+ 1
x

, O�È©

∫
2

1

2

(

1 + x−
1
x

)

e
x +

1

x dx.

) 1 (V�) éu��{5`, ù´ég,�ÀJ. ,du t(1/2) = t(2), ÏdØ

U^·K 4.6 Ú 4.7. ÏLüN5©Û, �� t(x) 3 [ 1
2
, 1] Ú [1, 2] þ©Oî�üN, Ï

d�©O3ùü�«mþ¦È, äN�O�lÑ. �

) 2 ^©ÜÈ©{�O�Xe:

1© �K�^� [a, b] ⊂ [A,B] Øv±�y� x �ýé�¿©��÷v [a − x, b − x] ⊂ [A, B].
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∫
2

1

2

(

1 + x−
1
x

)

e
x +

1

x dx =
∫
2

1

2

e
x +

1

x dx+
∫
2

1

2

x
(

1 −
1
x2

)

e
x +

1

x dx

=
∫
2

1

2

e
x +

1

x dx+
∫
2

1

2

xd(e
x +

1

x )

=
∫
2

1

2

e
x +

1

x dx+
(

x e
x +

1

x

)∣

∣

∣

2

1

2

−

∫
2

1

2

e
x +

1

x dx = 3
2

e
5

2 . �

) 3 l) 2 �wÑ

d
dx

(

x e
x +

1

x

)

= e
x +

1

x + x
(

1 −
1
x2

)

e
x +

1

x =
(

1 + x−
1
x

)

e
x +

1

x ,

u´Ò�3È©«m [ 1
2
, 2] þ^Úî–4ÙZ]úª��

∫
2

1

2

(

1 + x−
1
x

)

e
x +

1

x dx =
(

x e
x +

1

x

)∣

∣

∣

2

1

2

= 3
2

e
5

2 . �

SSSKKK 2264 � f(x) =
(x + 1)2(x− 1)

x3(x− 2)
, ¦È©

∫
3

−1

f ′(x)

1 + f2(x)
dx.

©Û du f(x) 3: x = 0 Ú x = 2 NCÃ., Ïd f ′(x) ��½Ã. (ë�

§2.6.4 �SK 1254), ùL²�K�È©¢Sþ´kü�Û:�2ÂÈ©. 3òÈ©

©� [−1, 0], [0, 2] Ú [2, 3] n�«mþ�È©��, �c¡�SK 2250 �q, |^∫
f ′(x)

1 + f2(x)
dx = arctan f(x) + C, ù�E,�±^Úî–4ÙZ]úª5O�Ù¥�

z��È©. �

SSSKKK 2274 ¦È©
∫
3

0

arcsin
√

x
1 + x

dx.

) 1 ��� t =
√

x
1 + x

, = x = t2

1 − t2
. � x l 0 C� 3 �, t l 0 C�

√
3

2
.

u´�O�Xe:

∫
3

0

arcsin
√

x
1 + x

dx =
∫ √

3

2

0

arcsin t d
(

t2

1 − t2

)

=
(

t2

1 − t2
arcsin t

)∣

∣

∣

√

3

2

0

−

∫ √

3

2

0

t2

(1 − t2)
3

2

dt

= π −

∫ π
3

0

sin2 θ

cos2 θ
dθ (ù´éc��È©��� t = sin θ �(J)

= π −

∫ π
3

0

(sec2 θ − 1) dθ = π − (tan θ − θ)
∣

∣

∣

π
3

0

= 4π
3

−
√

3. �

) 2 ��� t = arcsin
√

x
1 + x

, Kk x = tan2 t. � x l 0 � 3 �, t l 0 �
π
3

.

u´�O�Xe, Ù¥1�Ú^©ÜÈ©{:
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∫
3

0

arcsin
√

x
1 + x

dx =
∫ π

3

0

t d(tan2 t) = t tan2 t

∣

∣

∣

π
3

0

−

∫ π
3

0

tan2 t dt

= π
3

· 3 −

∫ π
3

0

(sec2 t− 1) dt = π − tan t
∣

∣

∣

π
3

0

+ π
3

= 4
3

π −
√

3. �

4.2.5 ééé¡¡¡555999ÙÙÙAAA^̂̂ (SSSKKK 2257–2259, 2263, 2265–2267, 2276)

·�ò�9é¡5��
È©K8¥3ù��!.

ùp¤`�é¡5´3�2�¿Âþ5n)�, =��3,«C�e�±�ØC

5 (ë�¶Í [33]). ~X, ó¼êÒ´Ùã�3'u Oy ¶ (=�� x = 0) ����Ø

C, Û¼êÒ´Ùã�3'u�: O ^= 180◦ �ØC, ±Ï¼êÒ´Ùã�3 Ox ¶

���±Ï�Ý�²£�ØC. ù
ØC53È©O�¥Ñék^.

Ø=Xd, k���±ÏL|©���ÃãMEé¡5, l¦Ñ,
�JO��

½È©. duù
È©¥��È¼ê��¼ê�7´Ð�¼ê, ÏdJ±ÏLO�Ø½

È©ÚÚî–4ÙZ]úª��. 3ù�¿Âþ��!â»
�!�IK���.

e�K´¼êÛó5�Ä�È©(J, Ùy²lÑ (Ù¥ëY^��U��È).

SSSKKK 2258 y²: e¼ê f(x) 34«m [−l, l] þëY, K (1) �¼ê f(x) �ó¼

ê�,
∫
l

−l

f(x) dx = 2
∫
l

0

f(x) dx; (2) �¼ê f(x) �Û¼ê�,
∫
l

−l

f(x) dx = 0.

�Ñù
¯¢�AÛ)º.

y3·�ò±þ�é¡5�?�Úí2, ùéu,
È©�O�´ékÐ?�.

Äk�±5¿�, 3«m [a, b] þk½Â�?¿¼

ê f(x), XJògCþ�� a + b − x ���¼êP�

g(x) = f(a + b − x), KXmã¤«, ùü�¼ê�ã�

'u (ÏL«m [a, b] �¥:
a+ b

2
�) �� x = a+ b

2
é¡.

ù«é¡5�©ÛL��: 3 a 6 x 6 b �¤á

g(x) = f(a+ b− x) = f
(

a+ b
2

+
( a+ b

2
− x

)

)

.

x

y

O

f (x)

g (x)=f (a+b−x)

a ba+b

2

f(x) � f(a + b − x) �ã�

3¼ê f(x) u [a, b] þ�È�, =�y²±ek²wAÛ¿Â��ª¤á:∫
b

a

f(x) dx =
∫
b

a

f(a+ b− x) dx. (4.6)

�d��éum>�È©��� t = a+ b − x, ¿��ò t 2P� x =�:∫
b

a

f(a+ b− x) dx = −

∫
a

b

f(t) dt =
∫
b

a

f(x) dx.

éu«m [0, a] þ��È¼ê f(x) Kk∫
a

0

f(x) dx =
∫
a

0

f(a− x) dx. (4.7)



146 1oÙ ½È©

ù�úª±9�A��� t = a− x ´�Ñ±e�X�(J�Ì�óä.

e¡�Ä3«m [0, a] þ�¼ê�ü«#�é¡5: (1) 'u«m¥: a
2

�Ûé¡

5, (2) 'u�� x = a
2

�óé¡5.

~K (ë�e¡�Nã) (a) �u¼ê sinx 3«m [0, 2π] þ'uÙ¥: x = π �

Û¼ê, 3«m [0, π] þ'u�� x = π
2

�ó¼ê. (b) {u¼ê cosx 3«m [0, 2π]

þ'u�� x = π �ó¼ê, 3«m [0, π] þ'uÙ¥: x = π
2

�Û¼ê.

x

y

O

b

ππ
2

2π

1

−1

(a )

x

y

O

b

ππ
2

2π

1

−1

(b)

«m [0, 2π] Ú [0, π] þ�ü«é¡5�~f

|^ (4.7) ÒØJ��±eü�(J.

···KKK 4.8 �¼ê f 3«m [0, a] þ�È, �'u«m¥: a
2

�Û¼ê, =éu

x ∈ [0, a] k f(x) = −f(a− x), K¤á∫
a

0

f(x) dx = 0.

y ò (4.7) m>��È¼ê^^� f(a− x) = −f(x) �\=�. �

···KKK 4.9 �¼ê f 3«m [0, a] þ�È, �'u�� x = a
2

�ó¼ê, =éu

x ∈ [0, a] k f(x) = f(a− x), K¤á

∫
a

0

f(x) dx = 2
∫ a

2

0

f(x) dx.

y ò [0, a] þ�È©�

∫
a

0

f(x) dx =
∫ a

2

0

f(x) dx +
∫
a

a

2

f(x) dx, ,�ém>1

��È©��� x = a− t, ¿|^^� f(t) = f(a− t) Ò��

∫
a

0

f(x) dx =
∫ a

2

0

f(x) dx −

∫
0

a

2

f(a− t) dt = 2
∫ a

2

0

f(x) dx. �

5 þãü�½n¤|^�é¡53½È©O�¥´~��, ~X

∫π

0

cos3 xdx = 0,
∫π

0

cos4 xdx = 2
∫ π

2

0

cos4 xdx.

éu3 [0, a] þØ�½äkþãü«é¡5��È¼ê, �±^±e·K¥��{

)¤3 [0, a] þ'u�� x = a
2

�ó¼ê. ùéu,
È©�O�´k^�.

···KKK 4.10 � f 3 [0, a] þ�È, K¤á

∫
a

0

f(x) dx =
∫ a

2

0

[f(x) + f(a− x)] dx. (4.8)



§4.2 |^Ø½È©O�½È©��{ (SK 2206–2315 ) 147

y du g(x) = f(x) + f(a− x) 'u�� x = a
2

�ó¼ê, Ïd��éÜ¦^�

ª (4.7) Ú·K 4.9 =���

∫
a

0

f(x) dx = 1
2

(∫
a

0

f(x) dx +
∫
a

0

f(a− x) dx

)

=
∫ a

2

0

[f(x) + f(a− x)] dx. �

5 ¢Sþ·K 4.10 Úúª (4.8) ®²CX
cü�·K�(Ø. d	, �,��

±ò (4.8) í2����� [a, b] «mþ, ��

∫
b

a

f(x) dx =
∫ a+b

2

a

[f(x) + f(a+ b− x)] dx. (4.8’)

e¡Þùa¯K¥���~�~f.

~K y²: é?¿¢ê a ¤áð�ª
∫ π

2

0

dx
1 + tana x

≡

∫ π
2

0

dx
1 + cota x

≡
π
4

.

y ´yü�È©��, Ïd�IO�1��. Uúª (4.8) O�Ù�È¼ê��

1
1 + tana x

+ 1

1 + tana( π
2

− x)
= 1

1 + tana x
+ 1

1 + cota x

= 1
1 + tana x

+ tana x
1 + tana x

= 1,

§3 [0, π/4] þ�È©Ò´ π
4

. �

SSSKKK 2257 y²: e¼ê f(x) 34«m [0, 1] þëY, K

(a)
∫ π

2

0

f(sinx) dx =
∫ π

2

0

f(cosx) dx; (b)
∫π

0

xf(sinx) dx = π
2

∫π

0

f(sinx) dx.

) (a) ��� x = π
2
− t, =k dx = −dt, � x l 0 � π

2
�, t l π

2
� 0. u´k

∫ π
2

0

f(sinx) dx =
∫ π

2

0

f(cos t) dt,

2òm>�È©CþUP� x =�.

(b) ��� x = π − t, =k dx = −dt, � x l 0 � π �, t l π � 0. u´k∫π

0

xf(sinx) dx =
∫π

0

(π − t)f(sin t) dt = π
∫π

0

f(sin t) dt−
∫π

0

tf(sin t) dt,

,�òm>�ü�È©�È©CþUP� x, 2ò1��È©£��>, ü>Ø 2 =�

��¤���ª. �

5 ÖöØJ�y: (a) ´úª (4.7) �A~, (b) ´úª (4.8) �A~.

SSSKKK 2259 y²: ó¼ê��¼ê¥k���Û¼ê, Û¼ê����¼ê�

�ó¼ê.

5 31nÙ�m©�·K 3.1 � (1),(2) ¥®²y²
�K�(J, Ù¥�I�

�¼êÚØ½È©�Ä�Vg.
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) e f(x) 3'u�:�é¡�«mþëY, K�±^½È©5�ÑÙØ½È©,

=k ∫
f(x) dx =

∫
x

0

f(t) dt+ C,

Ù¥ C �?¿~ê (ë� §4.2.7 �SK 2302).

ù�e f �Û¼ê, =k f(−t) = −f(t), K3þªm>�È©¥��� t = −τ ,

=k dt = −dτ , f(−τ) = −f(τ), � t l 0 � x �, τ l 0 � −x. u´k∫
x

0

f(t) dt =
∫
−x

0

[−f(−τ)] dτ =
∫
−x

0

f(τ) dτ,

��

∫
x

0

f(t) dt ±9\þ?¿~ê����¤k�¼êÑ´ó¼ê.

e f �ó¼ê, =k f(−t) = f(t), K3�Ó���� t = −τ ��, Òk∫
x

0

f(t) dt = −

∫
−x

0

f(−τ) dτ = −

∫
−x

0

f(τ) dτ,

��

∫
x

0

f(t) dt ´Û¼ê. ,ù�Û¼ê\þ?¿�"~ê����Ù¦�¼êÑØ

¬´Û¼ê. Ïd3�¼ê¥�k�����´Û¼ê. �

e��K¥�È©´|^é¡5�;.~f. �²�Æ�4¶Ó�w�?ö, |^

Risch algorithm, http://en.wikipedia.org/wiki/Risch_algorithm, �±î�y

²Ù�È¼ê��¼êØ´Ð�¼ê.

SSSKKK 2263 ¦

∫π

0

x sinx
1 + cos2 x

dx.

) 1 ��� x = π − t, Kk dx = −dt, � x l 0 � π �, t l π � 0. u´k∫π

0

x sinx
1 + cos2 x

dx =
∫π

0

(π − t) sin t

1 + cos2 t
dt

=
∫π

0

π sin t
1 + cos2 t

dt−
∫π

0

t sin t
1 + cos2 t

dt

= π
2

∫π

0

sin t dt
1 + cos2 t

= −
π
2

∫π

0

d(cos t)

1 + cos2 t

= −
π
2

arctan(cos t)
∣

∣

∣

π

0

= −
π
2

(

−
π
4

−
π
4

)

= π2

4
. �

) 2 ��^·K 4.10 �úª (4.8), KkO�

x sinx
1 + cos2 x

+
(π − x) sin(π − x)

1 + cos2(π − x)
= π sinx

1 + cos2 x
,

,�Òk ∫π

0

x sinx
1 + cos2 x

dx =
∫ π

2

0

π sinxdx
1 + cos2 x

= −π arctan(cos x)
∣

∣

∣

π
2

0

= π2

4
. �

e¡�SK 2265 Ú 2267 ´�±Ï¼ê�È©k'�ü��Ä��(J.
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SSSKKK 2265 y²: e f(x) �½Â3 −∞ < x < +∞ þ�±Ï� T �ëY±Ï¼

ê, K ∫
a+T

a

f(x) dx =
∫
T

0

f(x) dx,

ª¥ a �?¿¢ê.

) 1 |^½È©'u«m��\5�Ñ∫
a+T

a

f(x) dx =
∫
0

a

f(x) dx+
∫
T

0

f(x) dx +
∫
a+T

T

f(x) dx,

,�éum>1n�È©
∫
a+T

T

f(x) dx ��� x = t+ T , K� x l T � a+ T � t l

0 � a, Ïd��∫
a+T

T

f(x) dx =
∫
a

0

f(t+ T ) dt =
∫
a

0

f(t) dt = −

∫
0

a

f(t) dt,

�\cª=�. �

) 2 lAÛã�þ�Ä, éuÈ©«m [a, a + T ], �3�ê k, ¦� a 6 kT <

a+ T . u´XNã¤«, ��ò [a, kT ] þ�>F/“£Ä”� [a+ T, (k+ 1)T ] þÒ�

±�� [kT, (k + 1)T ] þ�>F/, §“w,”� [0, T ] þ�>F/´�Ó�.

x

y

O
−T T

· · · · · ·

· · · · · · (k−1)T kT (k+1)T
a a+T

SK 2265 �Nã

±eòþã�*�{^©Û�ó�Ñ. k�©)∫
a+T

a

f(x) dx =
∫
kT

a

f(x) dx +
∫
a+T

kT

f(x) dx,

,�éþªm>�1��È©^��{, - t = x+ T , K��∫
kT

a

f(x) dx =
∫
(k+1)T

a+T

f(t− T ) dt =
∫
(k+1)T

a+T

f(t) dt.

u´��∫
a+T

a

f(x) dx =
∫
(k+1)T

a+T

f(x) dx +
∫
a+T

kT

f(x) dx =
∫
(k+1)T

kT

f(x) dx.

,�23����È©¥- x− kT = t, Ò��∫
(k+1)T

kT

f(x) dx =
∫
T

0

f(t+ kT ) dt =
∫
T

0

f(t) dt,

Ù¥|^
±Ï^� f(t+ kT ) = f(t). �

) 3 ±þü�y²¥�I� f 3?Ûk.«mþ�È=�. du3�K¥� f �

ëY¼ê, Ïd��±^éÈ©�¦���{5y².

½Â F (a) =
∫
a+T

a

f(x) dx, Ù¥ a �gCþ. du f ëY, ÏdÒk

F ′(a) = f(a+ T ) − f(a) = 0,
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�� F (a) 'u a �~�¼ê. ùL²é?Û a k F (a) = F (0), ùÒ´:∫
a+T

a

f(x) dx =
∫
T

0

f(x) dx. �

SSSKKK 2266 y²: � n �Ûê�, ¼ê

F (x) =
∫
x

0

sinn t dt Ú G(x) =
∫
x

0

cosn t dt

�± 2π �±Ï�±Ï¼ê; � n �óê�, Ù¥�z�����5¼ê�±Ï¼ê

�Ú.

J« du3e��SK 2267 ¥òy²: ?Û±Ï¼ê�È©�©)��5¼ê

�±Ï¼ê�Ú, �e3d©)ª¥��5¼ê��g�Xê� 0, KÒ´±Ï¼ê, Ï

d�K�´§�A~. Ø�k�e�K�25��K. �

SSSKKK 2267 y²: e f(x) �± T �±Ï�ëY±Ï¼ê, K¼ê

F (x) =
∫
x

x0

f(t) dt

3���¹e´�5¼ê�±Ï� T �±Ï¼ê�Ú.

©Û (ë�1nÙm©�·K 3.1(3)) e(Ø�ý, K�3©)ª:

F (x) = cx+ g(x),

Ù¥ g(x+ T ) = g(x). u´Òk

g(x+ T ) = F (x+ T ) − c(x+ T ) = g(x) = F (x) − cx,

ù�=�¦Ñ

cT = F (x+ T )− F (x) =
∫
x+T

x

f(t) dt =
∫
T

0

f(t) dt,

Ù¥|^
SK 2265 �(Ø, u´Ò¦Ñ
~ê c �

c = 1
T

∫
T

0

f(t) dt. �

) ½Â

g(x) = F (x) − cx =
∫
x

x0

f(t) dt− x
T

∫
T

0

f(t) dt,

ù�k

g(x+ T ) − g(x) =
∫
x+T

x

f(t) dt−
∫
T

0

f(t) dt = 0,

Ù¥2g|^
SK 2265 �(Ø. ùÒy²
Xd½Â� g(x) (¢´±Ï� T �±Ï

¼ê, Ïdk©)ª f(x) = cx+ g(x). �

5 ly²L§��±£�����Kk'�~�¯K, =±Ï� T �¼ê f(x)

��¼ê3�o^�e�½´±Ï¼ê? £�y², =���ù�^�Ò´ c = 0, =

f(x) 3��±Ïþ�È©� 0. ~X, sinx Ú cosx Ò´Xd (��·K 3.1(3) ¥� c �

¿Â�'�).
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SSSKKK 2276 ¦

∫
2π

0

dx
sin4 x+ cos4 x

.

) 1 3 §3.4.3 �SK 2035 ®²¦Ñ
�K��È¼ê�Ø½È©, Ù¥) 2 �

) 3 ��Y� ∫
dx

sin4 x+ cos4 x
= 1√

2
arctan

(

tan 2x√
2

)

+ C.

,þªm>�L�ª¿� 1
sin4 x+ cos4 x

3«m [0, 2π] þ��¼ê, ÏdIk^é

¡5òÈ©«m ��âU^Úî–4ÙZ]úª. ng^·K 4.9 �=�¦ÈXe:
∫
2π

0

dx
sin4 x+ cos4 x

= 8
∫ π

4

0

dx
sin4 x+ cos4 x

= 8 ·
1√
2

arctan
(

tan 2x√
2

)∣

∣

∣

π
4

0

= 8 ·
1√
2
·

π
2

= 2
√

2π. �

) 2 |^

sin4 x+ cos4 x = (sin2 x+ cos2 x)2 − 2 sin2 x cos2 x

= 1 −
1
2

sin2 2x = 1
2

(1 + cos2 2x),

=�¦ÈXe:
∫
2π

0

dx
sin4 x+ cos4 x

= 16
∫ π

4

0

dx
1 + cos2 2x

= 8
∫ π

2

0

dt
1 + cos2 t

= 8
∫ π

2

0

d(tan t)

2 + tan2 t

= 8
∫
+∞

0

du
u2 + 2

= 4
√

2 arctan u√
2

∣

∣

∣

+∞

0

= 2
√

2π. �

4.2.6 ¹¹¹kkkëëëêêê n ���½½½ÈÈÈ©©©OOO��� (SSSKKK 2281–2300)

éu¹k��êëê n (½ m,n �) �½È©O�, �«~^�{´k�Ñ4íú

ª (§3.4.4 ¥�Ü©SKÒ´Xd), ,�2�4íO�. �,ØÏL4í���O�

��¹�´éõ�.

ù�¡�k^�(J��Ò´3SK 2281–2282 ¥� sinn x Ú cosn x 3 [0, π
2

] þ

�½È©O�. du3��Ö¥Ñk§��í�, ùp��Ñ¤���úª�^.

In =
∫ π

2

0

sinn xdx =
∫ π

2

0

cosn xdx =
(n− 1)!!
n!!

· I, (4.9)

Ù¥�~ê I �

I =







1, n �Ûê,

π
2
, n �óê.

(4.10)
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ù�úª38��NõO�¥Ñ¬^�, ÏdI�P4. ~X, ÖöeUP�ù�

úª, =����Ñ±eA��ª:
∫ π

2

0

cos2 xdx =
∫ π

2

0

sin2 xdx = 1
2
·

π
2

= π
4
,

∫ π
2

0

cos2 x sin2 xdx =
∫ π

2

0

cos2(1 − cos2 x) dx = π
2

·
1
2

(

1 −
3
4

)

= π
16
,

∫ π
2

0

sin7 xdx = 6 · 4 · 2
7 · 5 · 3

= 16
35
.

SSSKKK 2283 |^4íúªO�¹k��ê��ëê n �È© In =
∫ π

4

0

tan2n xdx.

) |^n�ð�ª tan2 x = sec2 x− 1 =�4íXe:

In =
∫ π

4

0

tan2n−2 x (sec2 x− 1) dx =
∫ π

4

0

tan2n−2 xd(tanx) − In−1

= 1
2n− 1

tan2n−1 x

∣

∣

∣

π
4

0

− In−1 = 1
2n− 1

− In−1.

,�l I0 = π
4

Ñu=�4í��

In = 1
2n− 1

−
1

2n− 3
+ · · · + (−1)n−1 + (−1)n ·

π
4

= (−1)n

{ π
4

−
[

1 −
1
3

+ 1
5

− · · · + (−1)n−1 1
2n− 1

]}

. �

5 �ì�¡ §4.3 �SK 2326.1(b), ØJy²�K�È© In � n → ∞ ��4�

� 0, lÒ��Í¶�4ÙZ]?ê (q� §5.5.3 �SK 2869 � §5.6.1 �SK 2938):
π
4

= 1 −
1
3

+ 1
5

− · · · + (−1)n−1 1
2n− 1

+ · · ·

=

∞
∑

n=1

(−1)n−1

2n− 1
.

SSSKKK 2286 ^4íúªO�¹k��ê��ëê n �È© In =
∫
1

0

xm(lnx)n dx.

) ^©ÜÈ©{��

In = 1
m+ 1

xm+1 lnn x

∣

∣

∣

1

+0

−
n

m+ 1

∫
1

0

xm(ln x)n−1 dx = −
n

m+ 1
In−1,

,�l I0 =
∫
1

0

xm dx = 1
m+ 1

Ñu=�4í��

In = (−1)n n!
(m+ 1)n+1

. �

5 �K��Yéu�u −1 �?Û¢ê m Ñé. � m 6 −1 �, l §4.4 �2ÂÈ

©nØ��È©uÑ.

35SK86¥�Ñ, ±e�È©O��±|^î.úª3Eê�¥?1. (3�

Öc¡®²kNõù�¡�~f.) 3e¡�K)¥, ·�ò�â=�«�{��k�

5û½^�o){.
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^î.úªÚ��O�=��ye¡�ü�SK 2288–2289 �(Ø. §�´8�O

��Ä:. ~X, 1��SKL², éu�ê¼ê ekx (k 6= 0) �O�úª∫
b

a

ekx dx = 1
k

ekx

∣

∣

∣

b

a

= 1
k

(ekb − eka)

3 k �Eê��¹E,¤á. ùp��Ñùü�SK, Ùy²lÑ.

SSSKKK 2288 |^î.úª eix = cosx+ i sinx, y²:

∫
2π

0

einxe−imx dx =







0, e m 6= n,

2π, e m = n,

Ù¥ m Ú n ��ê.

SSSKKK 2289 y² ∫
b

a

e(α+iβ)x dx = eb(α+iβ) − ea(α+iβ)

α+ iβ
,

Ù¥ α Ú β �~ê.

éue¡�SK 2290–2294, 5SK86¥JÑ|^î.úª

cosx = 1
2

(eix + e−ix), sinx = 1
2i

(eix − e−ix)

?1O�. e¡�K)Kl�2����5ÀJ�{.

SSSKKK 2290 ¦

∫ π
2

0

sin2m x cos2n xdx, Ù¥ n Ú m ���ê.

) ²L}Á, �KØ^E�{�U�{ü�:. òÈ©P� I(m,n), K�^©Ü

È©{í�Ù4íúªXe:

I(m,n) =
∫ π

2

0

sin2m x cos2n xdx =
∫ π

2

0

sin2m x cos2n−1 xd(sin x)

= 1
2m+ 1

sin2m+1 x cos2n−1 x

∣

∣

∣

π
2

0

+ 2n− 1
2m+ 1

∫ π
2

0

sin2m+2 x cos2n−2 xdx

= 2n− 1
2m+ 1

∫ π
2

0

sin2m x(1 − cos2 x) cos2n−2 xdx

= 2n− 1
2m+ 1

[I(m,n− 1) − I(m,n)]

= 2n− 1
2(m+ n)

I(m,n− 1).

2|^úª (4.9) =k I(m, 0) =
(2m− 1)!!

(2m)!!
·

π
2

, u´Ò�4í��

I(m,n) =
(2n− 1)(2n− 3) · · · 1

2n(m+ n)(m+ n− 1) · · · (m+ 1)
· I(m, 0)

=
(2n− 1)!!(2m− 1)!!

2m+n(m+ n)!
·

π
2
. �

ée�Kk�Ñ4íúª�){, ,�0�ü«��O��{.
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SSSKKK 2291 ¦

∫π

0

sinnx
sinx

dx.

) 1 P¤¦È©� In, ^n�ð�ª=��Ñ4íúªXe (Ù¥� n > 2):

In =
∫π

0

sin(n− 1)x cos x+ cos(n− 1)x sinx
sinx

dx

=
∫π

0

sin(n− 1)x cos x
sinx

dx+
∫π

0

cos(n− 1)xdx

=
∫π

0

[sin(n− 2)x cosx+ cos(n− 2)x sinx] cosx
sinx

dx

=
∫π

0

(1 − sin2 x) sin(n− 2)x
sinx

dx+
∫π

0

cos(n− 2)x cosxdx

= In−2 +
∫π

0

[cos(n− 2)x cosx− sin(n− 2)x sinx] dx

= In−2 +
∫π

0

cos(n− 1)xdx = In−2.

d I1 = π Ú I2 = 0 m©�4í=��� I2k+1 = π Ú I2k = 0. �

) 2 P¤¦È©� In. ^î.úª, Kk

sinnx
sinx

= einx − e−inx

eix − e−ix
= ei(n−1)x + ei(n−3)x + · · · + e−i(n−3)x + e−i(n−1)x. (4.11)

,�©O?Ø n �ÛêÚóê��¹.

� n = 2k+1 �, 3 (4.11) m>kÛê�, 3����ê¥, n−1, n−3, · · · ,−(n−

3),−(n − 1) Ñ´óê, 3�¥m����ê�u 0. Ø
ù��3 [0, π] þ�È©� π
�	, òÙ¥�1 j ���ê1 j ��\, ¿2g^î.úª, ù�Ò3 j = 1, 2, · · · , k

þk ∫π

0

[ei(2j)x + e−i(2j)x] dx = 2
∫π

0

cos 2jxdx = 0,

�� I2k+1 = π.

� n = 2k �, æ��Ó��{��� k �È©�Ñ�u 0, �´ù�3 (4.11) m>

�kóê�, z���ê�Ûê, Ïd�^�Ó�{�� I2k = 0. �

) 3 (V�) |^n�¼ê�ÈzÚ�úª, =�©O��Xe�ð�ª (ùp�

ë� §2.1.4 �SK 1024(b) ¥�O��{):

sin(2k + 1)x
sinx

= 1 + 2(cos 2x+ cos 4x+ · · · + cos 2kx),

sin(2k)x
sinx

= 2[cosx+ cos 3x+ · · · + cos(2k − 1)x],

,�3 [0, π] þÈ©=����) 1 �Ó��Y. �

5 3«m [0, π] þk

sinn(π − x)

sin(π − x)
= (−1)n+1 sinnx

sinx
,

Ïd� n = 2k �, �È¼ê sinnx
sinx

'u«m¥: π
2

�Û¼ê. |^ §4.2.5 ¥'ué

¡5�·K 4.8 =��ÙÈ© I2k = 0.
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SSSKKK 2292 ¦

∫π

0

cos(2n+ 1)x
cosx

dx.

) (V�) P¤¦È©� In. SK 2291 �n�){Ñ�±^udK. ~X^Ù¥

�) 1 =���4íúª In = −In−1. Ïk I0 = π, =� In = (−1)nπ. �,Ø
ùn

«){�	��k©ÜÈ©{��^. �

SSSKKK 2293 ¦

∫π

0

cosn x cosnxdx.

) 1 P¤¦�È©� In, ^©ÜÈ©{O�Xe:

In = cosn x sinnx
n

∣

∣

∣

π

0

+
∫π

0

sinnx · cosn−1 x · sinxdx

=
∫π

0

cosn−1 x (sinnx sinx+ cosnx cosx) dx− In

=
∫π

0

cosn−1 x cos(n− 1)xdx − In = 1
2
In−1,

2|^ I0 = π, ��Òk In = π
2n . �

) 2 P¤¦�È©� In, Ú\EÈ©

Un =
∫π

0

cosn x einx dx,

K In ´ Un �¢Ü. |^©ÜÈ©{Òk

In = Re(Un) = Re
(

1
in

einx cosn x

∣

∣

∣

π

0

+ 1
i

∫π

0

einx cosn−1 x sinxdx
)

= Re
(

∫π

0

cosn−1 x[einx(cosx− i sinx) − einx cosx] dx
)

= Re(Un−1 − Un) = In−1 − In = 1
2
In−1,

±e�) 1 �Ó. �

SSSKKK 2294 ¦

∫π

0

sinn x sinnxdx.

J« P¤¦È©� In. � n = 1 �k I1 =
∫π

0

sin2 xdx = π
2

. éu n > 2, ^SK

2293 �ü��{Ñ���4íúª In = −
1
4
In−2. �

SSSKKK 2295 ¦

∫π

0

sinn−1 x cos(n+ 1)xdx (n ���ê).

) 1 l sinn+1 x cos(n+ 1)x �È©m©�üg©ÜÈ©, ��∫π

0

sinn+1 x cos(n+ 1)xdx =
sin(n+ 1)x
n+ 1

sinn+1 x

∣

∣

∣

π

0

−

∫π

0

sinn x cos x sin(n+ 1)xdx

=
cos(n+ 1)x

n+ 1
sinn x cosx

∣

∣

∣

π

0

−
1

n+ 1

∫π

0

cos(n+ 1)x(n sinn−1 x cos2 x− sinn+1 x) dx

= −
1

n+ 1

∫π

0

cos(n+ 1)x[n sinn−1 x(1 − sin2 x) − sinn+1 x] dx

= −
n

n+ 1

∫π

0

sinn−1 x cos(n+ 1)xdx +
∫π

0

sinn+1 x cos(n+ 1)xdx,
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���K�È©� 0. �

) 2 [13] �K���¦ÈXe:∫π

0

sinn−1 x cos(n+ 1)xdx =
∫π

0

sinn−1 x (cosnx cosx− sinnx sinx) dx

= sinn x
n

cosnx
∣

∣

∣

π

0

−
1
n

∫π

0

sinn xd(cosnx)

−

∫π

0

sinn x sinnxdx = 0. �

) 3 [6] ��±l

(sinn x cosnx)′ = n sinn−1 x cosnx cosx− n sinn x sinnx

= n sinn−1 x(cosnx cosx− sinnx sinx)

= n sinn−1 x cos(n+ 1)x,

=��� ∫π

0

sinn−1 x cos(n+ 1)xdx = 1
n

sinn x cosnx
∣

∣

∣

π

0

= 0. �

SSSKKK 2296 ¦

∫π

0

cosn−1 x sin(n+ 1)xdx (n ���ê).

J« SK 2295 �cü�){3ùpÑk�. d	, ��y²�K��È¼ê3

[0, π] þ'uÙ¥: π
2

�Û¼ê, Ïd���^ §4.2.5 ¥'ué¡5�·K 4.8 ��Ù

È©� 0 (ë�SK 2291 �5). �

SSSKKK 2297 ¦

∫
2π

0

e−ax cos2n xdx (n ���ê).

) P¤¦È©� In, KØJ^©ÜÈ©¦Ñ4íúª, ,ù�úª'�E,,

^§?14íO�qØ�B, �ØX�SK 2291 �) 2 ½) 3 @���È©�Ð.

^î.úª�ò cos2n x z���¼ê�ÚXe:

cos2n x =
(

eix + e−ix

2

)2n

= 1
22n

[

C0
2n

ei2nx + C1
2n

ei(2n−2)x + · · · + Cn

2n

+ · · · + C2n−1

2n
e−i(2n−2)x + C2n

2n
e−i2nx

]

= 1
22n

[

Cn

2n
+ 2

n−1
∑

k=0

Ck

2n
cos 2(n− k)x

]

,

,�¦± e−ax 3 [0, 2π] þÈ©. ù��±|^ §3.1.6 �SK 1828 �(J, =úª∫
eax cos bxdx = eax

a2 + b2
(a cos bx+ b sin bx) + C,

½ö��^©ÜÈ©{O�½È©, Ò�±��∫
2π

0

e−ax cos 2(n− k)xdx =
a(1 − e−2πa)

a2 + 4(n− k)2
.

u´�Y�
∫
2π

0

e−ax cos2n xdx = 1 − e−2πa

22n

[

1
a

Cn

2n
+ 2a

n−1
∑

k=0

Ck

2n

1
a2 + 4(n− k)2

]

. �
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SSSKKK 2298 ¦

∫ π
2

0

ln cosx cos 2nxdx (n ���ê).

J« ò�ÈL�ª�� ln cosxd
(

sin 2nx
2n

)

��©ÜÈ©, éÈ©Ò	��^

â7�{KO�, é{e�È©K�8(�SK 2292 ¥�È©. TK�È©«m�,

´ [0, π], �Ù�È¼ê'u«m¥: π
2

�ó¼ê, Ïd�ÒJø
�K��Y. �

SSSKKK 2299 (îîî...ÈÈÈ©©©) õg|^©ÜÈ©{, O�

B(m,n) =
∫
1

0

xm−1(1 − x)n−1 dx,

Ù¥ m Ú n ���ê.

J« �K��Y�
(m− 1)!(n− 1)!

(m+ n− 1)!
, ^©ÜÈ©{O�vk(J. ùp��Ñ,

ù�î.È©�¡��©¼ê, ´^¹ëCþÈ©½Â���AÏ¼ê. �§k'�

SK�5SK86� §7.4, ÙIKÒ´î.È©. �´@p���¼ê B(x, y) �½Â

�� x > −1, y > −1, �K�´éu x, y ���ê��¹?1O�.

SSSKKK 2300 V4�õ�ª Pn(x) �d±eúª½Â:

Pn(x) = 1
2nn!

·
dn

dxn
[(x2 − 1)n] (n = 0, 1, 2, · · · ),

y²:
∫
1

−1

Pm(x)Pn(x) dx =







0, e m 6= n,

2
2n+ 1

, e m = n.

y éu m 6= n, Ø�� m < n, �Ø7�Ä3½Â¥�~êÏf. ù�Òk∫
1

−1

{

[(x2 − 1)n](n) · [(x2 − 1)m](m)

}

dx =
{

[(x2 − 1)n](n−1) · [(x2 − 1)m](m)

}∣

∣

∣

1

−1

−

∫
1

−1

{

[(x2 − 1)n](n−1) · [(x2 − 1)m](m+1)

}

dx

= −

∫
1

−1

{

[(x2 − 1)n](n−1) · [(x2 − 1)m](m+1)

}

dx,

��3 m+ 1 g©ÜÈ©�Òk [(x2 − 1)m](2m+1) ≡ 0, du n > m, |^ (x2 − 1)n

k n ": −1 Ú 1, Ïd3È©Ò	��o´�u 0 �.

éu m = n, �±Xþ¡@�k� n g©ÜÈ©, |^ [(x2 − 1)n](2n) = (2n)!, ,

�2^�� x = sin t, ¿|^úª (4.9), =�È©Xe:∫
1

−1

P 2
n
(x) dx =

(−1)n

22n(n!)2
· (2n)!

∫
1

−1

(x2 − 1)n dx =
(2n)!

22n(n!)2

∫
1

−1

(1 − x2)n dx

=
(2n)!

22n(n!)2
· 2

∫ π
2

0

cos2n+1 t dt =
(2n)!

22n(n!)2
· 2 ·

(2n)!!

(2n+ 1)!!
=

2

2n+ 1
. �

5 ùp�Ñ�K�¿Â. §L², ò¼ê f(x), g(x) �È©
∫
1

−1

f(x)g(x) dx = 0

��ü�¼ê���½Â�, V4�õ�ª�¤3«m [−1, 1] þ�¼ê�m¥���

��X. d	, ��� Pn(x) �¤k m < n � m gõ�ª��.
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4.2.7 kkk...ØØØëëëYYY¼¼¼êêê���ÈÈÈ©©©OOO��� (SSSKKK 2301–2315)

�dÄk�í2�¼êÚÚî–4ÙZ]úª�·^��.

SSSKKK 2301 �¼ê f(x) 3 [a, b] þ�È, ¼ê F (x) 3 [a, b] SØ
k��S:

ci (i = 1, 2, · · · , p) 9: a � b 	�÷v�ª F ′(x) = f(x), ù
:´ F (x) �1�a

ØëY: (2Â�¼ê). y²:
∫
b

a

f(x) dx = F (b− 0) − F (a+ 0) −

p
∑

i=1

[F (ci + 0) − F (ci − 0)].

) Ø�� a < c1 < c2 < · · · < cp < b, �P a = c0, b = cp+1, Kd½È©'u«

m��\5, Òk
∫
b

a

f(x) dx =

p
∑

i=0

∫
ci+1

ci

f(x) dx.

�â½È©'uÈ©��ëY5½n (� §4.2.3 �·K 4.5(1)), éþªm>ÚªS�z

�È©, =é i = 0, 1, · · · , p k∫
ci+1

ci

f(x) dx = lim
η→+0

∫
ci+1−η

ci+η

f(x) dx

= lim
η→+0

[F (ci+1 − η) − F (ci + η)] = F (ci+1 − 0) − F (ci + 0),

Ù¥^�3 η > 0 ¿©��, F ′(x) = f(x) 3«m [ci + η, ci+1 − η] þ¤á, � F (x) 3

z�: ci ?�3ü�üý4��^�.

Ü¿±þ(J, Òk

∫
b

a

f(x) dx =

p
∑

i=0

∫
ci+1

ci

f(x) dx =

p
∑

i=0

[F (ci+1 − 0) − F (ci + 0)]

=

p+1
∑

i=1

F (ci − 0) −

p
∑

i=0

F (ci + 0)

= F (b − 0) − F (a+ 0) −

p
∑

i=1

[F (ci + 0) − F (ci − 0)]. �

5 dd��, �
U
3«m [a, b] þ¦^2Â�Úî–4ÙZ]úª∫
b

a

f(x) dx = F (b− 0) − F (a+ 0),

·��¦ F (x) 3 [a, b] þëY. ÄKÒI�\\�S: ci k'��O�.

SSSKKK 2302 �¼ê f(x) 34«m [a, b] þ�È, 

F (x) = C +
∫
x

a

f(ξ) dξ

� f(x) �Ø½È©. y²: ¼ê F (x) ëY, �3¼ê f(x) ëY���:?¤á�ª

F ′(x) = f(x).

¯3¼ê f(x) �ØëY:?¼ê F (x) ��ê´�o?
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ïÄ~f:

(a) f
(

1
n

)

= 1 (n = ±1,±2, · · · ), � x 6= 1
n

� f(x) = 0;

(b) f(x) = sgnx.

) �y²�ü:®3c¡�¤� §4.2.3 �·K 4.5 � (1) Ú (2). du3�È©

�z���Ö¥Ñk§��y², ùplÑ.

'u F (x) 3¼ê f(x) �ØëY:����¹, �±kw x0 ´ f(x) �1�aØë

Y:��¹. �â«mþ��¼êØ�Uk1�aØëY:�½n (� §2.6.5 ¥�·K

2.2), Ïd3: x0 ?Ø�U¤á F ′(x0) = f(x0).

e¡*	K¥Jø�~f (a) Ú (b).

~f (a) ¥�¼ê f(x) Ø����:�	Ñ�u 0, Ïd?�«m [a, b] Ñ�U�

� F (x) ≡ C. ù�3: 1/n?, F ′(1/n) = 0, , f(1/n) = 1. du: 1/nÑ´1�a

ØëY:, Ïdù�þ¡�©Û´���.

��wÑ, ù
: 1/n Ñ´��ØëY:, Ïd��#½Â f 3ù
:þ���

0, Ò¡E
 f �ëY5. ù�L², � x0 ´ f ���ØëY:�, F ′(x0) o´�3�.

,~f (a) ¥� x = 0 ´1�aØëY:, ù�%k F ′(0) = f(0) = 0, ùL²3

1�aØëY:? F ′ � f ���±�� (�,��±Ø��).

~f (b) K�N
1�aØëY:�,�«�U5. N´w�k F (x) = |x| + C,

ù�3 x = 0 ? F Ø��. �

SK 2302 �úªL², �±^½È©�Ñ2Â�¼ê�Ø½È©. e¡�SK

2303–2308 Ò´ù�¡�O�K. Þ��~f.

SSSKKK 2304 ¦Ø½È©
∫
sgn(sinx) dx.

) du�È¼ê´Û¼ê, ÏdÙ�¼êÑ´ó¼ê (� §4.2.5 �SK 2259 Ú

1nÙm©�·K 3.1). qÏ�È¼ê´±Ï 2π �±Ï¼ê, �3��±Ï��«m

(~X [−π, π]) þ�È©� 0, Ïd�¼ê�´k±Ï 2π �±Ï¼ê (� §4.2.5 �SK

2267). u´��¦Ñ3 [0, π] þ��¼êL�ª, ,�óòÿ� [−π, 0], 2±±Ï 2π ò

ÿ���¢ê��=�.

3 [0, π] þ^½È©O���

F (x) = C +
∫
x

0

sgn(sin x) dx = C + x (0 6 x 6 π),

u´3 [−π, π] þ�Ø½È©� |x| + C, éz��ê k, 3 [(2k − 1)π, (2k + 1)π] þ�

L�ª� |x− 2kπ| + C. 3e¡�Nã¥�Ñ
 C = 0 ��¼ê�ã�. �

5 þã�¼ê�±kõ«L�ª. ~X, arccos(cos x) + C Ò´��Ø��ÀJ

(ë�1�þN¹��SK 320 Ú §1.8.2 �SK 770 �5). e½Â (x) ´ê x ��§�

�C��ê�ål, K��±^ (x/π) + C 5L«ù��Ø½È© (ë�1�þN¹�

�SK 362(e) �ã�).
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x

y

O π−π 2π−2π

π

SK 2304 �Nã

SK 2309–2315 ´½È©�O�K. 3ù
SK¥�ØëY5õê´du3¼ê�

EÜ$�¥Ñy
ÎÒ¼ê sgn(x) Ú����ê¼ê [x] Úå�, ����©ã¦È

=�. ù�¡�Þ��~f, Ù¥��È¼ê3È©«mSkÃ�õ�ØëY:, l

I�ÏLéÈ©��4�âU�����(J.

SSSKKK 2314 ¦½È©
∫
1

0

sgn[sin(lnx)] dx.

) du3 [0, 1] þ sin(ln x) �":Ñ´�È¼ê�ØëY:, ÏdÒ���3Ã

�õ�ØëY: xn = e−kπ, k = 0, 1, 2, · · · . d	, ��§��à:, x = 0 �´��Ø

ëY:. ëìSK 2194 ¥�¼ê f(x) = sgn
(

sin π
x

)

, x ∈ [0, 1], =�y²�K��È

¼ê�È.

u´�â·K 4.5(1) (½öSK 2302), =½È©´CÄÈ©��ëY¼ê, Ïd�

±ÏLe�4�5O�¤�¦�È©:∫
1

0

sgn[sin(ln x)] dx = lim
k→∞

∫
1

e−kπ
sgn[sin(ln x)] dx

= lim
k→∞

[
∫
1

e−π
(−1)dx+

∫
e
−π

e−2π
dx + · · · +

∫
e
−(k−1)π

e−kπ
(−1)k dx

]

= lim
k→∞

[

− (1 − e−π) + (e−π − e−2π) + · · · + (−1)k(e−(k−1)π − e−kπ)
]

= (1 − e−π) lim
k→∞

[

− 1 + e−π + · · · + (−1)ke−(k−1)π] = e−π − 1
e−π + 1

. �
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§4.3 ¥¥¥���½½½nnn (SSSKKK 2316–2333 )

SSSNNN{{{000 �!Ì�ÆSü�È©¥�½n3È©�OÚ4�O���¡�A^.

SSSKKK 2316(a) (½È©

∫
2π

0

x sinxdx �ÎÒ.

) 1 �Ä�Nã¥�È¼ê�ã�, =�wÑ�

K�È©��u 0, �J«·�òÈ©©Xe:

I =
∫
2π

0

x sinxdx =
∫π

0

x sinxdx+
∫
2π

π
x sinxdx

,�31��È©¥�²£�� x = t + π, ¿3��

�ò t UP� x, ù�Ò��

I =
∫π

0

x sinxdx−

∫π

0

(x+ π) sinxdx

= −π
∫π

0

sinxdx < 0. �

x

y

O

π 2π
1

−1

−2

−3

−4

+

−

SK 2316(a) �Nã

5 �K�È©éN´��O�Ñ5, Ø7��O. Ïd·�JÑù��¯K,

=l�{Ø��Ý5w, eò�È¼ê¥� x ��î�üN4O¼ê f(x), K�A�È

©´Ä�´�u 0? e¡òw�, ò) 1 ¥��{�í2, ½ö|^ü�¥�½n, Ñ�

±y²ù�¯K��Y´�½� 1©.

) 2 � f(x) u«m [0, 2π] þî�üN4O, K|^) 1 ��{�±��∫
2π

0

f(x) sinxdx =
∫π

0

f(x) sinxdx +
∫
2π

π
f(x) sin xdx

=
∫π

0

f(x) sinxdx +
∫π

0

f(x+ π) sin(x+ π) dx

=
∫π

0

[f(x) − f(x+ π)] sinxdx < 0,

ùp��|^
�È¼ê??�K, ÏdÈ©7½�u 0 (ë� §4.1.4 �SK 2205). �

) 3 3 f(x) u«m [0, 2π] þî�üN4O�ëY�, |^È©©ÚÈ©1�

¥�½n=��OXe:∫
2π

0

f(x) sinxdx =
∫π

0

f(x) sinxdx+
∫
2π

π
f(x) sinxdx

= f(c1)
∫π

0

sinxdx+ f(c2)
∫
2π

π
sinxdx

= [f(c1) − f(c2)]
∫π

0

sinxdx < 0,

Ù¥|^
 sinx 3«m [0, π] Ú [π, 2π] þ©O�Ò, l�±üg¦^È©1�¥�

½n�� c1 ∈ (0, π) Ú c2 ∈ (π, 2π). du f î�üN4O, �� f(c1) < f(c2). �

1©3) 3 Ú) 4 ¥ÑI�^�“¥�”�S:5. 3È©1�¥�½n¥, 3 f ëYÚ ϕ �Ò�^�e�

±�y
∫

b

a

f(x)ϕ(x) dx = f(c)
∫

b

a

ϕ(x) dx ¥�“¥�” c �«m [a, b] �S:, =k a < c < b. Öö�±ë

w [34] �~K 10.2.2 9Ù5. aq�?Ø�� [32, 35] �ë�Ö. d	, éuÈ©1�¥�½n� ξ �S:

5�kaq�?Ø, � [35].
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) 4 3 f(x) u«m [0, 2π] þî�üN4O��K�, |^È©1�¥�½nk

ξ ∈ (0, 2π) (�þ��.5), ¦�¤á∫
2π

0

f(x) sinxdx = f(2π − 0)
∫
2π

ξ

sinxdx

= f(2π − 0) · (− cosx)
∣

∣

∣

2π

ξ

= −f(2π − 0)(1 − cos ξ) < 0. �

SSSKKK 2321 � f(x) ∈ C[0,+∞), � lim
x→+∞

f(x) = A, ¦

lim
x→+∞

1
x

∫
x

0

f(t) dt.

ïÄ~f f(x) = arctanx.

©Û �K�±ë� §4.2.3 �SK 2233(d) �) 1. XT?¤«, 3ùpA^'u
∗
∞

.�Ø½ª�â7�{K (= §2.9.4 �·K 2.10) ´Ü·�.

,���{´|^ §1.5.7 � 3 ¥�SK 608(a), u´k

lim
x→+∞

∫
x

0

f(t) dt

x
= lim

x→+∞

∫
x+1

x

f(t) dt,

{e�´��y²m>�4��3��u A. ù�Ò�±��SK 2233(d) �) 2 5)

ûùp�¯K. �

SK 2323–2325 ´^È©1�¥�½néÈ©��O, e¡wÙ¥1nK.

SSSKKK 2325 |^1�¥�½n�OÈ©

∫
100

0

e−x

x+ 100
dx.

) 1 È©1�¥�½n�'�^�´3�È¼ê f(x)ϕ(x) �ü�Ïf¥k��

�Ò. �K� e−x Ú
1

x+ 100
3È©«m [0, 100] þÑ´�Ò�, Ïd���±kü«

�ª5A^1�¥�½n. ²'����e¡��ª¤����O'�O(�
.

ù�k c ∈ (0, 100), ¦�¤á∫
100

0

e−x

x+ 100
dx = 1

c+ 100

∫
100

0

e−x dx = 1
c+ 100

(1 − e−100).

du e−100 ≈ 3.7 × 10−44 �~�, e�ÑØO, KÒl 0 < c < 100 ���O

0.005 <
∫
100

0

e−x

x+ 100
dx < 0.01. �

) 2 3) 1 ¥����O��þ.Úe.�'� 2: 1. Ù¢e2(Ü©ÜÈ©�

�{, Ò�±���°(��O (ë� [34] � §11.3).

Xe3©ÜÈ©�2^1�¥�½n, KÒk c ∈ (0, 100), ¦�¤á∫
100

0

e−x

x+ 100
dx = −e−x

x+ 100

∣

∣

∣

100

0

−

∫
100

0

e−x

(x+ 100)2
dx

= 2 − e−100

200
−

1
(c+ 100)2

(1 − e−100).
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ÏdÒ����O

0.009 900 <
∫
100

0

e−x

x+ 100
dx < 0.009 975.

^ Mathematica ^�N´O�Ñù�È©�Cq�� 0.009 901 94, ��þã�O®�

�O(. (ù���{��UYe�, ë� §5.8.3 �SK 3050.) �

SSSKKK 2326.1(b) y²�ª lim
n→∞

∫ π
2

0

sinn xdx = 0.

©Û ù´ê�4�¯K, �´ê��z��´��½È©. 3Nã� 4 Ì©ã¥,

©O^oç��Ñ
 n = 1, 10, 100, 1 000 � y = sinn x �ã� (Ó�^J�£ÑÙ¦

n^�), ÙeW±�Ú�>n�/�¡ÈÒ´½È©

∫π/2

0

sinn xdx. dd��, é

?Û: x ∈ [0, π/2), Ñk sinn x → 0 (n → ∞), ��½ n � (ØØ n õ�), 3: π/2 �

�ý�C, sinn x ok�Cu 1 ��. u´�^“©£�”��{5)û¯K. �

x

y

O π/2

1
y =si n x

x

y

O π/2

1
y =si n

10
x

x

y

O π/2

1
y =si n

10 0
x

x

y

O π/2

1
y =si n

1 0 0 0
x

SK 2326.1(b) �Nã

) 1 é�½� ε > 0 (Ø��®k ε < 1), � δ = ε
2

, ,�éÈ©�OXe:

0 <
∫ π

2

0

sinn xdx =
∫ π

2
−δ

0

sinn xdx+
∫ π

2

π
2
−δ

sinn xdx

6
π
2

sinn( π
2

− δ) + δ

6
π
2

cosn δ + ε
2
.

|^ 0 < cos δ < 1, �3 N , ¦�� n > N �¤á 0 < π
2

cosn δ <
ε
2

, ù�Òy²
ê

�

{
∫ π

2

0

sinn xdx
}

�4�� 0. �

) 2 UÄ^1�¥�½n�Ñy²? e��^
∫ π

2

0

sinn xdx = sinn ξn ·
π
2
,

K=¦|^¥� ξn �S:5 (� 161 ��.5), du ξn �?¿�Cu π/2, Ïd sin ξn

�?¿�Cu 1, lØU�½þª�4�� 0.

'�´�¦¤k ξn lm: π/2 ��(½ (,�±é�) �ål. XJk�) 1 @

��È©©, ,�é [0, π/2 − δ] þ�È©^1�¥�½n, K3��þ�) 1 vk«

O. ±elÑ. �

) 3 æ^� n k'�È©©�{. �ê� {εn} �z��Ñáu (0, 1), �k

εn → 0 (n→ ∞), Kk©
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0 <
∫ π

2

0

sinn xdx =
∫ π

2
−εn

0

sinn xdx+
∫ π

2

π
2
−εn

sinn xdx

6
π
2

sinn( π
2

− εn) + εn

= π
2

cosn εn + εn.

u´� n→ ∞ �þª�1 2 �´Ã¡�þ, 1��K´ π
2

¦± 1∞ .�Ø½ª. ¯

K3uÀJ·�� εn (n = 1, 2, · · · ), ¦�1���´Ã¡�þ.

�Ñ

cosn εn = [1 + (cos εn − 1)]n = [1 + (cos εn − 1)]
1

cos εn−1
·[n(cos εn−1)]

,

¿|^ 1 − cosx ∼
1
2
x2 (x→ 0) (� §1.5.5 � (1.32)), ����¦�

lim
n→∞

n · ε2
n

= +∞

=�. e� εn = 1
nα , K��- 0 < α <

1
2

. ~X, � εn = 1/ 3
√
n (� [25] �~ 7.7). �

) 4 3SK 2281 ¥®²¦ÑÈ©
∫ π

2

0

sinn xdx �L�ª (� §4.2.6 � (4.9)), Ï

d�K��uy²ê� xn =
(n− 1)!!
n!!

(n = 1, 2, · · · ) ´Ã¡�þ.

e®²ÆL»|dúª (� §5.1.3 �·K 5.1), KÒk

xn =
(n− 1)!!
n!!

∼
1√
πn

(n→ ∞),

Ïdù´w,�.

eØ^éy�ã5`���ù�úª, K�±©Oy² {xn} �óê�f� {x2n}

ÚÛê�f� {x2n−1} Ñ´Ã¡�þ. éu {x2n}, 3 §1.1.1 �SK 9(b) ¥®²kØ�

ª x2n <
1√

2n+ 1
, lk lim

n→∞

x2n = 0 (=5SK86�SK 68). �ìSK 9(b) �

(Ø9Ùy² (ë�TK3 §1.1.1 ¥�) 1 Ú3 §1.1.6 � 2 ¥�) 2 Ú ) 3), Ò�±ï

áØ�ª x2n−1 <
1√
n

, ÏdÒ�� lim
n→∞

x2n−1 = 0. �

SSSKKK 2328 |^È©1�¥�½n�OÈ©
∫
200π

100π

sinx
x

dx.

J« |^ y = 1
x

3 [100π, 200π] þüN4~��K, =�^1�¥�½n��

¤���O. d	, �K�c¡�SK 2325 �q, XJÓ�¦^©ÜÈ©{, K�±�

��5�°(��O (ë� §5.8.3 ���5?Ø). �

SSSKKK 2331 �¼ê ϕ(x) Ú ψ(x) Ú§��²�3«m [a, b] þ�È, y²�Ü–Ù

Zæ�ÅdÄØ�ª 1©

{
∫
b

a

ϕ(x)ψ(x) dx
}2

6

∫
b

a

ϕ2(x) dx
∫

b

a

ψ2(x) dx.

1© 3=©©z¥ù�Ø�ª²~¡���]Ø�ª. §éu §4.4 �2ÂÈ©�¤á. d	, é~ÂÈ©

5`, �È=�y
²��È, ÏdK�¥�²��È^��±�K.
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5 ù´È©Æ¥��Ä��Ø�ª, §Ó�´ §2.7.2 �SK 1293 ��ÜØ�ª

3ëY�¹�í2. éuùaí2�y²����kü^å». 1�«´±lÑ�¹�

®�Ø�ª�Ä:5íÑëY�¹�éA�Ø�ª, 1�«´òlÑ�¹��y²�

{£��ëY�¹¥. X1�þ §1.2.6 ¥¤`, ò§�©O¡�8({Ú��{.

) 1 (8({) ?�«m [a, b] ���©yÚ���N�0:8, ,�éiùÚ�

²�^lÑ�¹�Ñ�ÜØ�ªXe:
(

n
∑

k=1

ϕ(ξk)ψ(ξk)∆xk

)2

=
(

n
∑

k=1

(ϕ(ξk)
√

∆xk ) · (ψ(ξk)
√

∆xk )
)2

6

n
∑

k=1

ϕ2(ξk)∆xk

n
∑

k=1

ψ2(ξk)∆xk.

du ϕ(x)ψ(x), ϕ2(x) Ú ψ2(x) Ñ3 [a, b] þ�È, -©y�[Ý ‖P‖ → 0, Ò��¤�

�È©Ø�ª. �

) 2 (��{�) e¡��SK 1293 �) 1.

éu?¿¢ê λ, 3«m [a, b] þ¼ê [λϕ(x) + ψ(x)]2 �K, Ïdk∫
b

a

[λϕ(x) + ψ(x)]2 dx > 0.

òþªÐm�'uCþ λ ��gn�ª:

λ2

∫
b

a

ϕ2(x) dx + 2λ
∫
b

a

ϕ(x)ψ(x) dx +
∫
b

a

ψ2(x) dx > 0,

e

∫
b

a

ϕ2(x) dx > 0, K|^�gn�ª�K���Oª��, Ò��¤��È©Ø�ª.

e
∫
b

a

ϕ2(x) dx = 0, Kl §4.1.4 �SK 2205 ��, ϕ(x) 3Ù¤këY:þþ�u 0.

dulTK�y²���È¼ê�ëY:È�, Ïd=�íÑÈ©
∫
b

a

ϕ(x)ψ(x) dx = 0,

l¤�y²�Ø�ª±�ª¤á. �

) 3 (��{�) ��SK 1293 �) 2, k�Ñe�g,¤á�Ø�ª

[ϕ(x)ψ(y) − ϕ(y)ψ(x)]2 > 0,

Ù¥�Cþ x, y Ñ�g«m [a, b]. ò y w¤�ëê, ò x w¤�gCþ, ¿òþãØ�

ªéu x l a È©� b, Ò��

ψ2(y)
∫
b

a

ϕ2(x) dx − 2ϕ(y)ψ(y)
∫
b

a

ϕ(x)ψ(x) dx + ϕ2(y)
∫
b

a

ψ2(x) dx > 0.

,�òù�± y �Cþ�Ø�ª, é y l a È©� b, ¿ò½È©¥�È©CþÚ�U

^ x, ù�Òk∫
b

a

ψ2(y) dy
∫
b

a

ϕ2(x) dx − 2
∫
b

a

ϕ(y)ψ(y) dy
∫
b

a

ϕ(x)ψ(x) dx +
∫
b

a

ϕ2(y) dy
∫
b

a

ψ2(x) dx

= 2
∫
b

a

ψ2(x) dx
∫

b

a

ϕ2(x) dx − 2
(

∫
b

a

ϕ(x)ψ(x) dx
)2

> 0.

��\±�nÒ���¤��Ø�ª. �



166 1oÙ ½È©

SSSKKK 2333 y²�ª:

lim
n→∞

∫
n+p

n

sinx
x

dx = 0 (p > 0).

) XJò p w¤����½�ê, l�Oª
∣

∣

∣

∫
n+p

n

sinx
x

dx
∣

∣

∣
6

∫
n+p

n

∣

∣

∣

sinx
x

∣

∣

∣
dx 6

p

n

Ò��(Ø¤á. �

5 éX�e�!�2ÂÈ©, �K�(Ø�±\r�y²ù�4��ª'u¤

k� p > 0 ��.

|^È©1�¥�½n, du
1
x

3 [n, n+ p] þî�üN4~, Ïd�3 θ ∈ (0, 1),

¦�¤á ∫
n+p

n

sinx
x

dx = 1
n

∫
n+θp

n

sinxdx,

ÏdÒ�±��� p Ã'��O:
∣

∣

∣

∫
n+p

n

sinx
x

dx
∣

∣

∣
= 1

n

∣

∣

∣
(− cosx)

∣

∣

∣

n+θp

n

∣

∣

∣
6

2
n
,

���K�4��ª(¢´'u¤k� p > 0 ���.

òÈ©�¥� n ��?¿�¢ê�þãy²E,k�, Ïd�â¼ê4�

lim
x→+∞

f(x) ��ÜÂñOK (ë� §1.2.5 'uê�4���ÜÂñOK), dþã)

�¥'u p > 0 ��Âñ�(Ø, ���34�

lim
b→+∞

∫
b

0

sinx
x

dx,

u´Uì2ÂÈ©�½Â, ·�Òòþã4�½Â�È©
∫
+∞

0

sinx
x

dx (ë� §4.4.2

�SK 2378). 'uù�2ÂÈ©�O�� §5.4.5 �~K 3.
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§4.4 222ÂÂÂÈÈÈ©©© (SSSKKK 2334–2395 )

SSSNNN{{{000 �!�SKÌ�´2ÂÈ©�O�ÚñÑ5�O, d	�k�þnØ

5�SKÚ�ÜÌ�O�. 2ÂÈ©=�~È© 1©. ��éì, �Ùc¡½Â�½È©

�¡�~ÂÈ©. d½È©�½Â��, ÙÈ©«m7L´k.� (=k��), Ó��

È¼ê3È©«mþ�7Lk. 2©. 2ÂÈ©=´éuùü����â». �
�Bå

�, ²~�Ä��{ü�üa2ÂÈ©, =È©«mÃ.Ú3k.«mþ�È¼êÃ.

�üa2ÂÈ©. Ù¦�2ÂÈ©���±©)�k��þãüa2ÂÈ©�Ú.

��Bå�, ò2ÂÈ©¥� ±∞ Ú�È¼êÛÜÃ.�:þ¡�Û:.

4.4.1 222ÂÂÂÈÈÈ©©©���OOO��� (SSSKKK 2334–2357)

2ÂÈ©�½Â´ÏLéÈ©��4����. Ïd3�È¼ê��¼êU


¦Ñ��¹e, Ò�±Uì½Â5O�2ÂÈ©. XJ4��3 (�k�ê), KUì½

ÂÒ��2ÂÈ©Âñ. Ïdéuù���¹ØI�,1?ØT2ÂÈ©�ñÑ5.

��!=´l{ü�E,�2ÂÈ©�O�K. d	, ���kü��â7�{K

k'�4�O�K.

SSSKKK 2339 O�È©

∫
+∞

−∞

dx

(x2 + x + 1)2
.

) 1 |^ §3.2.3 �SK 1921 �4íúª, Òk∫
dx

(x2 + x + 1)2
= 2x + 1

3(x2 + x + 1)
+ 4

3
√

3
arctan 2x + 1√

3
+ C,

,��â2ÂÈ©�½ÂÒk∫
+∞

−∞

dx

(x2 + x + 1)2
=

∫
0

−∞

dx

(x2 + x + 1)2
+

∫
+∞

0

dx

(x2 + x + 1)2

= lim
b′→−∞

∫
0

b′

dx

(x2 + x + 1)2
+ lim

b→+∞

∫
b

0

dx

(x2 + x + 1)2
= lim

b→+∞

b
′
→−∞

∫
b

b′

dx

(x2 + x + 1)2

= lim
b→+∞

b
′
→−∞

[

2x + 1
3(x2 + x + 1)

+ 4

3
√

3
arctan 2x + 1√

3

]
∣

∣

∣

b

b′
= 4π

3
√

3
. �

) 2 Ú½È©��, é2ÂÈ©��±^��{Ú©ÜÈ©{. u´�±ÏLA

g��{¦ÈXe:

1© U�I�ÆEâ¶c"½�
¬úÙ�5êÆ¶c6, A¡��~È©, ù�´·Iy3õêêÆ�á

¥�¡¢. �Ï3�õ�Û5SK86¥È�¦^
“2ÂÈ©”�c, �Öò÷^ù�¡¢.

2© e f(x) 3k.«m [a, b] þÃ., K3|¤iùÚ�, du3z��f«mS�0:�?¿5, iùÚ

7½Ã., ÏdØ�Uk4�, Ùî�y²��¡ §4.4.3 �SK 2385.
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∫
+∞

−∞

dx

(x2 + x + 1)2
=

∫
+∞

−∞

d(x + 1
2

)

[(x + 1
2

)2 + 3
4

]2
= 8

3
√

3

∫
+∞

−∞

d
( 2(x + 1

2
)

√
3

)

[( 2(x + 1
2

)
√

3

)2

+ 1
]2

= 16

3
√

3

∫
+∞

0

dt

(t2 + 1)2
(2- t = tan θ)

= 16

3
√

3

∫ π
2

0

cos2 θ dθ = 16

3
√

3
·

π
4

= 4π
3
√

3
. �

5 Ù¥��� t = tan θ ò2ÂÈ©C����~ÂÈ©, ù (±9�L5��

¹) 3��¥´~��y�.

SSSKKK 2341 O�È©
∫
+∞

0

x2 + 1
x4 + 1

dx.

) 1 |^ §3.1.3 �SK 1712 �(J, Òk∫
+∞

0

x2 + 1
x4 + 1

dx = lim
b→+∞

(

1√
2

arctan x2 − 1√
2x

∣

∣

∣

b

+0

)

= π√
2

. �

) 2 |^SK 1712 ¥��{, K���O�Xe:

∫
+∞

0

x2 + 1
x4 + 1

dx =
∫
+∞

0

d
(

x −
1
x

)

(

x −
1
x

)2

+ 2

(2- t = x −
1
x

)

=
∫
+∞

−∞

dt

t2 + 2
= 2

∫
+∞

0

dt

t2 + 2

= 2
(

lim
b→+∞

1√
2

arctan t√
2

∣

∣

∣

b

0

)

= π√
2

. �

5 XNã¤«, � x l 0 ªu +∞ �, t(x) = x −
1
x

l

−∞ ªu +∞.

x

t

t(x)=x−
1

x

O 1 2

1

2

−1

−2

SK 2341 �Nã

SSSKKK 2344 O�È©

∫
+∞

0

x ln x

(1 + x2)2
dx.

) 1 du lim
x→+0

x ln x = 0 (ë� §2.9.2 �SK 1341), Ïd�,�È¼êu x = 0

?Ã½Â, � x = 0 ¿Ø´Û:.

|^©ÜÈ©{N´¦ÑØ½È©Xe:∫
x ln x

(1 + x2)2
dx = −

1
2(1 + x2)

· ln x + 1
2

∫
dx

x(1 + x2)

= −
ln x

2(1 + x2)
+ ln x

2
−

1
4

ln(1 + x2) + C,

,�Ò�±O���
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∫
+∞

0

x ln x

(1 + x2)2
dx =

(

−
ln x

2(1 + x2)
+ ln x

2
−

1
4

ln(1 + x2)
)∣

∣

∣

+∞

+0

= lim
x→+∞

(

−
ln x

2(1 + x2)
+ 1

4
ln x2

1 + x2

)

− lim
x→+0

(

x2 ln x

2(1 + x2)
−

1
4

ln(1 + x2)
)

= 0 − 0 = 0. �

) 2 �Kk��AÏ){, ùÒ´òÈ©©�3«m [0, 1] Ú [1, +∞) þ�ü

�È©, =k∫
+∞

0

x ln x

(1 + x2)2
dx =

∫
1

0

x ln x

(1 + x2)2
dx +

∫
+∞

1

x ln x

(1 + x2)2
dx,

,�ém>1���È©���� x = 1
t

, =k

∫
+∞

1

x ln x

(1 + x2)2
dx =

∫
0

1

−
1
t

ln t

(

1 + 1
t2

)2
·
(

−
1
t2

)

dt = −

∫
1

0

t ln t

(1 + t2)2
dt.

��TÐ�È©©��1��-�, l�Y� 0. �

5 3) 2 ¥Ñy�y��´�«é¡5. XJ��� x = tan t, KÒk

∫
+∞

0

x ln x

(1 + x2)2
dx =

∫ π
2

0

tan t · ln tan t

sec2 t
dt =

∫ π
2

0

sin t cos t · ln tan t dt.

d sin( π
2
− t) cos( π

2
− t) · ln tan( π

2
− t) = − sin t cos t · ln tan t, ���È¼ê'uÈ©

«m [0,
π
2

] �¥: t = π
4

�Û¼ê, ÏdÈ©�u 0. (ù´ §4.2.5 �·K 4.8 32Â

È©�¹�í2.)

SSSKKK 2346 O�È©
∫
+∞

0

e−ax cos bxdx (a > 0).

) 1 |^ §3.1.6 �SK 1828 �) 1 ��{, Ò�±O�Xe:∫
+∞

0

e−ax cos bxdx = −
1
a

e−ax cos bx

∣

∣

∣

+∞

0

−
b
a

∫
+∞

0

e−ax sin bxdx

= 1
a

+ b

a2
e−ax sin bx

∣

∣

∣

+∞

0

−
b2

a2

∫
+∞

0

e−ax cos bxdx = a

a2 + b2
. �

) 2 |^SK 1828 �) 2 ��{ (=Eê�{), ��O�∫
+∞

0

e−ax(cos bx + sin bx) dx =
∫
+∞

0

e(−a+ib)x dx = 1
−a + ib

e(−a+ib)x

∣

∣

∣

+∞

0

= 1
a − ib

= a + ib
a2 + b2

,

��ü>�¢ÜÚJÜ, ÒÓ���
�K��YÚe��SK 2347 ��Y, =∫
+∞

0

e−ax sin bxdx = b

a2 + b2
. �

SSSKKK 2348 |^4íúªO�È© In =
∫
+∞

0

xne−x dx (n ���ê).

) n = 0 ���O��� I0 = 1. ,�^©ÜÈ©{Òk
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In = −e−xxn

∣

∣

∣

+∞

0

+
∫
+∞

0

e−x · nxn−1 dx = nIn−1,

��Ò�� In = n(n − 1) · · · 1 · I0 = n!. �

5 dd��, XJòÈ©Òe�lÑëê n U�ëYëê, KÒ�Uò�¦¼ê

f(n) = n! òÿ¤�këYgCþ�¼ê (ë� §4.4.2 �SK 2361). ù��¼êÒ´

§7.4 ¥�³ê¼ê (q� §5.9.3 �SK 3105 Ú §5.9.4 �·K 5.16).

SSSKKK 2350 O�È©
∫
+∞

1

dx
x(x + 1) · · · (x + n)

(n ���ê).

) �âkn©ª¼ê�Ü©©ª©)½n (� §3.2.1 �·K 3.2), k

1
x(x + 1) · · · (x + n)

=
a0

x
+

a1

x + 1
+ · · · +

an

x + n
.

|^3SK 1867 �) 2 ¥�4��{ (½Ù¦�{), Òk

a0 = 1
n!

, ak = 1
(−k)(−k + 1) · · · (−1) · 1 · 2 · · · (n − k)

= (−1)k ·
1

k!(n − k)!
=

(−1)k

n!
Ck

n
(k = 1, · · · , n).

u´Òk ∫
+∞

1

dx
x(x + 1) · · · (x + n)

=
(

n
∑

k=0

ak ln(x + k)
)∣

∣

∣

+∞

1

.

3��ªÐm (1 + x)n =
n

∑

k=0

Ck

n
xk ¥^ x = −1 �\, =�� a0 + a1 + · · · + an = 0.

e¡O�þªm>� x → +∞ ��4��. duk�d'X
n

∏

k=0

(x + k)ak ∼

n
∏

k=0

xak = xa0+a1+···+an = 1 (x → +∞),

Ïd� x → +∞ �òþª�>�éê��4��u 0. u´Ò��∫
+∞

1

dx
x(x + 1) · · · (x + n)

= −

n
∑

k=0

ak ln(1 + k) = 1
n!

n
∑

k=0

(−1)k+1Ck

n
ln(1 + k). �

SSSKKK 2352 O�È© In =
∫
+∞

0

dx

coshn+1 x
(n ���ê).

) 1 |^V¼ê�5� (ë� §3.1.8 � (3.10)–(3.13)), �Xe�Ñ4íúª

(Ù¥� n > 2):

In =
∫
+∞

0

dx

coshn+1 x
=

∫
+∞

0

d(tanhx)

coshn−1 x

= tanhx

coshn−1 x

∣

∣

∣

+∞

0

+ (n − 1)
∫
+∞

0

tanhx sinh xdx
coshn x

= (n − 1)
∫
+∞

0

(cosh2 x − 1) dx

coshn+1 x
= (n − 1)In−2 − (n − 1)In = n − 1

n
In−2.

,�|^ I1 = 1 Ú I0 = π
2

(ë� §3.1.8 �SK 1706), Ò��
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In =
(n − 1)!!

n!!
· I,

Ù¥� n �óê� I = π
2

, � n �Ûê� I = 1. �

) 2 |^�� x = ln
(

tan t
2

)

, K� x l 0 4Oªu +∞ �, t l π
2

4Oªu π.

ù�k coshx = 1
sin t

, dx = dt
sin t

, ÏdÒ��

In =
∫
+∞

0

dx

coshn+1 x
=

∫π

π
2

sinn t dt =
∫ π

2

0

cosn θ dθ,

Ù¥���Ú|^
�� t −
π
2

= θ. ±e^ §4.2.6 � úª (4.9)–(4.10) =�. �

SSSKKK 2353(a)(îîî...ÈÈÈ©©©) O�

∫ π
2

0

ln sinxdx.

) �È¼ê3 x = 0 ?ÛÜÃ., |^â7�{K�±y²

lim
x→+0

ln sinx

x
−

1

2

= 0,

Ïd�â2ÂÈ©�'��O{���K�2ÂÈ©Âñ.

PÈ©� I, |^ §4.2.5 �·K 4.10 Jø��{, Òk

I =
∫ π

4

0

[ln sinx + ln sin( π
2

− x)] dx =
∫ π

4

0

(ln sinx + ln cosx) dx

=
∫ π

4

0

(ln sin 2x − ln 2) dx = 1
2

∫ π
4

0

ln sin 2xd(2x) − π
4

ln 2

= 1
2

I −
π
4

ln 2 = −
π
2

ln 2. �

SSSKKK 2355 y²�ª:∫
+∞

0

f
(

ax + b
x

)

dx = 1
a

∫
+∞

0

f
(

√

x2 + 4ab
)

dx,

Ù¥ a > 0, b > 0 (b½�ª�à�È©k¿Â).

) 1 (©Û{) ò�ªm>�È©CþUP� u, wXÛU
��

ax + b
x

=
√

u2 + 4ab ?

òþªü>²�, Ò��n��
(

ax −
b
x

)2

= u2, ��e���

u = ax −
b
x

(½ö u = −ax + b
x

), Ò���8� (Ù¥|^
 a, b > 0). ù�k du =
(

a + b

x2

)

dx,

�� x l 0 4O� +∞ �, u l −∞ 4O� +∞ (�ë�SK 2341 �Nã).

l u = ax −
b
x

Ú x > 0 )Ñ x = 1
2a

(u +
√

u2 + 4ab), u´k dx = 1
2a

(1 +
u√

u2 + 4ab
) du. ù�Ò�±O���
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∫
+∞

0

f
(

ax + b
x

)

dx = 1
2a

∫
+∞

−∞

f
(

√

u2 + 4ab
)

(1 + u√
u2 + 4ab

) du.

3þªm>��� u = −v, �3C���È©¥qò v UP� u, K��∫
+∞

0

f
(

ax + b
x

)

dx = 1
2a

∫
+∞

−∞

f
(

√

u2 + 4ab
)

(1 −
u√

u2 + 4ab
) du.

��ò±þüª�\Ø 2, Ò��¤���ª:∫
+∞

0

f
(

ax + b
x

)

dx = 1
2a

∫
+∞

−∞

f
(

√

u2 + 4ab
)

du = 1
a

∫
+∞

0

f
(

√

u2 + 4ab
)

du. �

) 2 P�>�È©� I. Ï�"ê��ê��ê=´g�, ��� x = b
at

�

ax + b
x

= at + b
t

,

�k dx = −
b

at2
dt. d a, b > 0, � x l 0 4Oªu +∞ �, t l +∞ 4~ªu 0. qò

�����È©¥�È©Cþ t UP� x, u´��

I =
∫
+∞

0

f
(

ax + b
x

)

·
b

ax2
dx = 1

2

∫
+∞

0

f
(

ax + b
x

)

·
(

1 + b

ax2

)

dx.

2��� u = ax −
b
x

, Kk
√

u2 + 4ab = ax + b
x

, du =
(

a + b

x2

)

dx, �� x l 0 4

Oªu +∞ �, u l −∞ 4Oªu +∞. u´k

I = 1
2a

∫
+∞

−∞

f
(

√

u2 + 4ab
)

du.

|^þªm>È©��È¼ê�ó¼ê, ¿ò u UP� x, Ò��¤���ª. �

��!���üKÑ´Ø½ª�4�O�¯K. e¡�w��~f.

SSSKKK 2356(c) ¦¼ê f(x) =
√

x sin x 3«m (0, +∞) þ�²þ�:

M [f ] = lim
x→+∞

1
x

∫
x

0

f(ξ) dξ.

) 1 ù´ ∗
∞

.�Ø½ª, e��^â7�{K (� §2.9.4 �·K 2.10), Kdu

4� lim
x→+∞

√
x sin x Ø�3, Ïd��. ,ekò©f^©ÜÈ©�ý?n�2^â

7�{K=�¤õ:

lim
x→+∞

∫
x

0

√
ξ sin ξ dξ

x
= lim

x→+∞

√
ξ(− cos ξ)

∣

∣

∣

x

0

+
∫
x

0

cos ξ

2
√

ξ
dξ

x

= lim
x→+∞

−
√

x cosx +
∫
x

0

cos ξ

2
√

ξ
dξ

x
= lim

x→+∞

∫
x

0

cos ξ dξ

2
√

ξ

x
= lim

x→+∞

cosx

2
√

x
= 0. �

5 e^2ÂÈ©�ñÑ5�O{, K��
∫
+∞

0

cosx

2
√

x
dx Âñ, Ïd3) 1 ¥�

1©ÜÈ©���1���k.þ, �Ø72^â7�{K.

) 2 éÈ©

∫
x

0

√
ξ sin ξ dξ ^È©1�¥�½n, �3 0 < c < x, ¦�¤á

∫
x

0

√

ξ sin ξ dξ =
√

x

∫
x

c

sin ξ dξ =
√

x(cos c − cosx),

���K�4��u 0. �
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4.4.2 222ÂÂÂÈÈÈ©©©���ñññÑÑÑ555���OOO (SSSKKK 2358–2383)

duNõÐ�¼ê��¼êØ´Ð�¼ê, Ïdéõ2ÂÈ©ØUÏL½Â5u

�ÙñÑ5. �duÐÑ��l�È¼ê�½Ù2ÂÈ©´ÄÂñ��O{´��.

Ò2ÂÈ©�O�5`, 3ÙÂñ�cJe, ���±O�ÙCq�.

Ø
35SK86¥®²�Þ��«~^�'��O{�	, ùpk0�3õê

��Ö¥ÑÂ\�e�ü��O{ (Ùy²lÑ), ¿��
Ö¿`².

···KKK 4.11 (CCC���������OOO{{{) � f(x) 3 [a, b) þ± b ���Û:, �®�2ÂÈ©∫
b

a

f(x) dx Âñ, g(x) 3 [a, b) þüNk., K

∫
b

a

f(x)g(x) dx Âñ.

···KKK 4.12 ()))|||���XXX���OOO{{{) � f(x) 3 [a, b) þ± b ���Û:, �®�È©∫
b
′

a

f(x) dx �� b′ �¼ê3 b′ ∈ [a, b) þk., g(x) 3 [a, b) þüN� lim
x→b−0

g(x) = 0,

K

∫
b

a

f(x)g(x) dx Âñ.

±e´éùü��O{�A:Ö¿`².

(1) �O{¥� b �±´k�Û:, ��±´Ã¡Û: ±∞.

(2) ®²y², ùü��O{ÑØ=´2ÂÈ©Âñ�¿©^�, ��´7�^

�. ùÒ´`, e
∫
b

a

F (x) dx ´±: b ���Û:�Âñ2ÂÈ©, K7½�3,«©

) F (x) = f(x)g(x), ¦� f, g ÷v�O{¥�^� (Ùy²� [34] � §12.2.1).

(3) du�È¼ê�Ò½ýéÂñ�2ÂÈ©�Âñ5��ØI�^±þü��O

{, ^u^�Âñ�2ÂÈ©�Âñ5�OÌ�Ò´ùü��{, ÏdN´�)�«

Ø), =U
^±þü��O{���½�Âñ�2ÂÈ©Ò�½Ø´ýéÂñ�. l

(2) =��ù´�Ø�, Ïd3^±þü��O{ (��) �½CÒ��È¼ê�2ÂÈ

©Âñ��, T2ÂÈ©k�UýéÂñ, �k�U^�Âñ.

SSSKKK 2360 ïÄÈ©
∫
2

0

dx
ln x

�Âñ5.

) 3 x = 0 �C�È¼êk., Ïd�k��Û: x = 1. �â2ÂÈ©�½Â,

AòþãÈ©3/ªþ©¤�∫
2

0

dx
lnx

=
∫
1

0

dx
ln x

+
∫
2

1

dx
ln x

,

��k�m>�ü�È©ÑÂñ��¹e, �>�È©âÂñ, ¿¦�þã�ª¤á.

|^

ln x ∼ x − 1 (x → 1),

��l

∫
1

0

dx
x − 1

�uÑ=�íÑ

∫
1

0

dx
ln x

uÑ (Ón��,��È©
∫
2

1

dx
ln x

�´uÑ

�). Ïd�K�2ÂÈ©uÑ. �

5 d §3.5.3 �SK 2091 ��, li(x) =
∫

dx
ln x

´�Ð����¼ê, Ïd�K�

2ÂÈ©�uÑ5Ø�UUìÙ½Â5�y.
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SSSKKK 2361 (Γ(p) ���ÈÈÈ©©©½½½ÂÂÂ) ïÄÈ©
∫
+∞

0

xp−1e−x dx �Âñ5.

) p �ëê. òÈ©©Xe∫
+∞

0

xp−1e−x dx =
∫
1

0

xp−1e−x dx +
∫
+∞

1

xp−1e−x dx,

Km>�1��È©3 p > 1 �´~ÂÈ©, 3 p < 1 �kÛ: x = 0. �â

xp−1e−x ∼ xp−1 (x → +0), ^'��O{Ò�íÑÈ©3 0 < p < 1 �Âñ. q�wÑ

3 p 6 0 �ù�È©uÑ.

m>�1��È©�k��Û: +∞. � p > 0 �, ò�È¼ê�
1
x2

'�, d

lim
x→+∞

xp−1e−x

x−2
= lim

x→+∞

xp+1

ex = 0,

^'��O{��3 p > 0 �1��È©o´Âñ�.

Ü¿±þ���K��Y� p > 0 �È©Âñ, ��KuÑ. �

5 òÈ©w¤� p �¼ê, ùÒ´³ê¼ê Γ(p) �È©½Â. u´�K�¿Â

Ò´^ëCþÈ©½Â³ê¼ê�, (½T¼ê�½Â�� (0, +∞) (ë�c¡�SK

2348 �5).

SSSKKK 2362 ïÄÈ©

∫
1

0

xp lnq 1
x

dx �Âñ5.

) ÄkòÈ©©Xe:
∫
1

0

xp lnq 1
x

dx =
∫ 1

2

0

xp lnq 1
x

dx +
∫
1

1

2

xp lnq 1
x

dx. (4.12)

éþªm>�1��È©, d ln(1 + x) ∼ x (x → 0) �íÑ ln 1
x

∼ 1 − x (x → 1 − 0),

Ïd¯K'�{ü, l xp lnq 1
x

∼ (1 − x)q (x → 1 − 0) Ú'��O{Ò��� q > −1

�Âñ, � q 6 −1 �uÑ.

dd��3é (4.12) m>�1��È©�?Ø�, �±b½ q > −1 ®²¤á.

duéê¼ê ln x � x → +0 ½ x → +∞ ��Ã¡�þÑ���u�A��

¼ê�Ã¡�þ, Ïd3�È¼ê¥�Ïf xp åÌ��^ (� §1.6 �SK 650(d) Ú

651(e)).

� p < 0 �, ½ö p = 0  q > 0 �, x = 0 ´Û:.

|^ p > −1 �È©

∫
1

0

xp dx Âñ, � µ > 0 ¿©�, ¦� p− µ > −1 ¤á, u´l

lim
x→+0

xp lnq 1
x

xp ·
1
xµ

= 0,

��� p > −1 �È©Âñ. � p 6 −1 �, du3 [0, 1/2] þ xp lnq 1
x

6 x−1 lnq 1
x

, 

∫ 1

2

0

x−1 lnq 1
x

dx = −

∫ 1

2

0

lnq 1
x

d
(

ln 1
x

)

= −
1

q + 1

(

ln 1
x

)q+1∣
∣

∣

1

2

0

= +∞,
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��È©uÑ.

Ü¿±þ, =��� p > −1, q > −1 ��K�2ÂÈ©Âñ, ÄKÈ©uÑ. �

SSSKKK 2367 ïÄÈ©

∫
+∞

0

cos ax
1 + xn dx (n > 0) �Âñ5.

) e a = 0, K� n > 1 �È©Âñ, ÄKÈ©uÑ.

éu a 6= 0, e n = 0, KUì2ÂÈ©½Â��È©uÑ.

éu a 6= 0 � n > 0 ��¹, du

∫
b
′

0

cos axdx = sin ab′

a
3 b′ ∈ [0, +∞) þk.,

 1
1 + xn üN4~, �� x → +∞ �ªu 0, ÏdUì)|�X�O{��È©Âñ.

±e?Ø3TÈ©Âñ�´ÄýéÂñ.

N´wÑ, e n > 1, Kl'��O{Ò��È©ýéÂñ.

�´3 0 < n 6 1 �, |^∫
+∞

0

| cos ax| dx

1 + xn >

∫
+∞

0

cos2 axdx
1 + xn = 1

2

∫
+∞

0

dx
1 + xn + 1

2

∫
+∞

0

cos 2axdx
1 + xn ,

duþªm>1��È©3 0 < n 6 1 �uÑ, 1��È©�±2g^)|�X�O

{��§Âñ, Ïd�>�2ÂÈ©�U´uÑ�. (ÄK��òm>�1��È©£

��>, Ò¬íÑm>�1��È©�Âñ��Ø(Ø.)

Ü¿±þ, ��� a 6= 0 �, �K�È©3 n > 1 �ýéÂñ, 3 0 < n 6 1 �^�

Âñ, 3 n = 0 �uÑ. �

SSSKKK 2368 ïÄÈ©
∫
+∞

0

sin2 x
x

dx �Âñ5.

) 1 ù� x = 0 Ø´Û:, Ïd�±òÈ©e�U� 1 5?Ø. l±e�ª∫
+∞

1

sin2 x
x

dx = 1
2

∫
+∞

1

1
x

dx −
1
2

∫
+∞

1

cos 2x
x

dx

�±wÑ, m>�1��È©uÑ, 1��È©K�±^)|�X�O{��§Âñ.

dd��, �>�È©uÑ, ¿ddíÑ�K�È©uÑ. �

5 eØ?UÈ©e�, K3m>�1��È©

∫
+∞

0

cos 2x
x

dx òdu x = 0 ù�

(#O\�) Û:uÑ.

) 2 éX��È¼ê�AÛã� (�me��Nã), ��Äe�©:

∫
nπ

0

sin2 x
x

dx =

n−1
∑

k=0

∫
(k+1)π

kπ

sin2 x
x

dx

>

n−1
∑

k=0

1
(k + 1)π

∫
(k+1)π

kπ
sin2 xdx

= 1
2

(

1 + 1
2

+ 1
3

+ · · · + 1
n

)

.

x

y

O π 2π 3π 4π 5π

1

y =
1

x y =sin
2

x

SK 2368 �Nã

|^NÚ?êuÑ (� §1.2.5 �SK 88), ��k
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lim
n→∞

∫
nπ

0

sin2 x
x

dx = +∞,

ùL²�K�È©uÑ. �

SSSKKK 2378 ïÄÈ©
∫
+∞

0

sin x
x

dx �ýéÂñ5Ú^�Âñ5.

) ù�È©�Âñ5��kü�y{. 1���{´|^'u2ÂÈ©��Ü

ÂñOKÚ §4.3 �SK 2333 (�)), ��e�4�

lim
b→∞

∫
b+p

b

sin x
x

dx = 0

éu¤k p > 0 ��¤á, Ïd�K�2ÂÈ©Âñ.

1���{´^)|�X�O{, 3����Ö¥þk, lÑ 1©.

,��±y²ù�È©´^�Âñ�. ùp���kü��{. 1���{´3?

UÈ©e���|^±eí�:∫
+∞

1

| sinx|

x
dx >

∫
+∞

1

sin2 x
x

dx = 1
2

∫
+∞

1

dx
x

−
1
2

∫
+∞

1

cos 2x
x

dx,

,�|^m>1��È©uÑ1��È©ÂñíÑ�>�È©uÑ.

1���{´��SK 2368 �) 2, �Ñ

∫
nπ

0

| sinx|

x
dx =

n−1
∑

k=0

∫
(k+1)π

kπ

| sin x|

x
dx

>

n−1
∑

k=0

∫
(k+1)π

kπ

| sin x|

(k + 1)π dx = 2
π

(

1 + 1
2

+ · · · + 1
n

)

,

±elÑ. �

SSSKKK 2380(a) ïÄÈ©

∫
+∞

0

xp sin(xq) dx (q 6= 0) �ýéÂñ5Ú^�Âñ5.

) (V�) k?Ø q = 1 ��¹, ,�ÏLCþ��ò���¹8(�cö.

(1) q = 1. ù��òÈ©©Xe:∫
+∞

0

xp sinxdx =
∫
1

0

xp sinxdx +
∫
+∞

1

xp sin xdx. (4.13)

éuþªm>�1��È©, du sin x ∼ x (x → 0), éÛ: x = 0 ^'��O{Ò�

�� p > −2 �È©Âñ (��ýéÂñ), � p 6 −2 �È©uÑ.

éu (4.13) m>�1��È©, ò�È¼ê��
sin x

x−p
, Ò�@^SK 2368 Ú 2378

��{��: � p < −1 �È©ýéÂñ, � −1 6 p < 0 �È©^�Âñ. éu p > 0,

K�|^�ÜÂñOK, léu?¿��ê n ¤áXeØ�ª∫
(2n+1)π

2nπ
xp sin xdx > (2nπ)p

∫π

0

sin xdx >

∫π

0

sin xdx = 2,

��È©uÑ.

1©£Á��Ö¥éu)|�X�O{�y², Ù¥�Ì�óä´È©1�¥�½n. SK 2333 �y²�

´Xd, Ïdùü��{��þ�Ó.
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Ü¿éü�È©�?Ø, ��éu q = 1 ��¹, � −2 < p < −1 �È©ýéÂñ,

� −1 6 p < 0 �È©^�Âñ, � p > 0 ½ p 6 −2 �È©uÑ.

(2) ���¹. ��� t = xq, K�È©C��
∫
+∞

0

xp sin(xq) dx = 1
|q|

∫
+∞

0

t
p+1

q
−1

sin t dt.

@^�¹ (1) �(J, Ò���K��Y�: � −1 <
p + 1

q
< 0 �È©ýéÂñ, �

0 6
p + 1

q
< 1 �È©^�Âñ, �

p + 1
q

6 −1 ½
p + 1

q
> 1 �È©uÑ. �

SSSKKK 2380(b) ïÄÈ©

∫ π
2

0

sin(sec x) dx �ýéÂñ5Ú^�Âñ5.

) �K�È©«mk., �È¼ê�ýé�qØ�L 1, ÏdØ´2ÂÈ©. d

u�È¼ê�k x = π
2

ù��1�aØëY:, ÏdTÈ©±9�È¼ê�ýé��

�È©�Âñ5Ñvk¯K.

e�Cþ�� t = secx, Kk x = arccos 1
t

, � x l 0 4O� π
2

�, t l 1 4Oª

u +∞. u´�È©C����2ÂÈ©

∫ π
2

0

sin(sec x) dx =
∫
+∞

1

sin t ·
−1

√

1 −
1
t2

·
(

−
1
t2

)

dt =
∫
+∞

1

sin t

t
√

t2 − 1
dt,

éÛ: 1 Ú +∞ ©O^'��O{, =���ýéÂñ. �

4.4.3 '''uuu222ÂÂÂÈÈÈ©©©���eeeZZZnnnØØØKKK (SSSKKK 2384–2389)

'u2ÂÈ©�nØ¯Kéõ, k,��Öö�ë� [34] � §12.1.3, §12.4 �öS

KÚ §12.5.2 �ü|ë�K.

e¡�SK 2384 ¥�ü��K?Ø�´Ó�a¯K, =3Ã.«mþ�2ÂÈ©

Âñ�, Ù¥��È¼ê�gCþªuÃ¡��´Ä�½ªu 0, XJØ�½, K\
�

o^�Ò�±¤á.

SSSKKK 2384.1 e
∫
+∞

a

f(x) dx Âñ, K� x → +∞ �´Ä7k f(x) → 0?

ïÄ~f:

(a)
∫
+∞

0

sin x2 dx; (b)
∫
+∞

0

(−1)[x
2
] dx.

) (V�) l¤Þ�ü�~f���K��Y´“Ø�½”.

é~f (a) (ë� §1.4.2 �SK 298 �Nã), ����� x2 = t �^)|�X�O

{=���È©Âñ. é~f (b) ��^�Ó��{y²ÙÈ©Âñ. ,ùü��È

¼ê� x → +∞ ��4�ÑØ�3. �
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SSSKKK 2384.2 � f(x) ∈ C(1)[x0, +∞), � x0 6 x < +∞ � |f ′(x)| < C, �∫
+∞

x0

|f(x)| dx Âñ. y²: � x → +∞ � f(x) → 0.

©Û �KL², 3È©

∫
+∞

x0

f(x) dx ýéÂñ�cJe, e�¼ê f ′(x) k., K

Ò��yk f(+∞) = 0. ,�K�^��r
. 3 [x0, +∞) þ�3k.��¼ê®

²�y
 f(x) u«m [x0, +∞) þ��ëY (� §2.6.4 �SK 1255), ù�:éu¤

��(Ø®²v
, vk7�2�¦2ÂÈ©�ýéÂñ. e¡ò±·K�/ª3ùp

0� [34] ¥�·K 12.4.1, §�õguy ($�¡�,,½n) ¿r�3�«Ör¥, ~

X±�kØÓ�/ªÑy3¶Í [24, 54–55 �] ¥. �

···KKK 4.13 � f ∈ C[a, +∞), �

∫
+∞

a

f(x) dx Âñ, K f(+∞) = 0 �¿©7�^

�´ f 3 [a, +∞) þ��ëY.

y 1 f ∈ C[a, +∞) ����34�

f(+∞) Ò�y f 3 [a, +∞) þ��ëY, Ï

d7�5´²�� (� §1.9 �SK 791), �

2ÂÈ©ÂñÃ'. ,§w�·�, ��ë

Y5®²´�$^�
.

y3y¿©5. ^�y{. � f(+∞) =

0 Ø¤á. ^éó{K (ë� §1.2.5 �SK

87), ���3 ε0 > 0, ¦�éz� A > a, �

3 x0 > A, ÷v |f(x0)| > ε0 (ë�Nã).

x

y

O
a A

b

b

(x0,|f(x0)|)

ε0

2

ε0

2

︸ ︷︷ ︸

O
δ
(x0)

ε0

·K 4.13 �Nã

|^ f 3 [a, +∞) þ��ëY, éþã ε0, �3 δ > 0, ¦�� x′, x′′ ∈ [a, +∞) �

÷v |x′ − x′′| < δ �, Òk |f(x′) − f(x′′)| < ε0/2. u´� x ∈ Oδ(x0) �Òk

|f(x)| > |f(x0)| − |f(x0) − f(x)| >
ε0

2
,

� f(x) � f(x0) ÓÒ. u´ÒkÈ©�O
∣

∣

∣

∫
x0+δ

x0−δ

f(x) dx

∣

∣

∣
>

ε0

2

∫
x0+δ

x0−δ

dx = ε0δ.

du x0 ��?¿�, ���Ø�ª�2ÂÈ©��ÜÂñOK�gñ. �

y 2 [31] e¡´éu¿©5�Ø^�y{�y².

éu�½� ε > 0, �â��ëY^�, �3 δ > 0, ¦�� x′, x′′ ∈ [a, +∞) �÷

v |x′ − x′′| < δ �, Òk |f(x′) − f(x′′)| < ε.

P F (x) =
∫
x

a

f(t) dt, Kdu�34� F (+∞), l�ÜÂñOK��k M > a, ¦

�� x > M �,

|F (x + δ) − F (x)| =
∣

∣

∣

∫
x+δ

x

f(t) dt

∣

∣

∣
< εδ.

u´Òk
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|f(x)δ| 6

∣

∣

∣
f(x)δ −

∫
x+δ

x

f(t) dt

∣

∣

∣
+

∣

∣

∣

∫
x+δ

x

f(t) dt

∣

∣

∣

<

∫
x+δ

x

|f(x) − f(t)| dt + εδ < 2εδ,

��� x > M �Òk |f(x)| < 2ε. ùy²
 f(+∞) = 0. �

SSSKKK 2385 �¼ê f(x) 3 [a, b] þk½Â�Ã.. �Är¼ê f(x) �Âñ2ÂÈ

©
∫
b

a

f(x) dx w��AÈ©Ú

n
∑

i=1

f(ξi)∆xi (xi−1 6 ξi 6 xi, ∆xi = xi − xi−1, i = 1, 2, · · · , n)

�4�?

) T4�Ø�3. ^�y{. eTiùÚk4� I, Ké ε = 1, k δ > 0, �©y

P = {x0, x1, · · · , xn} �[Ý ‖P‖ < δ �, é� P �N�0: ξi (i = 1, · · · , n), k

I − 1 <

n
∑

i=1

f(ξi)∆xi < I + 1.

ùL²eiùÚÂñ, K7½k.. ,du f 3 [a, b] þÃ., Ïd��3©y(½�

,��f«m [xk−1, xk] þÃ.. éu i 6= k, �½0: xi ∈ [xi−1, xi], 3 [xk−1, xk]

þ�?¿�0: ξk, ù�Ò¦�þãiùÚÃ., ÚÑgñ. �

5 �K�~ÂÈ©Âñ��È¼ê7Lk.�d. ,, éuÃ.¼ê^A½�

��©yÚ0:E,k�U¦Ñ2ÂÈ©��. 3 §4.2.2 �SK 2225 Ò´ù����

~f. 'uù�¡�?�Ú?Ø��¡�SK 2388 9Ù5.

SSSKKK 2386 � ∫
+∞

a

f(x) dx (1)

Âñ, ¼ê ϕ(x) k., KÈ© ∫
+∞

a

f(x)ϕ(x) dx (2)

´Ä7½Âñ? ÞÑ·��~f.

eÈ© (1) ýéÂñ, ¯È© (2) �Âñ5XÛ?

) 1��¯K��Y´“Ø�½”. ~X, §4.4.2 �SK 2378 �È©
∫
+∞

0

sin x
x

dx

Âñ, - ϕ(x) = sgn(sin x), K�A�È© (2) Ò´uÑ�.

é1��¯K�£�´“�½Âñ”. �,é ϕ(x) Ø
k.�	, ��¦§3?¿

k.«mþ�È. ù���^2ÂÈ©��ÜÂñOKÒ�±y² (2) �½�È. �

SSSKKK 2387 y²: e

∫
+∞

a

f(x) dx Âñ, f(x) �üN¼ê, K 1©

f(x) = o
(

1
x

)

(x → +∞).

1© �K� f(x) = O
“

1
x

”

. ù�(J��. ùp�â [15] �1�ò 497 �!�~K 3)(c) �
UÄ.
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) 1 Ø�� f(x) üN4~ (ÄK�Ä −f(x)). kyù� f(x) 7��K. ^�y

{. ek c > a, ¦ f(c) < 0, Ké¤k x > c Ñk f(x) 6 f(c). u´éu b > c Òk∫
b

a

f(x) dx =
∫
c

a

f(x) dx +
∫
b

c

f(x) dx 6

∫
c

a

f(x) dx + (b − c)f(c).

� b → +∞ �, þªm>ªu −∞, Ïd�2ÂÈ©
∫
+∞

a

f(x) dx Âñ�^��gñ.

,�^�ÜÂñOK, é ε > 0, �3 M > a, ¦�é?¿ b, b′ > M ¤á
∣

∣

∣

∫
b
′

b

f(t) dt

∣

∣

∣
< ε.

� b = x > M, b′ = 2x, ¿|^ f üN4~��K, KÒk

0 6 xf(2x) 6

∫
2x

x

f(t) dt < ε.

ù�Ò®²y²
 lim
x→+∞

xf(x) = 0, �Ò´ f(x) = o
(

1
x

)

(x → +∞). �

) 2 X) 1 ¤«, l f(x) ��KüN4~m©. qØ�� a = 0. ½Â9Ï¼ê

F (x) =
∫
x

0

f(t) dt − xf(x), a 6 x < +∞,

K� 0 6 x1 < x2 �k

F (x2) − F (x1) =
∫
x2

x1

f(t) dt − x2f(x2) + x1f(x1)

>

∫
x2

x1

f(t) dt − x2f(x2) + x1f(x2)

=
∫
x2

x1

[f(t) − f(x2)] dx > 0,

�� F üN4O (F (x) =«¿ã¥�Ú«��¡È).

t

f (t)

O
x

f (x)
xf (x)

SK 2387 ) 2 �«¿ã

ql F (x) 6

∫
+∞

0

f(t) dt �� F þ�k., l�34� F (+∞). ù�l F (x) �

½Â=�íÑ�3k�4�

lim
x→+∞

xf(x) = A.

e A 6= 0, Kk f(x) = O∗

(

1
x

)

(x → +∞), ù� f 3 [a, +∞) þ2Â�È�gñ. �

öSK e

∫
+∞

a

f(x) dx Âñ, � xf(x) üN, y² lim
x→+∞

xf(x) ln x = 0.

SSSKKK 2388 �¼ê f(x) 3«m 0 < x 6 1 S´üN¼ê, �3: x = 0 ���S

´Ã.�. y²: e
∫
1

0

f(x) dx �3, K

lim
n→∞

1
n

n
∑

k=1

f
(

k
n

)

=
∫
1

0

f(x) dx.

) � f üN4~ (ÄK?Ø −f(x)), Kéu k = 1, · · · , n − 1 ¤áØ�ª

∫ k+1

n

k

n

f(x) dx 6
1
n

f
(

k
n

)

6

∫ k

n

k−1

n

f(x) dx,

,�ò§��\, Ò��Ø�ª
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∫
1

1

n

f(x) dx 6
1
n

n−1
∑

k=1

f
(

k
n

)

6

∫1−
1

n

0

f(x) dx,

Ù¥�¥mÚª�K¥�Úª��
 f(1)/n ù��, ,�- n → ∞ =�. �

5 ��±?�Ú?Øù�¯K. ~X, 3 [34] �~K 12.1.1 ¥y², e f(x) 3

(0, 1) þüN, 3ü�: x = 0, 1 ?�±ÛÜÃ., È©
∫
1

0

f(x) dx Âñ, KÒk

lim
n→∞

f
(

1
n

)

+ f
(

2
n

)

+ · · · + f
(

n − 1
n

)

n
=

∫
1

0

f(x) dx.

§5g¶Í [28] �1�ò�È©��SK 20. 3T?�kNõ��Kk'�SN.

4.4.4 222ÂÂÂÈÈÈ©©©������ÜÜÜÌÌÌ��� (SSSKKK 2390–2395)

k{ã�ÜÌ��½Â, ��[�0��±ë� [15] �1�ò� 484 �!.

� c ∈ (a, b) ´ f(x) 3 [a, b] ¥���Û:, �� f(x) 3 [a, b] SØ¹kÛ: c �z

��4f«mþÑ�È, K f(x) 3 [a, b] þ�2ÂÈ©��ÜÌ�½Â�±e4�:

v.p.

∫
b

a

f(x) dx = lim
ε→+0

(
∫
c−ε

a

f(x) dx +
∫
b

c+ε

f(x) dx
)

.

e f(x) 3 [a, b] þ�2ÂÈ©

∫
b

a

f(x) dx �3, Kl½ÂÒ��ù�È©Ò�u§��

ÜÌ�. ���Ø¤á. ùl��!�NõSKÑ�±wÑ. ~XSK 2390(a) Ò´

v.p.

∫
1

−1

dx
x

= lim
ε→+0

(
∫
−ε

−1

dx
x

+
∫
1

ε

dx
x

)

= lim
ε→+0

(

ln |x|

∣

∣

∣

−ε

−1

+ ln |x|

∣

∣

∣

1

ε

)

= 0,

2ÂÈ©

∫
1

−1

dx
x

´uÑ�.

dd��, 2ÂÈ©��ÜÌ�´2ÂÈ©��«í2.

þã��ÜÌ�½Â����±í2. ~Xéu3 (−∞, +∞) Svkk�Û:�

¼ê f(x), �±½Â f(x) 3ù�Ã.«mþ�2ÂÈ©��ÜÌ��±e4�:

v.p.

∫
+∞

−∞

f(x) dx = lim
a→+∞

∫
a

−a

f(x) dx.

~XSK 2390(c) Ò´

v.p.

∫
+∞

−∞

sin xdx = lim
a→+∞

∫
a

−a

sin xdx = lim
a→+∞

(

− cosx

∣

∣

∣

a

−a

)

= 0,

2ÂÈ©

∫
+∞

−∞

sin xdx %´uÑ�.

±e�w��ÜÌ�k'���AO���Ð�¼ê y = li x, =éêÈ© (�

¦^PÒ Li x, �¡�È©éê). §®²Ñy3 §3.5.3 �SK 2091 ¥. du���

�k�¼êÚØ½È©��£, ÏdÒ� li x =
∫

dx
ln x

. ,�3 §4.4.2 �SK 2360 ¥

qy²
È©
∫
2

0

dx
ln x

uÑ. §L²éêÈ©Ø�U�^2ÂÈ©5½Â. ¢Sþ, �

0 < x < 1 ��±½Â li x =
∫
x

0

dξ

ln ξ
, � x > 1 �ÒI�^�ÜÌ�5½ÂéêÈ©

li x.
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SSSKKK 2391 y²: � x > 1 ��3

li x = v.p.

∫
x

0

dξ

ln ξ
.

) du�È¼ê
1

ln ξ
�k���Û: ξ = 1, e¡��y², � x > 1 �K¥�

Ñ��ÜÌ�´�3�.

�d� x > 1 ��Äe�ü�È©�Ú, ¿©O^�� ξ = 1− t Ú ξ = 1 + t, l

�� ∫
1−ε

0

dξ

ln ξ
+

∫
2

1+ε

dξ

ln ξ
=

∫
1

ε

dt
ln(1 − t)

+
∫
1

ε

dt
ln(1 + t)

=
∫
1

ε

[

1
ln(1 − t)

+ 1
ln(1 + t)

]

dt.

���È¼ê3 x = 1 ?�4�� 1/ ln 2, 3 t = 0 ?�4��O�Xe:

lim
t→0

[

1
ln(1 − t)

+ 1
ln(1 + t)

]

= lim
t→0

ln(1 − t2)

ln(1 − t) ln(1 + t)
= lim

t→0

−t2

−t · t
= 1.

u´�þãÈ©�È©�¥� ε → +0 �È©�4��3, ��~ÂÈ©.

dd��, 3 x > 1 �È©
∫
x

0

dξ

ln ξ
3�ÜÌ�¿Âþ�3, �kL�ª:

li x =
∫
1

0

[

1
ln(1 − t)

+ 1
ln(1 + t)

]

dt +
∫
x

2

dξ

ln ξ
,

Ù¥m>�ü�È©Ñ´~ÂÈ©. �

5 éêÈ© li x 3ïÄ�ê©Ù¥å��^. £� §1.3.1 �SK 177, 3@p

®²�Ñ, 3Ø�L x ���S��ê�²þªÇk±eìC(J (=�ê½n):

π(x)
x

∼
1

ln x
(x → +∞).

iùÚpdÑ5¿�, ^þªm>�È©, =éêÈ©, 5�O π(x) �Cq§Ý�'
x

ln x
Ð�õ. éu�ê½n�?�ÚU?Ò´�OØ� |π(x)− li x|. ®²y², iùß

� 1©�due��ª:

π(x) − li x = O(
√

x ln x) (x → +∞),

�8clù�(J�é�. [24] ��ö���Í¶(JÒ´y²
� π(x) − li x kÃ�

õgCÒ, ,1�gCÒ� ��8c����U�O3 1012 � 10310 �m (� [30]

�1 120 �). iùß��ú@��ênØ¥�Ì���)û¯K.

1© iùß� (½¡iùb�) ´iùu 1859 cJÑ�, ®� Clay êÆr?¬3 2 000 c�� 7 �#Zc

êÆø¯K��. ù�ß�´: iù ζ ¼ê ζ(s) =
∞

X

n=1

1
ns

�¤k�²�":�¢ÜÑ�u 1/2. 8c®�

y
 15 ·�":Ñ´Xd. éõêÆ[@�, iùß�´8UX{êÆ¥����)û¯K. 'uiùß

��0��wêÆÈ� 2001 c1 20 ò1 2 Ïþ�nÜ�w. [30] ´�ù��JK���ÊÖÔ��.
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§4.5 ¡¡¡ÈÈÈ���OOO���{{{ (SSSKKK 2396–2430 )

SSSNNN{{{000 �!�SK�²¡ã/�¡ÈO�, �âÙ>.���½�ªæ^

�A�È©úª 1©.

ùpJ�ïÆ, =3O�²¡ã/¡È�c, k�ÑÙúã, 
)ã/����¹.

ùéu(½È©��Ñ�~kÃ. §1.4 ¥��«�{3ùpÑ�Uk^.

d	, ùp�±·K/ª�Ñ¦²¡ã/¡È���O�úª, §·^uã/�>

.��ëê�§�Ñ��¹, ��íÑ���IXÚ4�IX¥�¡Èúª.

···KKK 4.14 �vkg�:�²¡µ4��ëê�§�

x = x(t), y = y(t), 0 6 t 6 T ,

Ù¥ x(t), y(t) ©ãëY��, �ëê t l 0 4O� T �, : (x(t), y(t)) ±_����7

4��±, KT����²¡ã/�¡È�

S =
∫
T

0

x(t)y′(t) dt = −

∫
T

0

y(t)x′(t) dt

= 1
2

∫
T

0

[x(t)y′(t) − y(t)x′(t)] dt.

(4.14)

5 1 ù�úª¢Sþ´�È©nØ¥���úª (�5SK86� §8.12) �A

~. éu��{ü��
�¹, ~X�²1u�I¶�?Û���4���:Ø�L

2 ���¹, y²´N´� (�ëw [34] � §11.1.2).

5 2 XJ²¡4�´ÏL y = tx Ú\ëê t �, Kúª (4.14) ����ª�

C�é{ü. duù�k

x(t)y′(t) − y(t)x′(t) = x(t)[tx(t)]′ − tx(t)x′(t) = x2(t),

Ïdúª (4.14) Ò¤� S = 1
2

∫
T

0

x2(t) dt.

SSSKKK 2396 y²: ��Ô�ü/�¡È�u S = 2
3

bh, ª¥ b �ü/�., h �p

(�Nã��©ã).

) �
�O�, I��½�IX,

�Ñã/�>.���§. XNã�m

©ã¤«, �Ô���§� y = −kx2+h,

Ù¥Xê k > 0 ��â x = ±
b
2

� y = 0

5(½. O��� k = 4h

b2
, u´=�O

�Ù¡ÈXe:

b

h

x

y

O b/2−b/2

h

SK 2396 �Nã

S = 2
∫ b

2

0

(

−
4h

b2
x2 + h

)

dx =
(

−
8h

3b2
x3 + 2hx

)∣

∣

∣

b

2

0

= −
1
3

bh + bh = 2
3

bh. �

1© 5¿5SK863d?�5, =l�!å���Ù", 3SK¥Ñy�ëêe�\`²�þ��ê.
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5 È©Æ�Þ��Ò´¡ÈÚNÈ�O�. {¤þ�@î�O�Ñõ�>

�²¡ã/¡È�´�F1�CÄ��. ¦3ù�¡�¤Ò��´y²
�Ô�ü/

(=^����Ô����¤�ã/) �¡È�uÓ.Óp�n�/¡È¦±Xê 4/3.

é�K5`, Ò´ 1
2

bh ×
4
3

= 2
3

bh. CÄ��3vkÈ©Æóä��¹e, |^·å

Æ²ï�{uy
ù�úª, q^¡&{�Ñ
î��y². ¦�ú@�´�È©��

�k°�� (�[2] ¥�5�{6�).

SSSKKK 2403 ¦ x2

a2
+

y2

b2
= 1 ¤�ã/�¡È.

) 1 ù´ý�3���IX¥�IO�§. |^Tã/'u�I¶�é¡5, �

�O�1���Ü©�¡È2¦± 4 =�. u´��Ñ

S = 4
∫
a

0

b
a

√

a2 − x2 dx.

éÙ��� x = a sin θ, =k

S = 4ab

∫ π
2

0

cos2 θ dθ = πab. �

) 2 ^ x = a cos t, y = b sin t, 0 6 t 6 2π òý���¤ëê/ª, K�^úª

(4.14) �1nªO�Xe:

S = 1
2

∫
2π

0

[a cos t(b sin t)′ − b sin t(a cos t)′] dt = 1
2

∫
2π

0

ab dt = πab. �

SSSKKK 2406 ¦ Ax2 + 2Bxy + Cy2 = 1 (A > 0, AC − B2 > 0) ¤�ã/�¡È.

l)ÛAÛ��g��£���K��´¥%3�:���ý�. e¡òÞ

Ñl)ÛAÛ!�ê���È©�õ«){, ù3é�§Ýþ´� [12] ÆS�(J.

) 1 ()ÛAÛ�=¶�{) ^=¶úª

x = x′ cos θ − y′ sin θ, y = x′ sin θ + y′ cos θ,

Ò��3 x′Oy′ �IX¥��§

(A cos2 θ + B sin 2θ + C sin2 θ)x′2 + (−A sin 2θ + 2B cos 2θ + C sin 2θ)x′y′

+ (A sin2 θ − B sin 2θ + C cos2 θ)y′2 = 1.

� θ ÷v^�

2B cos 2θ = (A − C) sin 2θ,

=¦ x′y′ ��Xê�u 0, K�§� ax′2 + by′2 = 1, Ù¡È� S = π√
ab

. ¦È ab �O

�Xe:

ab =
[

1
2

(A + C) + 1
2

(A − C) cos 2θ + B sin 2θ
]

×
[

1
2

(A + C) − 1
2

(A − C) cos 2θ − B sin 2θ
]

= AC + 1
4

sin2 2θ(A − C)2 − B2 sin2 2θ − B(A − C) sin 2θ cos 2θ

= AC + B2(cos2 2θ − sin2 2θ) − 2B2 cos2 2θ = AC − B2,
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���� S = π√
AC − B2

. �

) 2 (4�I�{) ^ x = r cosϕ, y = r sin ϕ �\, ��34�IX¥���§

r−2 = A cos2 ϕ + 2B sinϕ cosϕ + C sin2 ϕ

= A + C
2

+ A − C
2

cos 2ϕ + B sin 2ϕ.

òm>��ü������u¼ê (� §2.11.3 �SK 1456.1(e)), =�¦Ñ r−2 ���

�Ú���©O�

A + C
2

±

√

(

A − C
2

)2

+ B2,

§��¦È´ AC − B2. ù�Ò¦Ñ
ý����¶Úá�¶��Ý�¦È�
1√

AC − B2
, Ïdý��¡È S = π√

AC − B2
. �

) 3 ()ÛAÛ) ^�� y = kx �ý���, ���:�î�I x ÷v�ª

(A + 2Bk + Ck2)x2 = 1.

u´�¦Ñ�: (x, y) ��:�ål²�� D = 1 + k2

A + 2Bk + Ck2
. òù��ªU��

'u k ��gn�ª

(Ck2 + 2Bk + A)D − (k2 + 1) = (CD − 1)k2 + 2BDk + (AD − 1) = 0,

,�|^ý�'uÙÌ¶�é¡5��, � D Ø´���, §7½�ü�ØÓ� k �é

A, ����½��� D K�U©OéAu��� k �, Ïdù�� D �A�¦�

þã�gn�ª��Oª� 0. ùÒ��

(AC − B2)D2 − (A + C)D + 1 = 0.

ùL²�����Ú����ü� D ��¦È´ 1/(AC − B2), m��Ò´��¶Ú

á�¶�¦È, Ïd S = π√
AC − B2

. �

) 4 (�©Æ�{) ^�©Æ�{¦) 3 ¥�¼ê D(k) = 1 + k2

A + 2Bk + Ck2

(−∞ < k < +∞) ����Ú���. du B = 0 �{ü�¹���ïÄ, ±eb�

B 6= 0. l D′(k) = 0 íÑ

Bk2 + (A − C)k − B = 0.

� k1, k2 ´�ü��� D1, D2 éA� k �, Kk k1k2 = −1, k1 + k2 = C − A
B

. l

D1, D2 �L�ª�±O��� D1D2 = 1
AC − B2

, u´Òk S = π√
AC − B2

. �

5 ±þA��{Ñ�6u®�ý�¡Èúª� π ¦±ý����¶Úá�¶,

±e´�!¦¡È�n«Ì��È©�{, §�ØI�¯k��ý��¡Èúª.

) 5 (È©Æ�{��) l�§ Ax2 + 2Bxy + Cy2 = 1 )Ñ y �� x �¼ê�w

L�ª (�Ò´ý��¤�«��þ>.Úe>.) �

y1,2(x) = −
Bx
C

±
1
C

√

C − (AC − B2)x2,

Ó�(½§��½Â�� [−

√
C

D
,

√
C

D
], Ù¥ D =

√
AC − B2.
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,��é y1(x) − y2(x) È©Xe:

S =
∫√

C/D

−

√

C/D

[y1(x) − y2(x)] dx = 2
C

∫√
C/D

−

√

C/D

√

C − D2x2 dx (2��� u = Dx)

= 1
CD

· 2
∫√

C

−

√

C

√

C − u2 du,

du 2
∫√

C

−

√

C

√
C − u2 du Ò´�»�

√
C ��¡È, ÏdÒ��

S = 1
CD

· πC = π
D

. �

) 6 (È©Æ�{��) X) 2 ¤«, 34�IX¥���§� r−2 = A cos2 ϕ+

2B sin ϕ cosϕ + C sin2 ϕ, Ïd�±^4�IX�¡ÈúªO�Xe:

S = 1
2

∫
2π

0

r2(θ) dθ = 1
2

∫
2π

0

d(tan θ)

A + 2B tan θ + C tan2 θ

=
∫
+∞

−∞

du

Cu2 + 2Bu + A
=

∫
+∞

−∞

du
(√

Cu + B√
C

)2

+
(

A −
B2

C

)

= 1√
C

·
(

√
C

√
AC − B2

arctan

√
Cu + b/

√
C

√

A − B2/C

)
∣

∣

∣

+∞

−∞

= π√
AC − B2

. �

) 7 (È©Æ�{�n) ^ëê�§�{. Ú\ëê��{Ø´���. ~X, �

±k����
(

A −
B2

C

)

x2 +
(√

Cy + B√
C

x
)2

= 1,

P ∆ = AC − B2, - x =
√

C/∆ cos t, y = 1/
√

C sin t − (B/
√

C∆) cos t, 0 6 t 6 2π,

K�±O���

x(t)y′(t) − y(t)x′(t) = 1√
∆

,

Ïd^úª (4.14) �1nªÒ��

S = 1
2

∫
2π

0

dt√
∆

= π√
∆

. �

±eA�){¥I����È©�	��£, ÐÆö�6�aL, ±�2Æ.

) 8 (�È©�{) ²¡«��¡È�L«�ð�u 1 ���¼ê3T«�þ

��È©.

ò�§���

A
(

x +
By

A

)2

+
(

C −
B2

A

)

y2 = 1,

�����

u =
√

A
(

x +
By

A

)

, v =

√

C −
B2

A
y,

O�Ñù����ä�'1�ª�

∂(x, y)

∂(u, v)
= 1

∂(u, v)

∂(x, y)

= 1√
AC − B2

,
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u´Ò�±^�È©O�Xe (Ù¥P Ω �ý�«� Ax2 + 2Bxy + Cy2
6 1):

S =
∫∫

Ω

dxdy =
∫∫

u2+v261

∂(x, y)

∂(u, v)
du dv = π√

AC − B2
. �

) 9 (^�4��{) 3ý��þ¦��:ål����Ú���´��;.

�^�4�¯K. Ú\.�KF¼ê

L = x2 + y2 − λ(Ax2 + 2Bxy + Cy2 − 1),

l L 'u x, y � �ê� 0 ���5�§|

(1 − λA)x − λBy = 0, −λBy + (1 − λC)y = 0.

ò§�©O¦± x, y ��\, =��.�KF¦f λ = r2. u´��O� λ. l'u

x, y �àg�5�§|k�")��Ù1�ª� 0, u´k

(AC − B2)λ2
− (A + C)λ + 1 = 0.

u´��� r2 ����Ú���éA�ü�¦f�¦È�
1

AC − B2
. ò§m²

�2¦± π Ò´¤�¦�¡È S = π√
AC − B2

. �

) 10 (�5�ê�{) ò3^� Ax2 + 2Bxy + Cy2 = 1 e¦ x2 + y2 ���¡�

¯K�, §�=��3 x2 + y2 = 1 �^�e¦ Ax2 + 2Bxy + Cy2 ���, ¡�¯K�.

Ú\Ý
 A = ( A B

B C
), é¯K�, l�5�ê��§�Ò´ A ���Ú��A��.

�ÑÝ
 A �A��§

|λI − A| = λ2
− (A + C)λ + (AC − B2),

��ü�A���¦È�u AC − B2. §��êÒ´�¯K��ü����¦È. m²

��¦± π Ò�� S = π√
AC − B2

. �

µØ J��¯K: 3±þ� 10 «�{¥k=
�±í2u¦n�ý¥�NÈ,

���±í2u¦ n ��ý¥�NÈ?

ùp���:Ø���µØ, =�ÑN´í2�A�){.

) 1, =)ÛAÛ¥�=¶�{, q�O�'�E,, ���k�5�ê�£ÒéN

´í2� n ��m¥)û n ��ý¥�NÈO�¯K.

d	, ) 8, =�È©�{, 3Ú\��C��ÒN´í2� n �. ) 9 Ú) 10

�í2�´�U�.

SSSKKK 2412 rV� x2 − y2 = 1 þ�: M(x, y) ��

IL«�V�÷/ OM ′M �¡È S �¼ê, d÷/±V

��l M ′M ���� OM 9 OM ′ �., Ù¥ M ′(x,−y)

´: M �éu Ox ¶�é¡:.

) XNã¤«, ��Ä x > 0 Ü©�V� x2 − y2 =

1. Nã¥�ü^J�´V��ìC� y = ±x.

M (x,y )

M
′
(x,−y )

x

y

O

S

b

b

1 2

1

−1

SK 2412 �Nã
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�¦ÑV÷/ (Nã¥�ÒK«) �¡È (�P�) S, �±kO�dV�l

M ′M Ú�� MM ′ �¤�ü/ (Nã¥���Ú«) ¡È. l�§)Ñ y = ±
√

x2 − 1,

=�¦ÈXe:

2
∫
x

1

√

t2 − 1 dt = 2
(

1
2

t
√

t2 − 1 −
1
2

ln
∣

∣t +
√

t2 − 1
∣

∣

)∣

∣

∣

x

1

= x
√

x2 − 1 − ln(x +
√

x2 − 1),

Ù¥|^
 §3.1.6 �È©Ä�úª (3.6) �� (α = −1). dun�/ OMM ′ �¡È�

u xy = x
√

x2 − 1, ò§��~�Ò��¤�¦�¡È

S = ln(x +
√

x2 − 1).

|^V{u¼ê��¼êúª (� §3.1.8 � (3.11)(2)), ��þªÒ´ S =

arccoshx, Ïd�� x = coshS. (�N´��l eS = x +
√

x2 − 1 Ñuí�Ñ

x = 1
2

(eS + e−S).) ,�Òk y =
√

x2 − 1 =
√

cosh2 S − 1 = sinh S. �

5 �K�(ØÒ´V¼ê�¶�d5.

SSSKKK 2417(b) ¦d� x = a cos t, y = a sin2 t
2 + sin t

¤

�ã/�¡È.

) XNã¤«, t l 0 � 2π �: (x(t), y(t)) ±^�

���£Ñ��4�, Ïd3^úª (4.14) ��¦± −1.

du x(t), y(t) �L�ªØé¡, ùp^Ù¥�1nª�7

Ü·, ØX^Ù1�ª¦ÈXe:

x

y

O a
−a

a

SK 2417(b) �Nã

S =
∫
2π

0

y(t)x′(t) dt = −a2

∫
2π

0

sin3 t
2 + sin t

dt

= −a2

∫
2π

0

(sin2 t − 2 sin t + 4) dt + 8a2

∫
2π

0

dt
2 + sin t

= −a2 · 9π + 8a2

∫
2π

0

dt
2 + sin t

.

éu����È©���� t = π
2

− θ 8(� §3.4.3 �SK 2028 Xe 1©:

∫
2π

0

dt
2 + sin t

=
∫π/2

−3π/2

dθ
2 + cos θ

=
∫
2π

0

dθ
2 + cos θ

= 2
∫π

0

dθ
2 + cos θ

=
∫π

0

dθ

1 + 1
2

cos θ

= 2
√

1 − (1/4)
· arctan

(

√

1 − (1/2)

1 + (1/2)
· tan t

2

)∣

∣

∣

π

0

= 2
√

1 − (1/4)
·

π
2

= 2π√
3

.

u´����Y´ S = πa2

(

16√
3

− 9
)

≈ 0.746a2. �

1©Ù¥1���ª|^
 §4.2.5 �SK 2265, =±Ï¼ê3?Û±Ï�Ý�«mþ�È©Ñ�Ó.
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SSSKKK 2422(a) ¦d4�I�§ r =
p

1 + ε cosϕ
(0 < ε < 1) ¤��¤�ã/�

¡È.

) 1 ()ÛAÛ�{) duù´ý��4�I�§, �:�ý���:��, Ïd

��¦Ñ��¶Úá�¶Ò�±��ý��¡È.

©O^ ϕ = 0, π �\�§, �\Ø± 2 Ò����¶

a = 1
2

(

p

1 + ε
+

p

1 − ε

)

=
p

1 − ε2
.

du�:´�:, Ïdá�¶�±O�Xe (ë�Nã):

b = a
√

1 − ε2 =
p

√
1 − ε2

.

u´ý�¡È S = πab =
πp2

(1 − ε2)
3

2

. �

rOO
′

p

1

b

a

a

SK 2422(a) �Nã (p = 1,

ε = 0.5, O
′ �ý�¥%)

) 2 (V�) Uì4�IX¥�¡ÈO�úªKk

S =
p2

2

∫
2π

0

dϕ

(1 + ε cosϕ)2
.

,�|^ §3.4.4 �SK 2063 =�. �
;�Û:, �±k|^é¡5òþãÈ©�«

m �� [0, π]. �

SSSKKK 2424 ¦d� ϕ = r arctan r Ú��� ϕ = 0 9 ϕ =
π√
3

¤�¤�÷/�¡È.

) du ϕ ´ r �î�üN4O¼ê, �±�ÑNã¥¤«

��ã�Ú�¦¡È�ã/. Uì4�IX¥�¡ÈO�úª,

¿^ r ��È©Cþ, Kk dϕ = (arctan r + r

1 + r2
) dr, �� ϕ

l 0 � π/
√

3 �, r l 0 �
√

3, u´�O�Xe:

r
O 1

ϕ
=

π√
3

SK 2424 �Nã

S = 1
2

∫ π
√

3

0

r2 dϕ = 1
2

∫√
3

0

(

r2 arctan r + r3

1 + r2

)

dr

= 1
6

r3 arctan r

∣

∣

∣

√

3

0

+ 1
3

∫√
3

0

r3

1 + r2
dr (éÈ©^�� r2 = R)

= π
2
√

3
+ 1

6

∫
3

0

R dR
1 + R

= π
2
√

3
+ 1

2
−

1
3

ln 2. �

±ewSK 2425 � 5 ��K, Ù¥c 4 �´#�¥O\�.

SSSKKK 2425(a) ¦� r2 + ϕ2 = 1 ¤�ã/�¡È.

©Û Ø���Ä r > 0 �Ü©. ù���3ü^�� ϕ = ±1 �m, � ϕ l −1

4O� 1 �, r l 0 4O� 1 �24~� 0. Ïdã/é{ü, ¦ÈO��ØJ. �
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SSSKKK 2425(b) ¦s�/G�� ϕ = sin(πr) (0 6 r 6 1) ¤�ã/�¡È.

) 1 dKI�é��ã�k�O(�n),

ÄKN´Ñ� (ë�Nã).

l�§��, � r l 0 4O� 1/2 �, ϕ l 0 4

O�Ù��� 1; ,�� r l 1/2 4O� 1 �, ϕ l 1

4~� 0. ÏdØ
 r = 1/2 �	, z�� ϕ �ü� r

�éA. òÙ¥��P� r1, ��P� r2, KÒ��

Ñ� (�4¶) ¤�ã��¡È�

r
O

1

ϕ
=
1

SK 2425(b) �Nã

S = 1
2

∫
1

0

[r2
2(ϕ) − r2

1(ϕ)] dϕ.

�e5�¯K´¦Ñ r1, r2 �L�ª.

� r l 0 4O� 1/2 �, πr 3 [0, π/2] S, ÏdÒk

r1(ϕ) = 1
π arcsinϕ.

,� r l 1/2 4O� 1 �, πr 3 [π/2, π] S, ÏdI�U� ϕ = sin(π − πr) =

sin(π(1 − r)) �âUü>���u�� arcsinϕ = π(1 − r), u´)�

r2(ϕ) = 1 −
1
π arcsinϕ.

±e��\O�®²vk(J, �?1Xe:

S = 1
2

∫
1

0

[(

1 −
arcsinϕ

π

)2

−
(

arcsinϕ

π

)2]

dϕ

= 1
2

∫
1

0

(

1 −
2 arcsinϕ

π

)

dϕ

= 1
2

−
1
π

∫
1

0

arcsinϕdϕ

= 1
2

−
1
π

( π
2

− 1
)

= 1
π . �

) 2 ± r �ëê, ^úª (4.14) �1nª�´��Ð�{. ùp5¿�34¶þ

���ãéÈ©vk�z, ÏdØ7�Ä.

�Ñëê�§�

x(r) = r cos(sin πr), y(r) = r sin(sin πr), 0 6 r 6 1,

Ó�5¿�� r l 0 4O� 1 �: (x(r), y(r)) ±^�����7¤�«�, Ïd3ú

ªc�Vþ −1 (ë�Nã), ,�=�O�Xe:

S = −
1
2

∫
1

0

[x(r)y′(r) − y(r)x′(r)] dr

= −
π
2

∫
1

0

r2 cos πr dr

= −
π
2

(

1
π sin πr · r2

∣

∣

∣

1

0

−
1
π

∫
1

0

sin πr · 2r dr
)

=
∫
1

0

r sin πr dr

= −
r
π cos πr

∣

∣

∣

1

0

+ 1
π

∫
1

0

cos πr dr = 1
π . �
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SSSKKK 2425(c) ¦� ϕ = 4r − r3, ϕ = 0 ¤�ã/�¡È.

r
O 1 2

SK 2425(c) �Nã

) (V�) �K�þ�Kaq. l�§��, �I

�*	¼ê ϕ(r) = 4r − r3 3 [0, 2] þ�Cz. ^�©Æ

�{��, � r l 0 4O� 2/
√

3 ≈ 1.155 �, ϕ l 0 ü

N4O� 16/
√

3 ≈ 3.079 ≈ 176◦, � r UY4O� 2

�, ϕ KüN4~� 0. XNã¤«, ù^�� ϕ = 0

(4¶) þ���ã 0 6 r 6 2 �¤��²¡ã/.

±e�O�lÑ, �Y´ S = 64
15

. �

SSSKKK 2425(d) ¦� ϕ = r − sin r, ϕ = π ¤�ã/�¡È.

©Û du ϕ ´ r �î�üN4O¼ê, ã/ÚO�Ñ��{ü. �

SSSKKK 2425(e) ¦µ4� r = 2at

1 + t2
, ϕ = πt

1 + t
¤�ã/�¡È.

©Û ù´dëê�§�Ñ�4�IX¥��. |^

§1.4.5 ¥�úã��{, N´��� t l 0 4Oªu +∞ �,

���^µ4�. O�8(� [0, +∞) þ�2ÂÈ©. È

©��È¼ê´kn¼ê, |^ §3.3.1 �Ü©©ª©)�

{, ½ö §3.3.2 �cdAÛ�.]Ä�{ÑØJ¦). �

r
O 1

SK 2425(e) �Nã

SSSKKK 2427 ò x4 + y4 = a2(x2 + y2) C��4�I, ¦T�¤�ã/�¡È.

) 1 ^4�Iúª x = r cosϕ, y = r sin ϕ �\Ò�� r4(cos4 ϕ+ sin4 ϕ) = a2r2,

Ïd��4�I�§�

r = a
√

cos4 ϕ + sin4 ϕ
.

ë���ã� (�1�þN¹��SK 1542) ���¤�ã/¡È�

S = a2

2

∫
2π

0

dϕ

cos4 ϕ + sin4 ϕ
.

|^ §4.2.5 �SK 2276, Ò�� S =
√

2 πa2. �

) 2 ^ y = tx Ú\ëê�2^úª (4.14) �´�B�, ¤���ëê�§�

x = a

√

1 + t2

1 + t4
, y = tx.

duTã/'u x ¶Ú y ¶Ñé¡, Ïd��O�§á31����@Ü©¡È2¦

± 4 =�. ù�ëê t l 0 � +∞, �I¶þ���ã3úª (4.14) �1nª�È©

¥��z� 0, ÏdÒ�� (Ù¥|^
Túª��5 2 Ú §4.4.1 �SK 2341 �(J):

S = 2
∫
+∞

0

x2(t) dt = 2a2

∫
+∞

0

1 + t2

1 + t4
dt = 2a2 ·

π√
2

=
√

2 πa2. �
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SSSKKK 2430 ò x4 + y4 = ax2y z�ëê�§, ¦T�¤�ã/�¡È.

) 1 ^ y = tx �\, Ò��ëê�§�

x(t) = at

1 + t4
, y(t) = tx(t).

du y(t) > 0, qdu�'u y ¶é¡, Ïd��O�ë

êl 0 � +∞ ¤���¡È2¦± 2 =� (ë�Nã).

^úª (4.14) �1nª, ¿|^Ù5 2, Òk

x

y

O a−a

a

SK 2430 �Nã

S = a2

∫
+∞

0

t2 dt

(1 + t4)2
.

���� t = 1
u

, Kk

S = a2

∫
+∞

0

u4 du

(1 + u4)2
= a2

4

∫
+∞

0

u d(1 + u4)

(1 + u4)2

= a2

4

(

−
u

1 + u4

∣

∣

∣

+∞

0

+
∫
+∞

0

du

1 + u4

)

= a2

4

∫
+∞

0

du

1 + u4
.

é����2ÂÈ©�±|^3 §3.2.1 �SK 1884 ¥¦��Ø½È©, ½ö��ÏL

���Xe8(� §4.4.1 �SK 2341:

S = a2

4

∫
+∞

0

t2 dt

1 + t4
= a2

8

∫
+∞

0

1 + t2

1 + t4
dt =

√
2π

16
a2,

�� S =

√
2π

16
a2 ≈ 0.278a2. �

) 2 (V�) 34�IX¥, >.��§� r =
a cos2 ϕ sin ϕ

cos4 ϕ + sin4 ϕ
, ϕ ∈ [0, π]. |^

ã�'u�� ϕ = π/2 é¡, Òk

S =
∫ π

2

0

r2 dϕ = a2

∫ π
2

0

cos4 ϕ sin2 ϕ

(cos4 ϕ + sin4 ϕ)2
dϕ

= a2

∫ π
2

0

tan2 ϕd(tan ϕ)

(1 + tan4 ϕ)2

= a2

∫
+∞

0

t2 dt

(1 + t4)2
,

±eÓ) 1. �
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§4.6 lll������OOO���{{{ (SSSKKK 2431–2455 )

SSSNNN{{{000 �!�SKÌ�´l�O�, ���k�þy²K.

dul�O�úª¥Ñy�ª, ù3éõ�¹e¬¦�O���E,. 3�!��


O�K¥, §3.3 Ú §3.4 ¥�NõO�E|Ñ´k^�. ù�¡�Þe¡�~f (TK

��Y35SK86�P�¥kØ).

SSSKKK 2439 ¦� y2 = x3

2a − x

(

0 6 x 6
5
3

a
)

�l�.

) 1 Ï�'u x ¶é¡, ��O� y > 0 �l�¦± 2. (3

Nã¥� a = 1, ��à:�
(

5
3

,±
5
√

5
3

)

≈ (1.667,±3.727), 31

�þN¹��SK 272 ¥� a = 5.)

ò�§é x ¦�, ��� y′ =
x

1

2 (3a − x)

(2a − x)
3

2

, u´l��:

s = 2
∫ 5a

3

0

√

1 + y′2 dx = 2a

∫ 5a

3

0

1
2a − x

·

√

8a − 3x
2a − x

dx.

|^�� t =

√

8a − 3x
2a− x

(ëw §3.1.5 �SK 1782 �) 3 Ú §3.3.1 �

SK 1933 �), Kk x =
a(8 − 2t2)

3 − t2
, dx = 4at

(t2 − 3)2
dt, � x l 0 4

O� 5a/3 �, t l 2 4O� 3, u´Ò�¦ÈXe:

x

y

O

b

b

1

1

2

3

4

−1

−2

−3

−4

5

3

x
=

2

SK 2439 �Nã

(� a = 1)

s = 2a

∫ 5a

3

0

1
2a − x

·

√

8a − 3x
2a − x

dx

= 2a

∫
3

2

2 t2 dt

t2 − 3
= 4a

∫
3

2

(

1 + 3
t2 − 3

)

dt

= a

(

4 + 12 ·
1

2
√

3
ln
∣

∣

∣

t −
√

3

t +
√

3

∣

∣

∣

∣

∣

∣

∣

3

2

)

= a
(

4 + 2
√

3 ln
∣

∣

∣

3 −
√

3

3 +
√

3
·

2 +
√

3

2 −
√

3

∣

∣

∣

)

= a[4 + 2
√

3 ln(2 +
√

3)] ≈ 8.562a. �

) 2 ^ y = tx Ú\ëê t K�����ëê�§�

x(t) = 2at2

1 + t2
, y(t) = 2at3

1 + t2
, 0 6 t 6

√
5.

,�Uìëê��l�úª��

s = 2
∫√

5

0

2at
√

t2 + 4
t2 + 1

dt.

��� t2 + 4 = v2, Kk t dt = v dv, u´��) 1 �O��Ó/��

s = 4a

∫
3

2

v2 dv

v2 − 3
= 4a

∫
3

2

(

1 + 3
v2 − 3

)

dv = a[4 + 2
√

3 ln(2 +
√

3)]. �



194 1oÙ ½È©

SSSKKK 2453 y²: ý� x = a cos t, y = b sin t (0 6 t 6 2π) �l��u�u�

y = c sin x
b

��Å��, Ù¥ c =
√

a2 − b2.

) lK¿k a > b > 0. òý��l�P� s1, Uìëê�§L«��l�ú

ªk

s1 =
∫
2π

0

√

(x′

t
)2 + (y′

t
)2 dt

=
∫
2π

0

√

a2 sin2 t + b2 cos2 t dt,

K¥�Ñ��u����Å��Ý=´��±Ï T = 2πb þ���Ý, ò§P

� s2, Kk

s2 =
∫
T

0

√

1 + (y′

x
)2 dx =

∫
2πb

0

√

1 + c2

b2
· cos2 x

b
dx

=
∫
2πb

0

√

b2 + (a2 − b2) cos2 x
b

d
(

x
b

)

(,���� t = x/b)

=
∫
2π

0

√

b2 sin2 t + a2 cos2 t dt.

é����È©��� u = π
2

− t, dt = −du, ¿|^±Ï¼ê3��±Ï�Ý�«m

þ�È©ØC5 (� §4.2.5 �SK 2265), Òk

s2 = −

∫− 3π
2

π
2

√

b2 cos2 u + a2 sin2 udu

=
∫ π

2

−
3π
2

√

b2 cos2 u + a2 sin2 u du

=
∫
2π

0

√

b2 cos2 u + a2 sin2 udu,

�� s2 = s1. �

5 l�O�úª¥��ª�5���Ñ�¿���JÒ´, Xý�ù�<�Ù

���, §�l�Ñ�UL«���½È©, ØU^Ð�¼êL«Ñ5. �Ï3u

þãý�l��È©úª¥, �È¼ê��¼êØ´Ð�¼ê. ù�����¡�ý�

È©�AaAÏ¼ê. §�3êÆ�õ�©|ÚA^+�¥Ñy. �ý��±���k

'�´e¡�1�a�ý�È©:

E(k) =
∫ π

2

0

√

1 − k2 sin2 xdx,

Ù¥ k ∈ (0, 1). u´�wÑ, �K¥�ý�±� s = 4aE(k), Ù¥ k =
√

a2 − b2/a, =

ý��l%Ç.

'uý�±��CqO�~f��¡ §4.11 �SK 2544. 3êÆ©Û��Ö¥é

uý�È©�0�� [15] �1�ò� §8.5, lTÖ�¢Ú����3êÆ©Û¥�ý�

È©k'�NõÙ¦á�.
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SSSKKK 2454 �Ô� 4ay = x2 ÷ Ox ¶EÄ. y²: �Ô���:�;,´]ó

� 1©.

x

y

O

b

b

b

b

b

b

F

P (x0,y0)

FF

O

′

x
′

y
′

C

A

B

SK 2454 �Nã

) |^$Ä��é5, ØX�Äò Ox ¶

���Ô�3�:���÷X�Ô�EÄ.

XNã¤«, oç���Ô� 4ay = x2.

Ù�:� F (0, a). � Ox ¶®²EÄ���Ô�

3: P (x0, y0) ���� �, ,�·�5O��

:3#��IX¥� �.

�dk�(½#�IX��: O′ � �. d

�ê y′(x0) = 1
2a

x0 =��Ñ: P ����§�

Y − y0 =
x0

2a
(X − x0).

ù^��Ò´#�î�I¶ O′x′. Ù¥��: O′ �±�â P :� O′ �ål�u�Ô

�þl�: O �: P (x0, y0) �l�5(½. �âl�úªk

s =
∫
x0

0

√

1 + 1
4a2

x2 dx = 2a

∫
x0/2a

0

√

1 + u2 du

= 2a
[

1
2

u
√

1 + u2 + 1
2

ln(u +
√

u2 + 1)
]∣

∣

∣

x0/2a

0

=
x0

4a

√

x2
0

+ 4a2 + a ln
[

1
2a

(

x0 +
√

x2
0

+ 4a2
)

]

.

,��ÑL: P (x0, y0) �{� Y − y0 = −
2a
x0

(X − x0), =�¦Ñ�: F �T{��

ål, =Nã¥J�L«���ã FA ��Ý. Uì.5¥úª¦Ñ�
x0

4a

√

x2
0 + 4a2.

ò§ll� s ¥~���Ò���:3#�IX¥�î�I, =Nã¥�ã FB ��

Ý. �e¡�Bå�, ò x0 UP�ëê t, Ò��

x(t) = a ln
[

1
2a

(

t +
√

t2 + 4a2
)

]

. (4.15)

�e52¦�:3#�IX¥�p�I, = F ���ã PO′ �ål, 3Nã¥Ò´J

�IÑ��� FC ��Ý. Uì.5�úª¿ò x0 U� t Ò��

y(t) = 1
2

√

t2 + 4a2. (4.16)

����l±þëê�§�� t. kl (4.15) k e
x

a =

√
t2 + 4a2 + t

2a
, ¿dd�O

��� e
−

x

a =

√
t2 + 4a2 − t

2a
. ò§��\Ø± 2, ¿|^ (4.16), Ò��

1© �K�¦)¥I�3¥ÆêÆ²¡)ÛAÛ¥Æ���
�£. �Öö�Bå�QãXe.

1. �Ô�´²¡S���½: F Ú�^½�� l (F Ø3 l þ) ål���:�;,, : F ���:, l �

�O�. ddN´�y, éu�K��Ô� 4ay = x2 5`, �:�I� (0, a), O��§� y = −a.

2. : (x0, y0) ��� Ax + By + C = 0 �ål�

d =
|Ax0 + By0 + C|√

A2 + B2
.
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e
x

a + e
−

x

a

2
=

√
t2 + 4a2

2a
= 1

a
y,

�Ò´k y = a cosh x
a

, =]ó��§. �

5 1 3±þ¦)�L§¥, #�IX´�Xî�I¶÷X�Ô�EÄØäCÄ

�. ù���I�xÑ�^�Ô�. Ó��±2|^$Ä��é5, òNã¥± O′ ��

:��IXw¤��½, ± O ��:��IXK��Ô��åEÄ, ù�Ò��¯K

�J{��.

5 2 ò� y = a cosh x
a

¡�]ó�, Ï�§´�^üà]!X�þ!R^�[

� (ó½>�) 3²ïG��¤��/G, Ùy²��Ö3 §4.10 ����Ö¿.

SSSKKK 2455 ¦�

y = ±
(

1
3
− x
)√

x

�µ4Ü©��±��±¤©O�¤�¡È�'.

) 3Nã¥�Ñ� y = y(x) �ã�, dK¿I�

Ó�¦ÑT�¤��� (ÒK«) ¡ÈÚ����Ý. l

ã/'u Ox ¶�é¡5�¦Ñ¡È�

S = 2
∫ 1

3

0

(

1
3

− x
)√

xdx = 2
(

2
9

x
3

2 −
2
5

x
5

2

)∣

∣

∣

1

3

0

= 4
(

1
27

−
1
45

)

1√
3

= 8

135
√

3
.

| ^ y′ = 1
6

x
−

1

2 −
3
2

x
1

2 , = � ¦ Ñ
√

1 + y′2 =

1
6

x
−

1

2 + 3
2

x
1

2 , u´=���±��

x

y

O 1

3

1

3

SK 2455 �Nã

s = 2
∫ 1

3

0

(

1
6

x
−

1

2 + 3
2

x
1

2

)

dx = 2
(

1
3

√
x + x

√
x
)∣

∣

∣

1

3

0

= 4

3
√

3
.

dd±��¦Ñ�±�����»� R = 4

6
√

3π
, l��T��¡È�u

S1 = πR2 = 4
27π .

ù�Ò��ÒK«¡È��±���¡È�'�

S : S1 = 8

135
√

3
: 4

27π = 2π
5
√

3
: 1 ≈ 0.726: 1. �

5 �âÍ¶��±½n, 3±������{ü4�¥, �¤���¡È��

(ë� [34] � §24.3.4). Ïd�K�����'Ç�u 1 ´3¿��¥�.
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§4.7 NNNÈÈÈ���OOO���{{{ (SSSKKK 2456–2485 )

SSSNNN{{{000 3U
¦Ñ�mAÛN��x²1²¡ (��´²1u,��I¡) �

���¡¡È�, TAÛN�NÈÒk�U^½È©¦Ñ. e¡1��!¹kù�¡�

ÐÚÔöÚü�nØK, �ü��!´¦�½¡¤�NÈÚ^=NNÈ. éudëê

�§�)¤�^=NNÈ�Ñ��#úª, Ùy²����Ö5�!.

4.7.1 ^̂̂���¡¡¡¡¡¡ÈÈÈ���ÈÈÈ©©©¦¦¦NNNÈÈÈ (SSSKKK 2456–2461)

SSSKKK 2456 ¦º¢�NÈ, Ù.´>��u a 9 b �Ý/, Ùº�c>�u c, 

p�u h.

a

b

c

h

SK 2456 �Nã

) 1 3Nã¥�Ñ
º¢�«¿ã. �{²å�,

é�Ý©O� a, b, c �>Ò^ù
ÎÒ5¡�§�.

�º¢�ºc c �.> a ²1. ��I¶ Ox R�

u.¡���e�, Ù�:3c c þ, ù��.¡� yOz

�I¡²1 (�xÑ).

^²1u.¡�²¡�dAÛN��, Ù�¡ (Nã¥�ÒK«) �´Ý/. §�¡

È´ x �¼ê, P� S(x), 0 6 x 6 h. u´��¦Ñ S(x) �3 [0, h] þé x È©=�

¦�º¢�NÈ.

�±y² 1©, �¡�ü>>�Ñ´ x ��5¼ê Ax + B, ,��â x = 0, h ��

®��=�(½Xê A Ú B. ù�Ò�±O���Ý/�¡�²1u.> a �>�´
a − c

h
x + c, ²1u.> b �>�´ b

h
x. u´Òk

S(x) =
(

a − c
h

x + c
)

·
b
h

x =
(a − c)b

h2
x2 + bc

h
x.

��ÏLÈ©Ò��

V =
∫
h

0

[ (a − c)b

h2
x2 + bc

h
x
]

dx =
[ (a − c)b

3h2
x3 + bc

2h
x2

]∣

∣

∣

h

0

= 1
3

(a − c)bh + 1
2

bch

= 1
3

abh + 1
6

bch. �

) 2 X) 1 ¤«, 3äNO��c®²�±(½�¡¡È S(x) ´ x ��g¼ê,

Ïd÷v�¡�SK 2460 ¥�^�, ù�Ò�±^TSKJø�"ÊÜúª5?1O

�. ù�º�¡¡È� 0, .�¡¡È� ab, ¥�¡Ý/�>��
a + c

2
Ú

b
2

, Ïd¡

È�
1
4

(a + c)b. ù�Òk

V = h
6

[

0 + 4 ·
1
4

(a + c)b + ab
]

= h
6

(2ab + bc). �

1© ùl�qn�/�AÛ'X=�wÑ, [!lÑ.
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SSSKKK 2459 ¦^=�ÔN�NÈ, Ù.� S, p�u H .

) 1 XNã¤«, ��Ô���§� x = ky2 (0 6

x 6 H), dT�3 y > 0 �Ü©��� x = H Ú y = 0

�¤�ã/7 Ox ¶^=��K¥�^=�ÔN.

é x ∈ (0, H ], ^²1 yOz �I¡�²¡ X = x �þ

ã^=�ÔN����¡´�»� y ��, ÏdÙ¡È´

S(x) = πy2 = πx
k

. �â x = H ��.¡È� S, =�(½

ÑXê k = πH
S

. ù�Ò��
�¡¡È� S(x) = S
H

x.

����¦ÈXe:

V =
∫
H

0

S
H

xdx = S
H

·
x2

2

∣

∣

∣

H

0

= 1
2

SH. �

x

y

O
H

x=k y
2

z

y

O

x
H

S

SK 2459 �Nã

) 2 l) 1 �©ÛÒ�� S(x) ´ x ��5¼ê, ÏdØ7¦ÑXê k Ò�±�

�^SK 2460 Jø�"ÊÜúª, u´k

V = H
6

(

0 + 4 ·
S
2

+ S
)

= 1
2

HS. �

SSSKKK 2460 ("""ÊÊÊÜÜÜúúúªªª) �ÔN�R�u Ox ¶�î�¡�¡È S = S(x) ��

g5ÆCz:

S(x) = Ax2 + Bx + C (a 6 x 6 b),

Ù¥ A, B, C �~ê. y²: dÔN�NÈ�u

V = H
6

[

S(a) + 4S
(

a + b
2

)

+ S(b)
]

,

Ù¥ H = b − a.

) l V =
∫
b

a

S(x) dx Ñu, |^È©'u�È¼ê��55�, �I�éu

1, x, x2 ©O�yúª¤á=�.

éu S(x) = 1 k ∫
b

a

dx = b − a = b − a
6

(1 + 4 + 1);

éu S(x) = x k∫
b

a

xdx = x2

2

∣

∣

∣

b

a

= 1
2

(b2 − a2) = b − a
6

(

a + 4 ·
a + b

2
+ b

)

;

éu S(x) = x2 k∫
b

a

x2 dx = x3

3

∣

∣

∣

b

a

= 1
3

(b3 − a3) = b − a
6

[

a2 + 4 ·
(

a + b
2

)2

+ b2

]

. �

5 1 ��±�yéu x3 �"ÊÜúª�´¤á�. ¢Sþéu S(x) = x3 k∫
b

a

x3 dx = x4

4

∣

∣

∣

b

a

= 1
4

(b4 − a4) = b − a
6

[

a3 + 4 ·
(

a + b
2

)3

+ b3

]

,

Ïdéu S(x) = Ax3 + Bx2 + Cx + D 5`"ÊÜúªþ°(¤á.
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5 2 "ÊÜúªéu�)¥N3S�éõAÛN�NÈO�ÑUJø°(��

Y, Ïd�¡��Uúª [3]. §$��U^uNõ²¡ã/�¡ÈO�, ��òn��

¡¡ÈU�nã����Ý=�. ,"ÊÜúªéu�¡ÈO�%´ØO(�.

SSSKKK 2461 �ÔN´: M(x, y, z) �8Ü, Ù¥ 0 6 z 6 1, ¿�� z �knê�,

0 6 x 6 1, 0 6 y 6 1; � z �Ãnê�, −1 6 x 6 0,−1 6 y 6 0. y²: dÔN�N

ÈØ�3, ¦+�AÈ© ∫
1

0

S(x) dx = 1.

©Û �KJÑ
A�ØU£;�¯K, Äk, �o���ÔN�NÈ? ½ö`, N

È�êÆ½Â´�o? (éu²¡ã/�¡È��±JÑaq�¯K.) Ùg, ^�¡¡

È�È©O�NÈk�o�â?

duùü�¯K����õÈ©Æ¥â¬?Ø, ÏdïÆÐÆö6�aL�K,

�±�2Æ. e¡�é1��¯K���{��0�. éuù
¯K�²;5Øã�±

ë� [15] �1�ò� §10.2“¡È�NÈ”, AO´Ù¥� 340–342 �!. ��±ë� [16]

�1ÊÙ¥� 82–86 !.

e¡�!NÈ¯K, Ùå:´b��mõ¡N�NÈ®²k(½�¿ÂÚê�.

éu��:8 A ´ÄkNÈ�¯K, 3êÆþæ^±e�{: =�Ä�¹ A �¤

kõ¡N, �§��NÈ�e(., Ó�q�Ä�:8 A ¤�¹�¤kõ¡N, �§�

�NÈ�þ(.. :8 A kNÈ�¿�^�´þãü�(.��, ¿3���òù�ê

�½Â�:8 A �NÈ.

3ä�±þ�£��, �K�:8Ø�¦NÈÒC��~²w
. �

) ¢Sþ, �K�:8Ø¹k?ÛS:, =Ù¥�?Û:ÑØ¬�kE,3T

:8¥�����, Ïdù��:8Ø�¹?Û¹kS:�õ¡N. u´:8¤�¹

��U´NÈ� 0 �òzõ¡N, §��þ(.�´ 0. ,��¡, �K�:8k.,

��¹T:8�?Ûõ¡N7½Ó��¹ü�á�N {(x, y, z)
∣

∣ 0 6 x, y, z 6 1} Ú

{(x, y, z)
∣

∣ −1 6 x, y 6 −1, 0 6 z 6 1}, Ïd¤kù��õ¡N�NÈÑ�u�u 2, l

§��e(.��u�u 2.

u´��ü�(.©O� 2 Ú 0, ÏdT:8Ø�3NÈ. �uK¥�È©� 1 ´

²w�, �Q,T:8vkNÈ, Ïdù�È©�NÈ¯KÎÃ'X.

�K�~f`², ^�¡¡È�È©5O�AÛN�NÈ´±TAÛN�¦NÈ

�cJ�. �

5 |^õ��È©¥ïá�NÈ½Â9Ù^È©O��Ün5, �±y²�!

¥Ø�K�	�AÛN�NÈÑk½Â, �Ñ�±^�¡¡È�È©¦�.
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4.7.2 ¦¦¦���½½½¡¡¡���������NNNÈÈÈ (SSSKKK 2462–2470)

SSSKKK 2462 ¦¡
x2

a2
+

y2

b2
= 1, z = c

a
x, z = 0 ¤�¤�NÈ.

x

y

z

O

a

b

−b

SK 2462 �Nã

) 1 XNã¤« (��Ä x > 0 �Ü©), ^²1u

zOx �I¡�²¡ Y = y (y ∈ [−b, b]) �K��AÛN

��, ��^ÒKL«���n�/. ò§�¡ÈP�

S(y), Kl¡�§�±O�Ñn�/�ü���>�

a

√

1 −
y2

b2
, c

√

1 −
y2

b2
,

u´Ò��

S(y) = ac
2

(

1 −
y2

b2

)

.

,�=�|^é¡5O�È©Xe:

V = 2
∫
b

0

S(y) dy = ac

∫
b

0

(

1 −
y2

b2

)

dy = acb −
ac

3b2
y3

∣

∣

∣

b

0

= 2
3

abc. �

) 2 e^²1u yOz �I¡�²¡ X = x (x ∈ [0, a]) �AÛN��, K���

´Ý/, §���ü>��Ý�

2b

√

1 −
x2

a2
,

cx
a

,

u´���¡¡È� S(x) = 2bcx
a

√

1 −
x2

a2
, ���¦ÈXe:

V =
∫
a

0

S(x) dx = 2bc
a

∫
a

0

x

√

1 −
x2

a2
dx

= 2bc
a

·
[

−
a2

3

(

1 −
x2

a2

)

3

2
]

∣

∣

∣

∣

a

0

= 2
3

abc. �

5 3^�¡¡È�È©O�NÈ�, À�Û«²¡�AÛN��´I�üV�.

�Ke^²1u xOy �I¡�²¡ Z = z (z ∈ [0, c]) ���Ò�U¬��E,�O�.

SSSKKK 2463 ¦¡
x2

a2
+

y2

b2
+ z2

c2
= 1 (ý¥¡) ¤�¤�NÈ.

) ^²1u yOz �I¡�²¡ X = x (x ∈ [−a, a]) �ý¥N��, ���´d

ý��

y2

b2
+ z2

c2
= 1 −

x2

a2

¤��ý�. òþªü>Ø± 1 −
x2

a2
, =��ý��§�IO/ª, Ò�±¦Ñý��

ü��¶�, l=�¦Ñ�¡¡È�

S(x) = πbc
(

1 −
x2

a2

)

,

,�=�¦ÈXe:
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V = πbc

∫
a

−a

(

1 −
x2

a2

)

dx = 4
3

πabc. �

5 � §4.5 ¥¦ý�¡È�SK 2403 �'�, þã){��u@p�) 1. 8�

3Æ
õ�È©Æ��, �K��±kNõ«Ù¦){.

SSSKKK 2465 ¦¡ x2 + z2 = a2, y2 + z2 = a2 ¤�¤�NÈ.

) XNã 1 ¤«, ù�AÛN´ü����ÎN x2 + z2
6 a2 Ú y2 + z2

6 a2 �

ú�Ü©. 3Nã¥��Ñ
ùü��ÎN�²¡ z = 0 ���²¡.

XNã¤«, l Ox ¶Ú Oy ¶��wTAÛN (=cÀãÚýÀã) ´�»� a �

�, l Oz ¶��w (=ºÀã) K´>�� 2a ���/.

x

y

z

O

SK 2465 �Nã 1

a

a

a

x

y

z

O

SK 2465 �Nã 2

XNã 2 ¤«, ^²1u xOy �I¡�²¡ Z = z (−a 6 z 6 a) �AÛN���

��´��/, Ù>�� 2
√

a2 − z2, Ïd�¡¡È S(z) = 4(a2 − z2). u´NÈ�

V =
∫
a

−a

S(z) dz = 16
3

a2. �

5 1 �Ke^²1u yOz ½ zOx �I¡�²¡��¿O��¡¡È, K��¦

ÑNÈ, �´ØXþã){�B.

5 2 �K�AÛN3Ü��@Ñy3CÄ���Í�¥, ¦O�ÑÙNÈ�	�

�á�N�NÈ� 2/3 (� [2] �5�{�6����K). ù�AÛN3¥I��K�

âÙ/G¡�+Ü�X, §´d4 JÑ5�, �5ÊÙ�â6�4 5 [18].

a

a

a

x

y

z

SK 2466 �Nã

SSSKKK 2466 ¦¡ x2 + y2 + z2 = a2, x2 + y2 = ax

¤�¤�NÈ.

) ù´Í¶���æZN. 3Nã¥�Ñ
 z > 0

�Ü©, Ó�^J�L«�§k'�¥N x2 + y2 + z2 =

a2 �þ�¥. ��Bå�, |^ò x = ax′, y = ay′, z =

az′ �\¡�§�=��� a, ���I�é a = 1 ?

1O�, ,�ò(J¦± a3 Ò������Y.

^²1u yOz �I¡�²¡ X = x ���æZN��, ��Nã¥ÒK«¤«�

�¡, §�n>Ñ´��ã, ºÜ´¥¡þ��l. é y ¦È���¡¡È�
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S(x) = 2
∫√

x−x2

0

√

1 − x2 − y2 dy (^ §3.1.6 � (3.6) ��)

=
(

y
√

1 − x2 − y2 + (1 − x2) arcsin
y

√
1 − x2

)∣

∣

∣

y=
√

x−x2

y=0

=
√

x(1 − x) + (1 − x2) arcsin
√

x
x + 1

.

,�2é�¡¡ÈÈ©Ò��¤�¦�NÈ:

V = 2
∫
1

0

S(x) dx = 2
∫
1

0

√
x(1 − x) dx + 2

∫
1

0

(1 − x2) arcsin
√

x
x + 1

dx.

ém>�1��È©���O���

2
∫
1

0

√
x(1 − x) dx = 2

(

2
3

x
3

2 −
2
5

x
5

2

)∣

∣

∣

1

0

= 8
15

.

é1��È©KI�k�©ÜÈ©�¦ÈXe:

2
∫
1

0

(1 − x2) arcsin
√

x
x + 1

dx = 2
[(

x −
x3

3

)

arcsin
√

x
x + 1

]
∣

∣

∣

1

0

− 2
∫
1

0

(

x −
x3

3

)

·
1

√

1 −
x

x + 1

·
1
2

√

x + 1
x

·
1

(x + 1)2
dx

= π
3

−

∫
1

0

(
√

x −
1
3

x2
√

x) · 1
x + 1

dx.

é����È©^�� x = t2, u´Ò���

∫
1

0

(
√

x −
1
3

x2
√

x) · 1
x + 1

dx =
∫
1

0

2t2 −
2
3

t6

t2 + 1
dt

= 2
3

∫
1

0

(

− t4 + t2 + 2 −
2

t2 + 1

)

dt

= 2
3

(

−
1
5

+ 1
3

+ 2 −
π
2

)

= 64
45

−
π
3

.

Ü¿±þO�Ò��

V = π
3

+ 8
15

−
64
45

+ π
3

= 2π
3

−
8
9

.

u´����Y´
(

2π
3

−
8
9

)

a3. �

5 1 e^²1uÙ¦ü��I¡���²1²¡����æZN, KO�þ��

¿vkC���. éuÆLÈ©�Öö5`, ù
ØÓ�ÀJ��uÈ©¥�È©

^S��, §�k�¬3O�þþk����O. éu��æZN�NÈ, �3é{ü

�O��{, �´ù�I�|^È©¥�È©���{ (� §8.3 �SK 4016).

5 2 Q²k<ßÿ, d¥¡�¡�¤�AÛN�NÈ½L¡ÈA�� π k'.

l��æZN�þãNÈO���, XJl¥N¥2Ø�����æZN (=2�Ká

3 x2 + y2 = −ax ¥�Ü©), K¤{�NÈ�

4
3

πa3 − 2
(

2π
3

−
8
9

)

a3 = 16
9

a3,

§� π Ã'. ù�ÒÄ½
þãßÿ. d	, ��±uy, þãAÛN�L¡È�� π Ã

', Ïd�¡k'�ßÿ��Ä½
 [25] (� §8.4 �SK 4040).
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SSSKKK 2470 ¦¡ x2 + y2 + z2 + xy + yz + zx = a2 ¤�¤�NÈ.

) ^²1u xOy �I¡�²¡ Z = z ��TAÛN, Ù�¡�>.�´

x2 + xy + y2 + yz + zx + z2 − a2 = 0.

l)ÛAÛ�£=��½ù´²¡ Z = z þ�ý�, �´§�¥%Ø�½3 z ¶þ. |

^��{=�¦ÑÙ¥%�
(

−
z
3

,−
z
3

)

, ¿��ÑXe�ý��§:

(

x + z
3

)2

+
(

x + z
3

)(

y + z
3

)

+
(

y + z
3

)2

= a2 −
2
3

z2.

|^3 §4.5 �SK 2406 ¤��úª S = π√
AC − B2

, Ò����òþªm>�~ê

Ø��>, Ò�±¦Ñ�¡¡È�

S(z) = 2π√
3

(

a2 −
2
3

z2

)

.

Ó�lþãO���±(½ z ������ |z| 6

√

3
2

a, Ïd=�È©Xe:

V = 4π√
3

∫√
3/2a

0

(

a2 −
2
3

z2

)

dz =
4
√

2π
3

a3. �

4.7.3 ^̂̂===NNN���NNNÈÈÈOOO��� (SSSKKK 2471–2485)

^=N���aAÏ�AÛN, kü«~��)¤�ª, �«´ò,�²¡ã/7

¶^=, Ù¥��b�^=¶ØBLã/�SÜ; ,�«´d,^4�7¶^=��

�¡¤�¤, Ù¥���b�^=¶ØBL4�¤�ã/�SÜ.

é^=N5`, ^R�u^=¶�²¡����¤���¡��Ø´�Ò´�

� 1©, Ïd�¡¡È�O�'�{ü. ,�âã/>.£ã�ØÓ�{, Ù¥�)3

���IX½4�IX¥, ½ö^ëê�§L«, O��úª�k¤ØÓ. ù�¡'�

���´e�·K. §�±w¤´ §4.5 ¥�¡ÈO�úª (4.14) (=·K 4.14) 3^=

NNÈO�¥��«í2, ��íÑ���IXÚ4�IX¥�^=NNÈúª.

···KKK 4.15 �Ãg�:�²¡µ4��ëê�§�

x = x(t), y = y(t), 0 6 t 6 T,

Ù¥ x(t), y(t) ©ãëY��, y(t) > 0, �ëê t l 0 4O� T �, : (x(t), y(t)) ±_

����74��±, KT����²¡ã/7 Ox ¶^=���^=NNÈ�

Vx = −π
∫
T

0

y2(t)x′(t) dt

= π
∫
T

0

x(t)[y2(t)]′ dt = 2π
∫
T

0

x(t)y(t)y′(t) dt

= π
2

∫
T

0

{−y2(t)x′(t) + x(t)[y2(t)]′} dt.

(4.17)

1© ��±´d����|¤, Ù¥����ê$��UkÃ�õ�.
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�±wÑ, ��3¡Èúª (4.14) ¥ò y(t) �� πy2(t) Ò��NÈúª (4.17).

�·K 4.14 �úª (4.14) ��, §�î�y²I�õ�È©Æ¥��£, Ïd·�

ò·K 4.15 �y²���!���Ö5�! §4.7.4 ¥�, øÆLk'�£�Ööë�,

3dc�ùÙA^.

e¡�SK 2471 é^=NJÑ
��¡¡ÈÈ©ØÓ�NÈO��{, §��u

úª (4.17) ¥�1��úª (��� x � y). ùé,
^=N�NÈO�´�B�.

SSSKKK 2471 y², ò²¡ã/ 1©

a 6 x 6 b, 0 6 y 6 y(x)

7 Oy ¶^=¤¤�^=N�NÈ�u

V = 2π
∫
b

a

x y(x) dx,

ùp y(x) �ü�ëY¼ê.

∆x x

y

O
a b

SK 2471 �Nã

AÛ©Û XNã¤«�Ñd y(x) (x ∈ [a, b]) (½

�>F/, �Ä± ∆x �.�ÒK«7 Oy ¶^=¤

��^=NNÈ. |^ y(x) ëY, � ∆x ¿©��, �C

q/ò§w¤�p´ y(x) ���Ý/, ù�ÒØJ��

Ñù�Ý/7 Oy ¶^=���D´ü�p� y(x) �

»� x Ú x + ∆x ��ÎN��, =���Ù. ÙSý¡

¡ÈÒ´ 2πxy(x). �Ù�NÈCq�

∆V = π[(x + ∆x)2 − x2]y(x) ≈ 2πx y(x)∆x.

dd��, 3©y�[Ýªu 0 �, ∆V �Ú�4�Ò´È© 2π
∫
b

a

xy(x) dx. �

) �©y� a = x0 < x1 < · · · < xn = b. |^ y(x) ëY, éu i = 1, 2, · · · , n,

ò©y�1 i �f«m [xi−1, xi] þ y(x) ����Ú���©OP� Mi Ú mi, K3f

«mþ�>F/Ò�±^p� Mi Ú mi �ü�Ó.�Ý/Y3¥m, u´dT>

F/^=����ÙNÈ (P� ∆Vi) A�÷ve�Ø�ª:

π(x2
i
− x2

i−1)mi 6 ∆Vi 6 π(x2
i
− x2

i−1)Mi,

���3 ξi ∈ [xi−1, xi], ¦�

∆Vi = π(x2
i
− x2

i−1)y(ξi),

� i = 1, 2, · · · , n ¿�\, qP (xi + xi−1)/2 = ηi ∈ [xi−1, xi], KÒ��Úª�

V =

n
∑

i=1

∆Vi = 2π
n

∑

i=1

y(ξi)ηi ∆xi.

þª�,Ø´iùÚ, ���Ú^Ù|d–ÚCr�½n (� §4.1.2 �SK 2193.1), Ò

���©y�[Ýªu 0 �, þãÚª�4�Ò´¼ê 2πx y(x) 3«m [a, b] þ�½È

©. ùÒ´¤�¦y�(Ø. �

1© �KA��¦²¡ã/��31���½1���, ÄKúªØ¤á. ÏdA�V\^�, =3 a > 0

½ b 6 0 ¥k��¤á. ±ey²¥�cö¤á.
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5 �K�úªéuNã¥�ã/¤¤�^=N5`´'�Ü·�. ,, þ¡�

){�y²�U`²Túªäk�½�Ün5. X §4.7.1 �SK 2461 ¤«, È©�3

Ø�uNÈ�3. 3ÆS�y�ã, éu�K�úªÒ´^=N�NÈ�Ø�U�Ñî

��y², �ØUy²§�(J��¡¡Èúª�(J��. ù
¯K��õ�È©Æ

¥âU)û. eò x � y é�, K�K�úªÒ�±lúª (4.17) �1��úªíÑ.

SSSKKK 2476 ¦� y = e−x, y = 0 (0 6 x 6 +∞) ^=¤¤^=N�NÈ: (a) 7

Ox ¶; (b) 7 Oy ¶.

) 1 �K�ã/�Ã.«�, I^2ÂÈ©O�.

(a) XNã¤«, R�u Ox ^=¶�²¡��^=N

¤���¡��, Ù¡È� πy2 = πe−2x. ,�¦ÈXe:

Vx =
∫
+∞

0

πe−2x dx = − π
2

e−2x

∣

∣

∣

+∞

0

= π
2

.
x

y

O 1 2

1

SK 2476 �Nã

(b) R�u Oy ^=¶�²¡��^=N¤���¡�´�, Ù¡È� πx2 =

π(− ln y)2, ,��¦ÈXe:

Vy =
∫
1

0

π ln2 y dy = πy ln2 y

∣

∣

∣

1

+0

− π
∫
1

0

2 ln y dy = 2π. �

) 2 ^SK 2471 �úª��)û. é (a) k

Vx = 2π
∫
1

0

y x(y) dy = −2π
∫
1

0

y ln y dy

= −2π ·
1
2

y2 ln y

∣

∣

∣

1

+0

+ π
∫
1

0

y dy = π
2

.

é (b) k

Vy = 2π
∫
+∞

0

xe−x dx = 2π(−xe−x)
∣

∣

∣

+∞

0

+ 2π
∫
+∞

0

e−x dx = 2π. �

SSSKKK 2477 ¦� x2 + (y − b)2 = a2 (0 < a 6 b) 7 Ox ¶^=¤¤^=N�N

È.

x

y

O

b

x a
−a

SK 2477 �Nã

) 1 XNã¤«, ^=)¤�¡=´��¡, �¡Í)

�. ^²¡ X = x (−a 6 x 6 a) �¤��������´²

¡þ���/«�, Ù	�±ÚS�±��»©O�

b ±
√

a2 − x2,

Ïd�¡¡È´

S(x) = π[(b +
√

a2 − x2)2 − (b −
√

a2 − x2)2]

= 4bπ
√

a2 − x2.

,��¦ÈXe:

V =
∫
a

−a

S(x) dx = 8bπ
∫
a

0

√

a2 − x2 dx (��� x = a sin θ)

= 8a2bπ
∫ π

2

0

cos2 θ dθ = 2π2a2b. �
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) 2 XNã¤«, �±ò¤¦�NÈw¤�ÒK«þe>.�þ!e���

x = ±a, y = 0 �¤�ü�>F/7 x ¶^=¤��NÈ��, u´Òk

V = π
∫
a

−a

(b +
√

a2 − x2)2 dx − π
∫
a

−a

(b −
√

a2 − x2)2 dx

= 8bπ
∫
a

−a

√

a2 − x2 dx,

±eO�Ó) 1. �

) 3 d��û1�½n (� §4.9 �SK 2506) ��, 3²¡ã/��%®���

¹e, ^=¤��NÈ�uã/¡È¦±^=�±��%£Ñ��±�. �K�ÒK«

��%w,3�% (0, b) ?, �¡È� πa2 , u´Ò��

V = πa2 · 2πb = 2π2a2b. �

) 4 òK¥��^ëê�§ x = a cos t; y = b + a sin t £ã, K� t l 0 � 2π
�: (x(t), y(t)) ±_������T�. A^ (4.17) �1��úª, Òk

V = −π
∫
2π

0

y2(t)x′(t) dt

= −π
∫
2π

0

(b2 + 2ab sin t + a2 sin2 t) · (−a sin t) dt = 2π2a2b. �

SSSKKK 2478 ¦� x2 − xy + y2 = a2 7 Ox ¶^=¤¤^=N�NÈ.

) 1 �K�A:´^=¶BL�¤�ã/�SÜ.

XNã¤«, � x2 − xy + y2 = a2 ´¥%3�:�ý�,

Ù�á¶©O3�� y = ±x þ. l��§��)Ñ¼ê

y(x) �wL�ª�

y1,2(x) =
x ±

√
4a2 − 3x2

2
,

§�©O´Nã¥�ý��þ>.Úe>.. d	, ��±

(½ y1,2(x) �½Â�´ −
2√
3

a 6 x 6
2√
3

a.

x

y

O a

−a

a

−a

SK 2478 �Nã

lþãL�ªÚé¡5��, Nã¥�J�ý�Ò´� x2 − xy + y2 = a2 7 x

¶^= 180◦ �¤��� �. Ïd��òNã¥�ÒK«�7 x ¶^=¤��^=N

NÈ2¦± 2 Ò�±��¤��NÈ.

5¿�3 0 6 x 6 a ���¡´�, �»� y1(x), 3 a 6 x 6
2√
3

a ���¡´

��, Ù	�»� y1(x), S�»� y2(x), ù�Ò�±O�Xe:

V = 2
∫
a

0

πy2
1(x) dx + 2

∫ 2a
√

3

a

π[y2
1(x) − y2

2(x)] dx.

Ù¥1���

2
∫
a

0

πy2
1(x) dx = π

2

∫
a

0

(4a2 − 2x2 + 2x
√

4a2 − 3x2) dx

= π
2

[4a2x −
2
3

x3 −
2
9

(4a2 − 3x2)
3

2 ]
∣

∣

∣

a

0

= 22
9

πa3.
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1���

2
∫ 2a

√

3

a

π[y2
1(x) − y2

2(x)] dx = π
2

∫ 2a
√

3

a

4x
√

4a2 − 3x2 dx

= 2π ·
(

−
1
9

)

(4a2 − 3x2)
3

2

∣

∣

∣

2a
√

3

a

= 2
9

πa3.

u´���� V = 8
3

πa3. �

) 2 ò�§��¤�
(

x −
1
2

y
)2

+
(

√
3

2
y
)2

= a2, ����ëê�§�

x(t) = a√
3

sin t + a cos t, y(t) = 2a√
3

sin t.

� t l 0 � 2π/3 �, : (x(t), y(t)) ÷_����£Ñ1�����ã (ë�Nã).

^ (4.17) �1��úª, du1����ÒK«>.¥3�I¶þ�üã��, ½´

y = 0, ½´ x = 0, éÈ©þÃ�z, Ïd�I3�ãþ¦È, ù�Ò��

V = −2πa3

∫ 2π
3

0

4
3

sin2 t
(

1√
3

cos t − sin t
)

dt

= −
8π

3
√

3
a3

∫ 2π
3

0

sin2 t cos t dt + 8π
3

a3

∫ 2π
3

0

sin3 t dt

= πa3 ·
(

3 −
1
3

)

= 8π
3

a3. �

SSSKKK 2480 ¦� x = a(t − sin t), y = a(1 − cos t) (0 6 t 6 2π), y = 0 ^=¤¤

^=N�NÈ: (a) 7 Ox ¶; (b) 7 Oy ¶; (c) 7�� y = 2a.

b
M(xc,yc)

x

y

O

2a

2πa

SK 2480 �Nã

) (a) ù���¡´�, Ïdk S(x) = πy2, u

´=�¦ÈXe:

Vx =
∫
2πa

0

πy2 dx = πa3

∫
2π

0

(1 − cos t)3 dt

= 2πa3

∫π

0

(

2 sin2 t
2

)3

dt = 32πa3

∫ π
2

0

sin6 θ dθ

= 32πa3 ·
5 · 3

6 · 4 · 2
·

π
2

= 5π2a3.

(b) 3ùp�±^��û1�½n. Äk¦ÑNã¥�ÒK«�¡È (=5SK

86�SK 2413) �

S =
∫
2πa

0

y dx =
∫
2π

0

a2(1 − cos t)2 dt = 3πa2.

lé¡5��T«���% M �î�I xc = πa, ,�Ò�±O�ÑÒK«7 Oy ¶^

=¤��AÛN�NÈ�

Vy = 3πa2 · 2π · πa = 6π3a3.

(c) ùp��±^��û1�½n, �I����%�p�I yc. ù�±l (a) �

(J�^��û½n, dup�I yc ÷v
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3πa2 · 2πyc = Vx = 5π2a3,

ÏdÒk yc = 5
6

a. ,�¦Ñ�%�^=¶ y = 2a �ål´ 2a − yc = 7
6

a, l��

Vy=2a = 3πa2 · 2π ·
7
6

a = 7π2a3. �

SSSKKK 2482.1 ¦�

x = 2t − t2, y = 4t − t3

¤�ã/7 (a) Ox ¶; (b) Oy ¶^=¤¤^=N�NÈ.

t

x

O

1 2

1

t

y

O

2/

√

3 2

1

2

3

SK 2482.1 �Nã 1

) |^ §1.4.4 ¥JÑ��ëê�§���{, XN

ã 1 ¤«, ©O�Ñ x = x(t) Ú y = y(t) ��, ,�ÒØ

J�Ñ¤¦�¼êã�.

é � K 5 `, N ´ � � � t l 0 4 O � 2 �, :

(x(t), y(t)) l�:Ñu, ÷_����31���xÑ

���¿£��:.

dNã��, x(t) u t = 1 ?����� 1, �3 x ∈

(0, 1) �, z�� x �éAuü� y �; Ó� y(t) 3 t =

2/
√

3 ≈ 1.155 ?����� 16
√

3/9 ≈ 3.079, �3 y ∈

(0, 16
√

3/9) �, z�� y �éAuü� x � (ë�Nã 2).

(a) kO�7 Ox ¶^=¤��NÈ.

ù�òNã 2 ¥�Ú«��þ>.P� y2(x), e>.

P� y1(x), §��½Â�þ� 0 6 x 6 1, KÒk

x

y

0

1

1

2

3

b

b

SK 2482.1 �Nã 2

Vx = π
∫
1

0

[y2
2(x) − y2

1(x)] dx

= π
∫
1

0

y2
2(x) dx − π

∫
1

0

y2
1(x) dx.

é1��È©, ^�� x = x(t), KÒk y2(x(t)) = y(t), �

� x l 0 4O� 1 �, t l 2 4~� 1, Ïdk

π
∫
1

0

y2
2(x) dx = π

∫
1

2

y2(t)x′(t) dt = −π
∫
2

1

y2(t)x′(t) dt.

é1��È©, ^�Ó���, x � t Ó�l 0 4O� 1, Ï

dk

−π
∫
1

0

y2
1(x) dx = −π

∫
1

0

y2(t)x′(t) dt.

Ü¿±þÒk (ù��ué�K��¹Õáy²
 (4.17) �1��úª¤á):

Vx = −π
∫
2

0

y2(t)x′(t) dt = −π
∫
2

0

(4t − t3)2 · 2(1 − t) dt = 64
35

π.

(b) 7 Oy ¶^=¤��NÈO�� (a) aq, [!lÑ. ��=�±��

Vy = π
∫
2

0

x2(t)y′(t) dt = π
∫
2

0

(2t − t2)2 · (4t − 3t2) dt = 64
105

π. �
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SSSKKK 2482.2 y²: r²¡ã/

0 6 α 6 ϕ 6 β 6 π, 0 6 r 6 r(ϕ) (ϕ � r �4�I)

74¶^=¤¤^=N�NÈ�u

V = 2π
3

∫
β

α

r3(ϕ) sin ϕdϕ.

α

β
ϕ

∆
ϕ

r
O

A

B

SK 2482.2 �Nã 1

) 1 Xc¡�SK 2471 @�, �Äd ϕ � ϕ + ∆ϕ /¤

��÷/ (3Nã 1 ¥�ÒK«) 74¶^=¤��NÈ. k�

ÄT÷/�±^��÷/5Cq�¤���NÈ.

�d�kO�Nã 2 ¥� r Ú ϕ �~���÷/74¶^

=¤��NÈ. ±e�é ϕ �b���¹�O�, ��±�y

¤��úªéu ϕ �ð���¹�·^.

XNã 2 ¤«, ò÷/y©�����n�/Ú��>

n�/, u´�±Uì�¡¡È�È©O�^=N�NÈXe.

ϕ

r
O

r

SK 2482.2 �Nã 2

V =
∫
r cos ϕ

0

πx2 tan2 ϕdx +
∫
r

r cos ϕ

π(r2 − x2) dx

= π
3

r3 sin2 ϕ cosϕ + πr3

(

2
3

− cosϕ + 1
3

cos3 ϕ
)

= 2π
3

r3(1 − cosϕ).

,�ò ϕ w¤Cþ, é V ¦�©, ù�Ò���%�� ∆ϕ = dϕ ���÷/^=

¤�NÈ��5ÌÜ�e��©:

dV = 2π
3

r3 sin ϕdϕ.

ù�Òléuª��Ý 1© ��¤��NÈúª�

V = 2π
3

∫
β

α

r3(ϕ) sin ϕdϕ.

XSK 2471 ¤«, �±òþãéuª�í�î�z, ùplÑ. �

) 2 |^��û1�½nXe=��Ñ¤��úª, ��áu��{��Æ.

eòNã 1 ¥�%�� ∆ϕ �÷/Cq/w¤���n�/, KÙ�%Ò3 (Cq

/) l4:�
2
3

r ?. du�%�4¶�ål (Cq/) �
2
3

r sin ϕ, �A�÷/¡È

(Cq/) �
1
2

r2∆ϕ, Ïd÷/74¶^=¤��NÈ�U��û½n���

∆V ≈
1
2

r2∆ϕ × 2π ·
2
3

r sin ϕ ≈
2π
3

r3 sinϕdϕ,

ù�Ò����) 1 �Ó��©L�ª, ,�é ϕ l α � β È©=�. �

) 3 ¢Sþ, 4�I�Ò´± ϕ �ëê��, =

x = r(ϕ) cos ϕ, y = r(ϕ) sin ϕ, α 6 ϕ 6 β,

ù�Ò�±^ (4.17) �úª5�Ñ4�Ie�^=NNÈúª.

1© 3ÔnÆ½Ù¦Æ�¥²~æ^ù��í��{, ¿¡���{.
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��Bå�, éu©ã1w�µ4�, z�ã�ëê�ÕáÀ�. éuNã 1 �

÷/¥�ü^¥»�±^ r �ëê. ù�Ò�±A^ (4.17) �1��úªXe:

V = −π
∫
β

α

y2(ϕ)x′(ϕ) dϕ − π
∫
0

r(β)

y2(r)x′(r) dr − π
∫
r(α)

0

y2(r)x′(r) dr,

Ù¥1��È©± ϕ �ëê, x(ϕ) Ú y(ϕ) ®3þ¡�Ñ; 1��È©± r �ëê,

x(r) = r cosβ, y(r) = r sin β, 0 6 r 6 r(β); 1n�È©�± r �ëê, x(r) =

r cosα, y(r) = r sin α, 0 6 r 6 r(α). XNã 1 ¤«, =l: A ÷� r = r(ϕ) (α 6

ϕ 6 β) �: B, ,�÷ ϕ = β ����4: O, 2÷ ϕ = α ����: A.

u´Ò�O�Xe:

V = −π
∫
β

α

r2(ϕ) sin2 ϕ[−r(ϕ) sin ϕ + r′(ϕ) cos ϕ] dϕ + π
3

· r3(β) sin2 β cosβ

−
π
3

· r3(α) sin2 α cosα

= π
∫
β

α

r3(ϕ) sin3 ϕdϕ −
πr3(ϕ)

3
sin2 ϕ cosϕ

∣

∣

∣

β

α

+ π
∫
β

α

r3(ϕ)
3

(sin2 ϕ cos ϕ)′ dϕ

+ π
3

· r3(β) sin2 β cosβ −
π
3

· r3(α) sin2 α cosα

= π
∫
β

α

r3(ϕ) sin3 ϕdϕ + π
3

∫
β

α

r3(ϕ)[2 sin ϕ cos2 ϕ − sin3 ϕ] dϕ

= 2π
3

∫
β

α

r3(ϕ) sin ϕdϕ. �

SSSKKK 2483.1 ¦� r = a(1 + cosϕ) (0 6 ϕ 6 2π) ^=¤¤^=N�NÈ: (a) 7

4¶; (b) 7�� r cosϕ = −
a
4

.

J« 31�þN¹��SK 1546(b) ¥k r = 3
2

(1 + cosϕ) �ã�. 3 (b) ¥

�������, ^��û1�½n���B. ù��¡ÈO� (=´5SK86�

SK 2419) Ú�% �O�� §4.9 �SK 2512. ,�«O��{´|^ (4.17) �ú

ª. �

SSSKKK 2483.2 ¦� (x2 + y2)2 = a2(x2 − y2) ^=¤¤^=N�NÈ: (a) 7 Ox

¶; (b) 7 Oy ¶; (c) 7�� y = x.

J« ù´VÝ�, ^4�IX'�Ü·. (� a = 6 Ò´1�þN¹��SK

371.1(g) � r2 = 36 cos 2ϕ.) ùp��Ñ, éu (c), du^=¶ØBLVÝ��SÜ, Ï

d�±|^��û1�½n5� (aquSK 2480(c)). �dk|^ (b) �(JÚVÝ

��¡È (=5SK86�SK 2418), ^��û½n(½�%� �, ,�2^��û

½n¦Ñ^=N�NÈ. �

4.7.4 ÖÖÖ555

ùp^õ�È©Æóäéu·K 4.15 �Ñy² (�ëw §8.12.1 �SK 4320.2). ÿ

�ÆLk'�£�Öö6��±aL.
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��Ö�Bå�, Eã·KXe:

·K 4.15 �Ãg�:�²¡µ4��ëê�§�

x = x(t), y = y(t), 0 6 t 6 T,

Ù¥ x(t), y(t) ©ãëY��, y(t) > 0, �ëê t l 0 4O� T �, : (x(t), y(t)) ±_

����74��±, KT����²¡ã/7 Ox ¶^=���^=NNÈ�

Vx = −π
∫
T

0

y2(t)x′(t) dt

= π
∫
T

0

x(t)[y2(t)]′ dt = 2π
∫
T

0

x(t)y(t)y′(t) dt

= π
2

∫
T

0

{−y2(t)x′(t) + x(t)[y2(t)]′} dt.

(4.17)

y �â1�.�È©�½Â, ò·K¥�k�µ4�P� C, qò C ���

²¡«�P� D, KÒ�òúª (4.17) U�¤�:

Vx = −π
∫
e

C

y2dx = π
∫
e

C

2xy dy = π
2

∫
e

C

−y2 dx + 2xy dy. (4.18)

^��úªu (4.18) Ò��

−π
∫
e

C

y2dx = π
∫
e

C

2xy dy = π
2

∫
e

C

−y2 dx + 2xy dy

= 2π
∫∫

D

y dxdy.

l��{5w, éu3 Ox ¶þ��«� D, Ù¥�� dxdy 7 Ox ¶^=�±�

��NÈÒ´ 2πy dxdy, ,�ò§��\ (�Ò´¦È), =��þã�È©, Ïdù

Ò´¤�¦�^=NNÈ Vx.

±eéd�Ñî��y². ò4� C 7 Ox ¶^=¤¤�4¡P� S, ò S �

���m«� (=^=N) P� Ω. �â·K�^��� S ´©¡1w�4¡, Ïd

«� Ω ´�¦NÈ�. �ânÈ©��£, 3«� Ω þð�u 1 ��È¼ê�n

È©Ò�u«��NÈ, �Ò´^=N�NÈ

Vx =
∫∫∫

Ω

dxdy dz.

�â^=N�)¤L§, �±ò^=N Ω ¥�:L«�

x = x, y = r cos θ, z = r sin θ ((x, r) ∈ D, 0 6 θ 6 2π).

ùÒ´3nÈ©¥~^�Î�I��. O�Ñl x, y, z � x, r, θ �ä�'1�ª�

∂(x, y, z)

∂(x, r, θ)
=

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0

0 cos θ −r sin θ

0 sin θ r cos θ

∣

∣

∣

∣

∣

∣

∣

∣

= r,

�ânÈ©�Cþ��úªÒk

Vx =
∫∫∫

D×[0,2π]

r dxdr dθ =
∫
2π

0

dθ

∫∫

D

r dxdr = 2π
∫∫

D

y dxdy. �



212 1oÙ ½È©

§4.8 ^̂̂===¡¡¡LLL¡¡¡ÈÈÈ���OOO���{{{ (SSSKKK 2486–2500 )

SSSNNN{{{000 �!�SK´^=¡�L¡ÈO�, Ù¥Ø
�«úª�	k��

�±^��û½n.

Äk�Ýº��Ä��^=¡O�úª, =3«m [a, b] þ� y(x) > 0 7 Ox

¶^=¤¤�^=¡�¡È�

S = 2π
∫
b

a

y(x)
√

1 + y′2(x) dx.

|^l���© ds =
√

1 + y′2(x) dx, þãúª��¤�

S = 2π
∫
b

a

y(x) ds.

2?�Ú, e±l�����ëê, qP���Ý� l, Kqkúª

S = 2π
∫
l

0

y ds,

Ù¥�È©Cþ´ s. �±y²þãúªéu©ã1w�µ4��´¤á�.

5¿þãA�úª��ÓØ%´l��© ds. ÐÆöN´���«�Ø´ò ds û

Ø²%/�P� dx, ù=¦éu� y(x) �����¹, ~X�I¡Ú��¡, ��U

���Ø�(J.

Ø
O�óä�	, ùp�knØ¯K, =Q,�O�^=¡�¡È, @o�²

¡ã/�¡ÈÚAÛN�NÈ�aq, ÒkXÛ½Â¡¡È�¯K. õê��Ö¥3

ùpí�þãA�O�úª��U£;ù�����¯K. ù´Ï���õ��È©

¥â�U�Ñ¡¡È���½Â, ¿�Ñk½Â��¡ÈO�úª. 3ù�Ä:þ�

±y², �!�^=¡¡È�3, �±þA�O�úªÑ�±l'u��¡¡È

�O�úªíÑ.

e¡l¦^=ý¥¡�¡Èm©. 3 §4.6 �SK 2453 �5¥, ®²�Ñý��±

�ØU^Ð�¼êL�Ñ5, Ï�Ù¥�9�È©��È¼ê��¼êØ´Ð�¼ê.

,, e¡·�¬w�, ^=ý¥¡�L¡ÈKØJ¦Ñ 1©.

SSSKKK 2490 ¦�
x2

a2
+

y2

b2
= 1 (0 < b 6 a) ^=¤¤¡�¡È: (a) 7 Ox ¶;

(b) 7 Oy ¶.

) (a) |^é¡5, ¿Ú\ý��l%Ç ε =

√
a2 − b2

a
, Òk

1© �ý�±�O�¥�(J��, n��¶þØ���ý¥¡�¡ÈO�q¬��ý�È©, � [15] �1

nò� 629 �!�~K 18).
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Sx = 4π
∫
a

0

y(x)
√

1 + [y′(x)]2 dx (,�^�� x = a cos t, ù� y = b sin t)

= 4π
∫ π

2

0

b sin t
√

a2 sin2 t + b2 cos2 t dt = 4πab

∫ π
2

0

sin t
√

1 − ε2 cos2 tdt

= 4πab
ε

∫ π
2

0

√

1 − ε2 cos2 td(−ε cos t)

= 2πab
ε

[

− ε cos t
√

1 − ε2 cos2 t + arcsin(−ε cos t)
]∣

∣

∣

π
2

0

= 2πb2 + 2πab
ε

arcsin ε.

(b) ù��È©�¹ØÓ, O�Xe:

Sy = 4π
∫
b

0

x(y)
√

1 + [x′(y)]2 dy (,�^�� y = b sin t, ù� x = a cos t)

= 4π
∫ π

2

0

a cos t
√

a2 sin2 t + b2 cos2 tdt

= 4πa2

∫ π
2

0

cos t

√

(1 − ε2) + ε2 sin2 t dt

= 4πa2

ε

∫ π
2

0

√

(1 − ε2) + ε2 sin2 t d(ε sin t)

= 2πa2

ε

[

ε sin t

√

(1 − ε2) + ε2 sin2 t + (1 − ε2) ln
∣

∣

∣
ε sin t +

√

(1 − ε2) + ε2 sin2 t

∣

∣

∣

]

∣

∣

∣

∣

π
2

0

= 2πa2 + 2πb2

ε
ln

[

a
b

(1 + ε)
]

. �

5 ·�31�gw�ù��(J��U¬a�Û%, ü��YNo¬XdØÓ?

XJ�½ a, - ε → 0, �Ò´ b → a, K§��4�Ñ´ 4πa2, =�» a �¥¡È. ��

ëY5vk¯K. (aq�y�®�u §3.4.3 �SK 2028 ¥.)

ò¯KU����Ý¬¦�þã¯K��âÑ. �½ a, - b l�u a m©4O

���u a. ù�3 (b) �úª¥I�ò a � b é�, ¿Ø2^l%ÇPÒ ε.

�âcãO�, Ò��ù��ý�7 Ox ¶^=���^=ý¥¡�¡È, � a > b

��
Sa>b = 2πb2 + 2πa2b√

a2 − b2
arcsin

√
a2 − b2

a
, (4.19)

3²L a = b �� Sa=b = 4πa2 ëYCz� a < b �K�

Sa<b = 2πb2 + 2πa2b√
b2 − a2

ln
(

b
a

+

√
b2 − a2

a

)

. (4.20)

u´�¯: �ö�L�ª�Û¬u)Xd��Cz?

ù�3E�¥)û. l (3.8) k x = sinh t = i sin(−it), =k t = i arcsin(−ix) =

−i arcsin(ix) Ú t = arcsinhx. ql (3.10) k arcsinhx = ln(x +
√

1 + x2), u´��

−i arcsin(ix) = ln(x +
√

1 + x2).

ye3 0 < b < a ��úª (4.19) ¥- a < b, òÙ¥�
√

a2 − b2 U� i
√

b2 − a2, KÒ

�� (4.20).
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q�±aq/|^

arcsinx = i ln(−ix +
√

1 − x2),

l (4.20) �Ñ (4.19).

ù�Òy²
±þü�úª�z��Ñ�±Ó�^u a > b Ú a < b �ü«�¹.

¢Sþ, 3E�¥�±y², ¤k�Ð�¼ê3��þ´Ó��¼ê9Ù�¼ê. úª

(4.19) Ú (4.20) �ØÓ�´Ï�3E�¥�Ó��¼ê3¢ê��ØÓ��¥�L�

ªØÓ¤�.

SSSKKK 2491 ¦� x2 + (y − b)2 = a2 (b > a > 0) 7 Ox ¶^=¤¤¡�¡È.

) ùÒ´¦��¡�L¡È. � §4.7.3 �SK 2477 (¦���NÈ) �) 3 �

aq, ùp^��û1�½n (��¡�SK 2505) ´�B�. duT���%3

�%, �^=¶�ål� b (ë�SK 2477 �Nã), Ù±�q®�� 2πa, ÏdÒk

Sx = 4π2ab. �

SSSKKK 2495 ¦� x = a(t − sin t), y = a(1 − cos t) (0 6 t 6 2π) ^=¤¤¡�

¡È: (a) 7 Ox ¶; (b) 7 Oy ¶; (c) 7�� y = 2a.

) (�ë� §4.7.3 �SK 2480 �NãÚ){.)

(a) �Ñ^=¡�¡Èúª:

Sx = 2π
∫
2πa

0

y
√

1 + y′

x
dx.

du y′

x
=

y′

t

x′

t

= sin t
1 − cos t

= cot t
2

, Ïdk
√

1 + (y′

x
)2 = csc t

2
, u´�O�Xe:

Sx = 2π
∫
2π

0

a2(1 − cos t)2 csc t
2

dt

= 2πa2

∫
2π

0

4 sin3 t
2

dt

= 16πa2

∫π

0

sin3 θ dθ

= 32πa2

∫ π
2

0

sin3 θ dθ = 64π
3

a2.

(b) P���%�I� (µx, µy), Klé¡5� µx = πa, Ïd��O�Ñ��

l� (=5SK86�SK 2443), ,�=�^��û1�½n. l�O�Xe:

s =
∫
2πa

0

√

1 + (y′

x
)2 dx =

∫
2π

0

a(1 − cos t) csc t
2

dt

= 2a

∫
2π

0

sin t
2

dt = 4a

∫π

0

sin θ dθ = 8a.

u´l��û1�½nÒ��

Sy = 8a × 2πµx = 16π2a2.

(c) Äk^ (a) �(JÚl�, �^��û1�½n, k
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Sx = 64π
3

a2 = 8a × 2πµy,

l�� µy = 4
3

a.

du�% (µx, µy) �^=¶ y = 2a �ål�
2
3

a, Ïdl��û1�½nÒ��

Sy=2a = 8a × 2π ×
2
3

a = 32π
3

a2. �

SSSKKK 2500 d�Ô� y2 = 2px ��� x =
p

2
�¤�ã/7�� y = p ^=�

¤�^=N, ¦ÙNÈÚL¡È.

) Ø
��O��	, ��±^��û½n. dué¡5, ã/��Ô�l��

%�U3 Ox ¶þ, §��K¥�^=¶�ålÑ´ p, Ïd��2¦Ñã/�¡ÈÚ

l��ÝÒ

.

x

y

O
p

2

y=p

SK 2500 �Nã

Nã¥�ÒK«¡ÈÚ�Ô��l��O�Xe:

S = 2
∫
p

0

[

p

2
− x(y)

]

dy = p2 −
1
p

∫
p

0

y2 dy

= 2
3

p2,

s = 2
∫
p

0

√

1 + [x′(y)]2 dy = 2
p

∫
p

0

√

y2 + p2 dy

= 1
p

(

y
√

y2 + p2 + p ln(y +
√

y2 + p2)
)∣

∣

∣

p

0

=
√

2p + p ln(1 +
√

2) ≈ 2.296p.

,�^ü���û½n��:

Vy=p = 2
3

p2 × 2πp = 4π
3

p3,

Sy=p = [
√

2 + ln(1 +
√

2)]p × 2πp = 2πp2[
√

2 + ln(1 +
√

2)].

,^=NØ
þã^=¡�	, �k3 x =
p

2
þ��Ý� 2p ���ãÏL^=J

ø
^=N�.�, Ù¡È� 4πp2, Ïd^=N�L¡È�

S�L¡È = 2πp2[2 +
√

2 + ln(1 +
√

2)]. �
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§4.9 ÝÝÝ���OOO���{{{. ���%%%������III (SSSKKK 2501.1–2515 )

SSSNNN{{{000 �!´È©3åÆþ�A^��. �ÔN��Ý�þ!½�3���

�þkCz�, �±^��¼ê�È©5¦ÑÝÚ�%, Ù¥�gÝ�·Ý, �gÝ�

=Ä.þ. ü���û½n�ò3�!��y².

e¡´'u=Ä.þ�A�~f. ��Bå�, ²~^��{5QãÚO�.

=Ä.þ�¡.5å, §^uÝþÔN7,�¶^=��=Ä.5���. Uìå

Æþ�½Â, �þ� m ��:7�å� s �¶^=�=Ä.þ� ms2, Ïd��ÔN�

=Ä.þÒ´òÔN��þ�� dm ¦±�=Ä¶�ål²�¦Ú, �Ò´¦È©.

SSSKKK 2502.2 ¦�

ay = 2ax − x2 (a > 0), y = 0

¤��Ô�ü/é Ox ¶Ú Oy ¶�=Ä.þ Ix = M
(x)

2
Ú Iy = M

(y)

2
. d'Xª

Ix = Sr2
x
, Iy = Sr2

y
(S �ü/¡È) ½Â�.5�» rx Ú ry �u�o?

) ^ x = ax′, y = ay′ �\�§��� a, Ïd��é a = 1 �O�, ,�é=Ä

.þ¦± a4.

x

y

O 1 2

1
y= 2x−x

2

d y

SK 2502.2 �Nã

kO�éu Ox ¶�=Ä.þ. 3ü/¥�T¶�

ål� y �:8´Y²��ã. éu 0 6 y 6 1, l�§

y = 2x − x2 �)Ñ��ãüà�î�I�

x1(y) = 1 +
√

1 − y, x2(y) = 1 −
√

1 − y,

,�XNã¤«, ��Ô�ü/¥0u Y = y Ú Y = y+dy

�m�ÒK«, KÙ¡ÈCq/�

2
√

1 − y dy.

òþª¦± y2 ¿éu y l 0 � 1 È©, Ò�� a = 1 �'u Ox ¶�=Ä.þXe:∫
1

0

2y2
√

1 − y dy (��� y = sin2 θ)

= 4
∫ π

2

0

sin5 θ cos2 θ dθ = 4
∫ π

2

0

(sin5 θ − sin7 θ) dθ

= 4 ·
4 · 2
5 · 3

·
(

1 −
6
7

)

= 32
105

.

Ó��O� a = 1 �'u Oy ¶�=Ä.þXe:∫
2

0

x2(2x − x2) dx = 8
5

.

¦± a4 =��

Ix = M
(x)

2 = 32
105

a4, Iy = M
(y)

2 = 8
5

a4.

duü/¡È�

S =
∫
2a

0

y(x) dx =
∫
2a

0

(

2x −
1
a

x2

)

dx = 4
3

a2,
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ÏdÒ�UìúªO�Ñ.5�»�

rx =

√

8
35

a, ry =

√

6
5

a. �

SSSKKK 2504.2 ¦�»� R �þ� M �þ�¥NéÙ�»�=Ä.þ.

) 1 �¥¡�§� x2 + y2 + z2 = R2, ò��^=¶��»�3 Oz ¶þ. u´

���Ä�T�»�ål� r �:8, Ù¥ 0 6 r 6 R.

�±wÑ, ù��:8Ò´Î¡ x2 + y2 = r2 �¥

���Ü©, ¤��Î¡p� 2
√

R2 − r2, �»� r, Ï

dÙ¡È�

S(r) = 2πr × 2
√

R2 − r2 = 4πr
√

R2 − r2.

ò§¦± dr, 2¦±�^=¶�ål²� r2, =�O�

=Ä.þXe:

M (2)
z

= ρ

∫
R

0

r2S(r) dr = ρ

∫
R

0

4πr3
√

R2 − r2 dr,

Ù¥ ρ ´¥��Ý.

x

z

O

dr

r

R

SK 2504.2 �Nã

��� r = R sin θ, =���

M (2)
z

= 4πR5ρ

∫ π
2

0

sin3 θ cos2 θ dθ = 4πR5ρ

∫ π
2

0

(sin3 θ − sin5 θ) dθ

= 4πR5ρ ·
2
3
·
(

1 −
4
5

)

= 8π
15

R5ρ.

|^¥��þ®�� M , =k
4
3

πR3ρ = M ,

u´�(½ ρ = 3M

4πR3
. ò§�\c¡�=Ä.þ M

(2)
z �L�ª¥, Ò���3åÆ

��Ö¥�úª:

M
(2)
z = 2

5
MR2. �

) 2 (V�) ��§�^=¶Ó) 1. ^R�u^=¶�²1²¡ò¥��¤��

�¡, O�Ñz���¡�éu^=¶�=Ä.þ, ,��\ (=È©) =�.

ùpÄk�O�Ñþ!���¡�éuÏL��¥%¿R�u�¡�^=¶�=

Ä.þ. �±y², e���þ� m, �»� R, Kù�=Ä.þ�
1
2

mR2. (ù�´å

Æ��Ö¥�~�úª, I�ÏLÈ©��, Ùí�3�öSK.)

3ù�Ä:þ, þÝ� dz ������þ� πρ(R2 − z2) dz, Ù=Ä.þ�
1
2

πρ(R2 − z2)2 dz, ,�Ò�È©��

M
(2)
z = 1

2
πρ

∫
R

−R

(R2 − z2)2 dz.

��� z = R sin θ, Ò�O�Ñ
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M (2)
z

= πR5ρ

∫ π
2

0

cos5 θ dθ

= πR5ρ ·
4 · 2
5 · 3

= 8π
15

R5ρ.

±e�) 1 �Ó. �

SSSKKK 2505 (������ûûû111���½½½nnn) y²: ²¡�l C 7dl¤3²¡þØ�§�

��¶^=¤�^=¡, Ù¡È�udl��Ý�§��%¤xÑ��±���¦

È.

) Ø���l C ?uþ�²¡, ^=¶� Ox ¶, Ù�§� x = x(s), y = y(s),

Ù¥ s �l�ëê. qPÙ�%� (µx, µy), Kl'u�%�p�I µy �O�úªÒk

µy =

∫
l

0

y(s) ds

l
,

Ù¥ l ´�l C ��Ý.

òþªü>Ó¦± 2πl, KÒ��

2πµy × l = 2π
∫
l

0

y(s) ds,

ù��>Ò´l�¦±�%¤£Ñ��±�Ý, m>l §4.8 ��Ò´�l C 7 Ox

¶^=¤��^=¡�L¡È. �

SSSKKK 2506 (������ûûû111���½½½nnn) y²: ²¡ã/ S 7dã/¤3²¡þØ�§�

��¶^=¤�^=N, ÙNÈ�uã/ S �¡È�dã/��%¤xÑ��±�

��¦È.

) 1 ({ü�¹) �²¡ã/?uþ�²¡, ^=¶�

Ox ¶, Pã/��%� (µx, µy), ±e�?Øü«��{ü

�²¡ã/.

�¹ 1 �²1u Oy ¶����ã/�>.�õ

��uü�:, P� (þ>.) y2(x), Ú (e>.) y1(x),

a 6 x 6 b. ù�éu�� X = x �ã/�����ã

{(x, y)
∣

∣ y1(x) 6 y 6 y2(x)},

x

y

O

y2(x)

y1(x)

b

ba

SK 2506 �Nã 1

Ù�%3T�ã�¥: 1
2

(y1(x) + y2(x)) ?, ù�Ò´�%� Ox ¶�ål. ò§¦±

��ã��Ý y2(x) − y1(x), ,�é x l a È©� b, ùÒ´²¡ã/�éu Ox ¶�

·Ý. u´�%�p�IÒ´

µy =

1
2

∫
b

a

[y2
2(x) − y2

1(x)] dx

S
,

Ù¥©1�ã/�¡È.

òþªü>Ó¦± 2πS Ò��

2πµy × S = π
∫
b

a

[y2
2(x) − y2

1(x)] dx,
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þª�>Ò´�%¤£Ñ��±�¦±²¡ã/�¡È, m>Ò´Tã/7 Ox ¶^=

¤��^=N��¡¡È�È©, =^=N�NÈ. �

�¹ 2 y3�Ä,�«{üã/, =²1u Ox ¶�

���ã/�>.�õ��uü�:, P� (�>.) x1(y)

Ú (m>.) x2(y), c 6 y 6 d. ù�éu�� Y = y �ã/

�����ã

{(x, y)
∣

∣ x1(y) 6 x 6 x2(y)},

Ù�%3T�ã�¥: 1
2

(x1(y) + x2(y)) ?, §� Ox ¶�

ål´ y. ò§¦±��ã��Ý x2(y) − x1(y), ,�é y

l c È©� d, ùÒ´²¡ã/�éu Ox ¶�·Ý. u´

�%�p�IÒ´

x

y

O

x2(y)

x1(y) b

c

d

SK 2506 �Nã 2

µy =

∫
d

c

y[x2(y) − x1(y)] dy

S
,

Ù¥©1�ã/�¡È.

òþªü>Ó¦± 2πS Ò��

2πµy × S = 2π
∫
d

c

y[x2(y) − x1(y)] dy,

m>�úªUì §4.7.3 �SK 2471 (òÙ¥� x Ú y é�), Ò´²¡ã/7 Ox ¶^

=¤¤�^=N�NÈ. �

) 2 (���¹) éu���²¡ã/, I�È©��£âU�Ñ'�î��y

². Ø�E�ã/?uþ�²¡, ^=¶� Ox ¶, Pã/��%� (µx, µy), Kl'u

�%�p�I µy �����O�úªÒk

µy =

∫∫

D

y dxdy

S
,

ü>Ó¦± 2πS, Ò��

2πµy × S = 2π
∫∫

D

y dxdy,

Ù¥�>Ò´�%¤£Ñ��±�¦±²¡ã/�¡È, m>Ò´²¡ã/7 Ox ¶

^=¤��^=N�NÈ (ë� §4.7.4 ¥'u·K 4.15 ����Úy²). �

5 1 lü���û½n�y²��, §��«ÑåÆþ�·Ý�AÛÆ�éX.

b��Ý� 1, ù�éu²¡þ��l5`, §'u,�¶�·Ý¦± 2π Ò´�7

T¶^=�^=¡¡È, é²¡ã/5`, §'u,�¶�·Ý¦± 2π Ò´ã/7

T¶^=�^=NNÈ. 3 §4.7 Ú §4.8 ¥®²w�Lùü�½n�õgA^, �!�k

ù�¡�SK, ùpØ2E.

5 2 3��û1�½n�1��y²¥, |^
·ÝO�¥��\5�n 1©. ù

1© =Ä.þ�äk�\5, ��´òÔN{ü/©)�eZÜ©�©OO�§��=Ä.þ, ,��\.
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Ò´�±òÔN©)�eZÜ©, ò��Ü©��þ8¥3§���%?, /¤��#

�XÚ. �±y², ù�#XÚ�·ÝÚ�%��XÚ�Ó. e¡�éu�{ü�lÑ

�:XÚÚ©)�ü�Ü©��¹�Ñy².

�²¡þk n ��: pi(xi, yi), i = 1, · · · , n, §���þ©O� mi, i = 1, · · · , n,

Kù��:X'u Ox ¶Ú Oy ¶�·Ý©O ({P) �
∑

i
mixi,

∑

i
miyi.

�%� ��

µx =

∑

i
mixi

∑

i
mi

, µy =

∑

i
miyi

∑

i
mi

.

y3òù�XÚ?¿y©�ü�fXÚ, ¿3e¡©O^
∑

′

Ú
∑

′′

L«éü�f

XÚ�¦Ú, KÒ�±��
∑

i

mixi =
∑′

i

mixi +
∑′′

i

mixi

= (
∑′

i

mi) ·

∑

′

i
mixi

∑

′

i
mi

+ (
∑′′

i

mi) ·

∑

′′

i
mixi

∑

′′

i
mi

,

∑

i

miyi =
∑′

i

miyi +
∑′′

i

miyi

= (
∑′

i

mi) ·

∑

′

i
miyi

∑

′

i
mi

+ (
∑′′

i

mi) ·

∑

′′

i
miyi

∑

′′

i
mi

.

ùL²�XÚ�·Ý�uü��:�¤�XÚ�·Ý, ùü��:��þ©O´
∑

′

i
mi

Ú
∑

′′

i
mi, §�� �©O´ü�fXÚ��% �.

Ó�, òþãü��ª©OØ±
∑

i
mi = (

∑

′

i
mi) + (

∑

′′

i
mi) �Ò�±��'u�

%��\5�n, lÑ.

3e¡�ü�SK¥E,^þã�{5O��%.

r
O

b

a 2a

'

2r
3

cos '

SK 2512 �Nã

SSSKKK 2512 ¦� r = a(1+cosϕ) ¤�ã/��%�

I.

) XNã¤«, lé¡5���%34¶þ, Ïd�

�O�'u ϕ = π/2 (= y ¶) �·Ý.

�Äl ϕ � ϕ + dϕ ��÷/ (Nã¥�ÒK«), ò§

w¤���n�/, ��Ù�%�Cq �lm4:�ål

´ 2r/3. ù�Ò�±O�·ÝXe [6, 13]

M (1)
y

=
∫
2π

0

2r
3

cosϕ ·
1
2

r2 dϕ = 1
3

∫
2π

0

r3 cosϕdϕ

= 1
3

∫
2π

0

a3(1 + cosϕ)3 cosϕdϕ = 4a3

3

∫ π
2

0

(3 cos2 ϕ + cos4 ϕ) dϕ

= 4
3

a3

(

3 ·
π
4

+ 3
4 · 2

·
π
2

)

= 5π
4

a3.



§4.9 Ý�O�{. �%��I (SK 2501.1–2515 ) 221

,�2O�����ã/¡È (=5SK86§4.5 �SK 2419) Xe:

S = 1
2

∫
2π

0

r2 dϕ = 1
2

∫
2π

0

a2(1 + cosϕ)2 dϕ

= 2a2

∫ π
2

0

(1 + cos2 ϕ) dϕ = 3π
2

a2.

��Ý� 1, K S Ò´ã/��þ, ã/éu Oy ¶�·Ý�u S × µx. Ïd=�¦

Ñ�%�î�I µx = 5
4

πa3 ·
2

3πa2
= 5

6
a. �

SSSKKK 2515 ¦�¥¡ x2 + y2 + z2 = a2 (z > 0) ��%��I.

) 5¿�K�AÛN´�¥¡Ø´�¥N.

lé¡5���%3�� Oz ¶þ, PÙ z �I� µz. �Ä¥¡þ� xOy ²¡å

lÓ� z �:8, §´�»�
√

a2 − z2 ��. ^²1²¡ Z = z Ú Z = z + dz �¥¡

���¡È� 2π
√

a2 − z2 ds, ò§¦± z, ,�é z l 0 � a È©, ù�Ò��T¥¡

éu xOy �I¡�·Ý� ∫
a

0

2πz
√

a2 − z2 ds.

O� (
√

a2 − z2)′ = −z√
a2 − z2

, =���l���©�

ds =

√

1 + z2

a2 − z2
dz = a√

a2 − z2
dz,

ù�Ò��·Ý� ∫
a

0

2πaz dz = πa3.

2Ø±�¥¡È 2πa2 Ò�� µz = a
2

. �
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§4.10 åååÆÆÆÚÚÚÔÔÔnnnÆÆÆ¥¥¥���¯̄̄KKK (SSSKKK 2516–2530 )

SSSNNN{{{000 �!´È©Æ3åÆÚÔnÆ¥��
A^, �â¯K�äN�µ, A

^k'�Ôn½Æ, ò¯K8(�È©O�½ö{ü��©�§¦). 3äN8(¥�

�þ�^��{.

SSSKKK 2517 r�þ� m �ÔNl/¥ (Ù�»� R) L¡�,�pÝ� h �/�,

I�é§�õ�õ? eÔN�l�Ã¡�?, Kõ�uõ�?

x

O

b

b
x+dx
x

R

SK 2517 �Nã

) 1 �õ´�
�Ñ/¥Úå. 3/¡NC, ��òå

F = mg ¦±J,�pÝ h =�, ��K�åKI�^�kÚå½

Æ5(½, =

F = kMm

r2
,

Ù¥ k ��kÚå~ê, M �/¥��þ, m �K��ÔN�þ,

r ´/¥¥%�ÔN�ål. ùpòÔN{z����:.

XNã¤«, �/¥¥%��:, � Ox ¶R��þ. �ÔN

�c� �� x, �ÄòÙlpÝ x J,� x + dx �I���õ.

l�kÚå½Æ��, ¤���õ�

dW = kMm

x2
dx.

|^� x = R �k F = mg, u´k

kMm

R2
= mg,

l�±�� kM = gR2. d
dW
dx

=
mgR2

x2
��k

W (x) = −
mgR2

x
+ C.

,�2|^ W (R) = 0, Ò�±¦Ñ�½~ê C = mgR, u´õ W (x) = mgR
(

1− R
x

)

.

^p x = R + h �\, Ò��òÔNl/¡Jp h ¤I���õ�

W (R + h) = mgR
(

1 −
R

R + h

)

= mg
Rh

R + h
.

ù��Y3 h ≪ R ��Ò� mgh �Øõ.

éu h �Ã¡���¹, ��- h → +∞ �4�, Ò��òÔN��Ã¡�?¤

I���õ� mgR.

e- mgR = 1
2

mv2, KÒ�� v =
√

2gR, ùÒ´ò/¡þ�ÔNx�Ã¡�?

¤I��Ð©�Ý. §�ÔN��þ m Ã', ��¡��1��»�Ý, P� v2. �

g = 9.8 �/¦2, R = 6.38 × 103 Z�, �O�Ñ v2 ≈ 11.2 Z�/¦. �

) 2 3¦Ñ dW
dx

��, ��|^ W (R) = 0 Ò�±^½È©O�Xe:
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W (R + h) =
∫
R+h

R

W ′(x) dx =
∫
R+h

R

mgR2

x2
dx

= mgR2

(

−
1
x

)∣

∣

∣

R+h

R

= mgR2

(

1
R

−
1

R + h

)

= mg
Rh

R + h
.

� h → +∞ �K���O�2ÂÈ©Xe:

W (+∞) = lim
h→+∞

∫
R+h

R

mgR2

x2
dx =

∫
+∞

R

mgR2

x2
dx

= mgR2

(

−
1
x

)
∣

∣

∣

+∞

R

= mgR. �

5 ±þü�){Ã���O, Ñ´l

dW
dx

=
mgR2

x2

Ñu¦��¼ê W (x). ��ó, e� x �gCþ, y(x) ���¼ê, Kò

F (x, y,
dy

dx
) = 0 ½ö

dy

dx
= f(x, y)

¡� (~) �©�§. e��ª�m>ØÑy y, KÒ´¦Ø½È©. §´�{ü��©

�§, �KÒ´Xd.

lØ½È©��, Ù¥Ñy�½~ê. X) 1 ¤«, �â^� W (R) = 0 �±¦Ñ

ù�~ê, l����(½�). ù3�©�§nØ¥¡�Ð©^�.

SSSKKK 2520 ¦Yéç������/	��Øå, T	���»� a, Y¡ u

	�ºÜ�»� �.

) 1 XNã 1 ¤«, ò�:�uY¡, Ox ¶R�u

Y¡��e�.

�Ä	�3Y�� x Ú x + dx �m�Ü© (=Nã 1

�ÒK�«), �Ý x ?�Ør� ρgx, Ù¥ ρ ��Ý, �

�� 1, g ´å\�Ý. �{²å�, e¡Ñ�ù�~ê

Ïf. ò� x ?�Ør¦±ÒK�«�¡È, Cq/��

dF = 2x
√

a2 − x2 dx. ò§é x l 0 � a È©��

y

x

O

dx
x

a−a

a

SK 2520 �Nã 1

F = 2
∫
a

0

x
√

a2 − x2 dx = −
2
3

(a2 − x2)
3

2

∣

∣

∣

a

0

= 2
3

a3. �

) 2 XNã 2 ¤«, �Ä	�3� ϕ � ϕ + dϕ �m

�÷/Ü©. �±ò§Cq/w¤���n�/, §��

%lm�:�ål� 2a/3. Yéù�÷/�Øå�u÷

/¡È¦±Y3�%?�Ør. ùÒ´

2
3

a cosϕ ×
1
2

a2 dϕ = 1
3

a3 cosϕdϕ.

y

x

O

d
ϕ

ϕ

a−a

a

b

SK 2520 �Nã 2

|^é¡5, ò§éu ϕ 3 [0,
π
2

] þÈ©¿¦± 2, Ò��

F = 2
3

a3

∫ π
2

0

cosϕdϕ = 2
3

a3. �
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5 ùpI�)º�e, 3) 2 ¥�^3���÷/þ�YØå��o�uÙ¡È

¦±3Ù�%?�Ør?

�d��5¿Y�Ør� (3�Ñ~êÏf�) �u�Ý x, �Ò´� Oy ¶�å

l. dd��, ù��O��±a'u §4.9 ¥�·Ýúª, þã÷/�·ÝÒ�u¡

È¦±Ù�%� Oy ¶�ål. Ïd) 2 ��{´Ün�.

) 3 Q,�K�duO�Nã¥��»� a ���'u Oy ¶�·Ý, @o§Ò

�u���¡È¦±����%��:�ål.

òù�ålP� µx, du���7 Oy ¶���´�»� a �¥N, ���¡È

�
1
2

πa2, |^��û1�½nÒk

4
3

πa3 = 1
2

πa2 × 2πµx,

lÒ�� µx = 4a
3π . u´·Ý±9¤�¦�YØåÒ´

µx ×
1
2

πa2 = 2
3

a3. �

SSSKKK 2523 �»� R �Ý� δ �þ�¥N±��Ý ω 7Ù�»^=, ¦d¥�

ÄU.

) éud�: mi (i = 1, · · · , n) |¤�lÑXÚ, 7�½¶^=�ÄU�

T = 1
2

n
∑

i=1

miv
2
i
, Ù¥ vi ´�: mi ��Ý, e^=���Ý� ω, K vi = riω, Ù¥ ri

´�: mi �^=¶�ål, i = 1, · · · , n. ù�Ò��åÆ¥O�ÄU�úª�

T = 1
2

n
∑

i=1

miv
2
i

= 1
2

ω2

n
∑

i=1

mir
2
i

= 1
2

M (2)ω2,

Ù¥ M (2) ´�:X�=Ä.þ. é�þ�ëY©Ù�XÚ, ��òþã mi ^�©�

O, ò¦ÚU�¦È©=���.

du3 §4.9 �SK 2504.2 ¥®²¦Ñ
�K�¥'u�»�=Ä.þ� M (2) =
8π
15

R5δ, Ïd�K��YÒ´

T = 1
2

M (2)ω2 = 4π
15

R5δω2. �

SSSKKK 2524 ��Ý µ0 �~ê�Ã¡

��±N��åáÚåd��ål� a 

�þ� m ��:?

) 1 XNã¤«, òT�� (�) �u

Ox ¶þ, �Ä�� dx é: (0, a) ?��:

�Úå.

x

y

O

ba

dx

F

SK 2524 �Nã

�� dx ��þ� µ0 dx, §�: (0, a) �ål´
√

x2 + a2, Ïd�â�kÚå½Æ

��T��é�þ m ��:�Úå´ F =
kmµ0 dx

x2 + a2
, Ù¥ k �~ê, å���l:
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(0, a) ��: (x, 0). |^é¡5, Üå3 x ���©þ� 0, 3 y ���©þ�u 0. Ï

d��òþã F ÝK� Oy ¶��2È©=�.

ù�Ò�ÑÈ©úªXe:

kµ0m

∫
+∞

−∞

1
x2 + a2

·
a√

x2 + a2
dx = 2kaµ0m

∫
+∞

0

dx

(x2 + a2)
3

2

.

��� x = a tan t, Ò��

2kaµ0m

∫
+∞

0

dx

(x2 + a2)
3

2

=
2ku0m

a

∫ π
2

0

sec2 t

sec3 t
dt

=
2ku0m

a

∫ π
2

0

cos t dt

=
2ku0m

a
. �

) 2 l�©�§�Ý5w, ��Ä3 Ox ¶þ u«m [−x, x] (x > 0) þ�[�

é (0, a) ?�:�Úå. lé¡5����O�3 Oy ¶���Üå��. w,§´ x

�¼ê, P� F (x).

�[�üà©OO\�Ý dx �, Ò�±X) 1 ¤«�� F (x) ��©�

dF = 2kaµ0m ·
1

(x2 + a2)
3

2

dx,

±e=¦ F (x) ¿- x → +∞, X) 1 ¤«, ù�Ü¤�2ÂÈ©�O�, lÑ. �

SSSKKK 2527 ^=NNìATäk�o/G, âU¦�NlNì.Ü6Ñ�, �Nþ

L¡�eü´þ!�?

dz

x

z

O

SK 2527 �Nã

) XNã¤«�Nì����¡. ��TNì´^

xOz ²¡S�� z = z(x) �7 Oz ¶^=��, Ù¥�

z(0) = 0, �31���¥.

b�Nì¥�N�6Ñ�m3.Ü�:?, K�â÷p

|½Æ, �NlNì¥6Ñ��Ý�

v = c
√

2gh,

Ù¥ g �å\�Ý, h ��þ���NY²¡�pÝ,

c = 0.6 �¢�¤�Xê.

XNã¤«, �NY²¡�pÝ´�m�¼ê, P� z(t), K3�m dt S z(t) eü

dz �NìS~���NNÈÒ�u6Ñ��Nþ.

^÷p|½Æ, Ò���N�6Ñþ�

v dt = c
√

2gz dt,

�¡pÝl z + dz ü� z ���NNÈ�l^=N�)¤��´ πx2 dz. u´Òk

πx2dz = c
√

2g z
1

2 dt,

�Ò´�©�§
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dz
dt

=
c
√

2g

π ·
z

1

2

x2
.

�âK¿�¦ dz
dt

�~ê, ÏdÒ�� z = Cx4, Ù¥ C �~ê. �

SSSKKK 2528 Y3z����PC�Ý�Ùy��þ¤�'. �Y�þ3Ð©��

t = 0 � Q0, ²L�m T = 1600 c§�þ~�
��. ¦Y�PC5Æ.

) �K¥�5ÆéuzÆ¥���5��ÊH¤á, ��¡K���m T �T

����PÏ.

lÐ©�� t = 0 m©å�, �3�� t > 0 ��þ� Q(t), KÒk�©�§�

dQ

dt
= −kQ,

Ù¥ k ��½��~ê.

duþã�©�§®²L² Q(t) ��ê�u 0, Ïd Q(t) � t > 0 þ�î�üN

4~¼ê, lÒk�¼ê t = t(Q), ���Ù�ê÷v��©�§�

dt
dQ

= −
1

kQ
,

ù®²¤���¦Ø½È©�¯K. u´Òk

t = −

∫
1

kQ
dQ = −

1
k

ln Q + C.

òÐ©^�, = t = 0 � Q(0) = Q0, �\�Ò�±(½Ñ~ê� C = 1
k

lnQ0. u´�

�

t = −
1
k

ln
Q

Q0

.

q|^�PÏ� 1 600 c, ��m�ü �c, KÒk 1 600 = −
1
k

ln 1
2

= 1
k

ln 2, u´

)Ñ

k = 1
1 600

ln 2.

��=��¤¦�PC5Æ�

Q(t) = Q0e
−

1

1 600
t ln 2

= Q0

(

eln 2
)
−

1

1 600
t

= Q02
−

1

1 600
t

. �

Ö ¿

3 §4.6 �SK 2454 ¥I���]ó���§� y = a cosh x
a

. 3TK�5 2 ¥�

Ñ, ]ó�´��^üà]!X�þ!R^�[-3²ïG��¤��/G. duéù

�:�?ØTÐáu�!�ÌK, Ïd3ùp�Ñy², ��é�!�Ö¿ (Ì��á

u [17] �1�ò1�©þ §5.5 �1n�~f).
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···KKK 4.16 ]ó��/G� y(x) = a cosh x
a

.

y XNã¤«, ^��L-f�/G, 3Ù¤3²¡þ��IX, Ù¥� Ox ¶

÷Y²��, Oy ¶÷R���. �	-f���ã MM1. �ù�ã�l�� ds. �^

3ù��ã-fþkn�å: �^3: M �Üå T , �^3: M1 �Üå T1 Úùã-

f���þ ρ ds, Ù¥ ρ ´-f��Ý.

du-f´R^�, ÏdÜå��´÷X��

����. 3: M Ú M1 ?�������©OP

� α Ú α + dα.

duþãn�å��²ï, Ïd3Y²��Òk

T cosα = T1 cos(α + dα) = T0,

Ù¥ T0 é�ã-f���~ê. 3R���Kk

ρ ds + T sin α = T1 sin(α + dα).

Ü¿ü��ªÒ��

x

y

O

b

b

d
s

M

M1

α

α+dα

T1

T

ρ ds

]ó��«¿ã

ρ ds + T0 tan α = T0 tan(α + dα).

���§� y = y(x), =��¼ê, Kk tanα = y′(x), ds =
√

1 + [y′(x)]2 dx Ú

tan(α + dα) = y′(x + dx) = y′(x) + y′′(x) dx.

ò§��\c¡����ª, u´Ò���©�§�

y′′ =
d(y′)
dx

=
ρ

T0

√

1 + y′2.

ù´�����©�§, �Ù¥ØÑy y(x), Ïd�±k¦Ñ y′(x), ,�2È©¦Ñ

y(x). qduÙ¥�ØÑygCþ x, Ïd�SK 2528 aq, ��ò�§U��

dx
d(y′)

=
T0

ρ
·

1
√

1 + y′2
,

Ò�±È©��

x =
T0

ρ
ln(y′ +

√

1 + y′2) + C,

Ù¥ C ��½~ê.

|^�V�u¼ê arcsinhx = ln(x +
√

1 + x2) (� §3.1.8 � (3.11)), Ò�òþ

ã�ªU��

y′ = sinh
(

ρ

T0

x + C1

)

,

2È©�g, K��

y =
T0

ρ
cosh

(

ρ

T0

x + C1

)

+ C2,

Ù¥¹k C1 Ú C2 ü��½~ê, §��±�â]!:� �½Ù¦^�5(½. eP

a = T0/ρ, ¿� C1 = C2 = 0, KÒ��c¡¤ã�]ó��§�

y = a cosh x
a

.

�±wÑ, �ØÓ� a ���u�qC�, �ØÓ� C1 � C2 K��u�3Y

²��ÚR����²£. �
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§4.11 ½½½ÈÈÈ©©©���CCCqqqOOO���{{{ (SSSKKK 2531–2545 )

SSSNNN{{{000 du�þ��È¼ê��¼êØ´Ð�¼ê, XÛéÈ©�CqO�

Ò¤�����¯K. 5SK863�!0�
n«��Ä��È©CqO��{,

§�´O�êÆ¥�ê�È©SN�å: (�ëw [22]).

y3{ãù
O��{�5{ (ë�e��«¿ã). ��O� f(x) 3 [a, b] þ�È

©. é [a, b] � n �å©y, ¿�

h = b − a
n

, xi = a + ih, yi = y(xi) (i = 0, 1, · · · , n).

cü��{5gu�A½�iùÚ, ¿UÙAÛ/�·¶�Ý/{ÚF/{. é

z�f«m [xi−1, xi] �Ù�à:�0:, Ò��Ý/{�O�úª. eéz�f«m

[xi−1, xi] �pÝ� (yi−1 + yi)/2 �Ý/, =��u^��F/��>F/, KÒ��

F/{�O�úª. ùü«�{é�*, �Lu{ü, ¢S�J��Ø´éÐ.

�k¢^d��´1n��{, =�Ô�{, �¡�"ÊÜ{. ù�� n = 2k, ,�

3z�f«m [x2i−2, x2i] (i = 1, · · · , k) þ, ^²Ln�: (x2i−2, y2i−2), (x2i−1, y2i−1),

(x2i, y2i) ��Ô�5�O y = f(x), ù�Ò´éþã�z�f«m^ §4.7.1 �SK

2460 ¥�"ÊÜúª (�¡�Uúª), ,��\¦Ú, ù�Ò���Ô�úª (�¡"

ÊÜúª).

��Bå�òùA��{�LXe (Ù¥Ú�� h = b − a
n

):

Ý/úª :∫
b

a

y(x) dx = h(y0 + y1 + · · · + yn−1) + Rn,

Ù¥

Rn =
(b − a)h

2
y′(ξ) (a 6 ξ 6 b);

F/úª :∫
b

a

y(x) dx = h
(

y0 + yn

2
+ y1 + · · · + yn−1

)

+ Rn,

Ù¥

Rn = −
(b − a)h2

12
y′′(ξ) (a 6 ξ 6 b);

�Ô�úª ("ÊÜúª) : � n = 2k,∫
b

a

y(x) dx = h
3

[

(y0 + y2k) + 4(y1 + y3 + · · · + y2k−1)

+ 2(y2 + y4 + · · · + y2k−2)
]

+ Rn,

Ù¥

Rn = −
(b − a)h4

180
y(4)(ξ) (a 6 ξ 6 b).

(4.21)
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5 3éõ��Ö¥J��Ý/{�ùp¤`ØÓ (~X� [15] 1�ò� §9.5), =

éz�f«m�Ù¥:�0:, ±e¡��U?�Ý/{. ÙO�úª�:

U?�Ý/úª :
∫
b

a

y(x) dx = h
[

y
(

x0 + x1

2

)

+ y
(

x1 + x2

2

)

+ · · · + y
(

xn−1 + xn

2

)]

+ Rn,

Ù¥

Rn =
(b − a)h2

24
y′′(ξ) (a 6 ξ 6 b).

xi−1 xi

y=f(x)

(a)

xi−1 xi

y=f(x)

(b)

x2i−2 x2ix2i−1

y=f(x)

(c)

xi−1 xixi−1+xi

2

y=f(x)

(d)

Cq¦È{�«¿ã: (a) Ý/{, (b) F/{, (c) "ÊÜ{, (d) U?�Ý/{

e¡Ì�ù)^"ÊÜúª�A�SK. ù� n = 2k þ�óê, =òÈ©«m�

©� k �f«m, 3z�f«mþ^�Uúª. ¤^��¼ê��k n + 1 = 2k + 1 �.

SSSKKK 2537 |^"ÊÜúªO�È©
∫ π

2

0

sin x
x

dx (n = 10).

) P f(x) = sin x
x

, ¿Ö¿½Â f(0) = 1, qP h = π
20

, yi = f(ih), i =

0, 1, · · · , 10, KÒk

S = h
3

[(y0 + y10) + 4(y1 + y3 + y5 + y7 + y9) + 2(y2 + y4 + y6 + y8)].

X31�þ� §1.1.5, §1.2.3 (SK 72) Ú §2.10.3 ¥¤«, Ø
�{���Ø��	, 3

z�ÚO�¥��Uk�\Ø�. é�K�þãúª�O�æ^ 10  O�ì, ù�Ò

�Ð/��
�\Ø�. O��� y0 = 1, Ù¦� yi (i = 1, · · · , 10) �LXe:

i xi yi i xi yi

1 0.157 079 633 0.995 892 735 6 0.942 477 796 0.858 393 691

2 0.314 159 265 0.983 631 643 7 1.099 557 429 0.810 331 958

3 0.471 238 898 0.963 397 762 8 1.256 637 061 0.756 826 729

4 0.628 318 531 0.935 489 284 9 1.413 716 694 0.698 646 585

5 0.785 398 163 0.900 316 316 10 1.570 796 327 0.636 619 772
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�����(J´

S ≈ 1.370 762 947.

�
��Ù°(§Ý, �±^"ÊÜúª�Ø��Oúª

Rn = −
(b − a)h4

180
y(4)(ξ), a 6 ξ 6 b.

ùp�O� 4 ��¼ê�.�, O�þ��, ·���Ñ��(J� 0 6 y(4)(x) 6

0.2, x ∈ [0,
π
2

]. ù�Ò���K�Ø��O�

−1.06 × 10−6 < Rn < 0.

dd��, ^"ÊÜúªO��(J��ê:��c 5  Ñ´°(�.

^ Mathematica ò�K�È©O���ê�� 10  , �Y� 1.370 762 168, ��

^"ÊÜúª���(J3�ê:��c 6  Ñ´O(�. �

5 ��n«�{�'�, ·��±^±þ�êâ yi, i = 0, 1, · · · , 10 �\Ý/{

ÚF/{�úª¥, ¿|^�A�Ø��Oúª, w^�Ó�êâ¤���(J�O�

�{�'X.

^Ý/{, =��

SÝ/ = h(y0 + y1 + · · · + y9) ≈ 1.398,

ÙØ�úª�Ñ���� R10 ∈ (−0.05, 0), ��3Ý/úª���(J¥�c 2  ê

i 1.4 ´°(�.

^F/{, =��

SF/ = h
(

y0 + y10

2
+ y1 + · · · + y9

)

≈ 1.369 929,

ÙØ�úª�Ñ���� R10 ∈ (0, 1.1 × 10−3), ��3F/úª���(J¥�c 3

 êi 1.37 ´°(�.

^U?�Ý/{�lØ�úª��ÙØ�´F/{���, �´éu n = 10 I�

,1O� 10 �f«m�¥:?�¼ê�, ùplÑ. e^ n = 5, KÒ�±^þãy¤

�êâ?1O�, �� 1.372 �Cq�, ù' n = 10 �Ý/{��Ð�
.

SSSKKK 2539 � n = 10, O�k©=~ê

G =
∫
1

0

arctanx
x

dx.

5 �K�O��SK 2537 aq. ùp��Ñ, k©=~ê´3êÆ¥���A

Ï~ê, 3 Mathematica 5.0 ¥ÞÑ
§� 33 �ØÓ�L�ª. �K�È©=´Ù¥�

1��L�ª. ùp2�Ñk©=~ê���Ã¡?êÐmª:

G =

∞
∑

n=0

(−1)n

(2n + 1)2

= 1 −
1
32

+ 1
52

−
1
72

+ · · · +
(−1)n

(2n + 1)2
+ · · · .

8c�Ø��§Ä¾´knê�´Ãnê, �,��Ñ�&§´Ãnê, �´��ê.
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SSSKKK 2542 °(� 10−4, O�

∫
1

0

(ex − 1) ln 1
x

dx.

) (V�) �K�(J3u, �,È©´~Â�, ,�È¼êl���êm©�

� 4 ��ê3 x = 0 mýÑÃ., ÏdØ�U^y¤�"ÊÜ{�Ø��Oúª5(½

n AT�õ�.

k�«�{�±�Ñù�(J. ùp·�í�^©ÜÈ©{�Ø3�ê¥Ñy�

þãÛ5. �dk 1©

∫
1

0

(ex − 1) ln 1
x

dx = −(ex − x − 1) ln x

∣

∣

∣

1

+0

+
∫
1

0

ex − x − 1
x

dx

=
∫
1

0

ex − 1
x

dx − 1.

ù���È¼ê´
ex − 1

x
, �±3«m [0, 1] þ�O��§� 4 ��ê3 [0.2, 0.5] �

m. |^"ÊÜ{�Ø�úª, l�I�÷vØ�ª

h4

180
· 0.5 < 10−4,

mý)Ñ h < 0.435. du«m�Ý� 1, "ÊÜ{¥� n 7L�óê, Ïd�

h = 0.25, = n = 4.

±e�O�´{ü�, =^úª

S = h
3

[(y0 + y4) + 4(y1 + y3) + 2y2]

¦� S = 0.317 908 917, �KÈ©� 10  °(�Y� 0.317 902 151, ��¢Sþ

n = 4 ��J�~Ð 2©. �

SSSKKK 2543 °(� 0.001, O�VÇÈ©
∫
+∞

0

e−x
2

dx.

J« �K�(J3uÈ©«mÃ., ÏdI�k^Cþ��ò§=z�~ÂÈ

©. 35SK86�P�¥�KkJ«: ^ x = t
1 + t

. �,��±^Ù¦��. �

SSSKKK 2544 Cq/¦Ñ�¶� a = 10 9 b = 6 �ý��±�.

) 1 3 §4.6 �SK 2453 ®²��
ý�±��È©úª. UìTK�5¥�ú

ª, �K�ý��l%Ç� 0.8, ±��

s = 40
∫ π

2

0

√

1 − 0.64 sin2 xdx.

du�KvkJÑO��°Ý�¦, ·�Ò^ n = 4 �"ÊÜúª5O�, ¿��°(

��Y'�, ±
)O���JXÛ.

1© 3ùp�©ÜÈ©O�¥, |^��¼ê��¼ê�±����?¿~ê�¯¢, 3À� ex − 1 ��¼

ê�, ^�´ ex − x − 1, Ø´{ü/� ex − x. ù´�
�ym>�1���k�ê. ù«E|3 §3.6.2
�SK 2143 �) 2 ¥®²�� (ë�TK�5).

2© l±þé h �À���, e� n = 2 Ú h = 0.5, �JA�Ø�. ùÒ´n:"ÊÜúª (=�Uúª).

O��� S ≈ 1.318 008, �O(�'�, Ø�� 1.06 × 10−4. ='K���¦���
�:.
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P y(x) =
√

1 − 0.64 sin2 x, h = π/8,

xi = ih, KkO��� yi, i = 0, 1, · · · , 4,

�LXm, ,�Uì"ÊÜúª��

S = h
3

[(y0 + y4) + 4(y1 + y3) + 2y2]

≈ 1.276 474 456.

2¦± 4a =�ý�±� s ≈ 51.058 978 26.

i xi yi

0 0 1

1 0.392 699 081 0.951 984 333

2 0.785 398 163 0.824 621 125

3 1.178 097 245 0.673 591 738

4 1.570 796 327 0.6

^ Mathematica O��� 51.053 997 73, ��^ n = 4 �"ÊÜúª���(J¥

�c 4  êi´°(�. �

) 2 du3Nõ¯K¥I�¦ý�±�, ÏdÑy
Ø��I��þO�=��

�ý�±�Cq��úª. ²~¦^�k±eØ�ª (� [34] �~K 11.3.3):

π(a + b) 6 s 6 π
√

2a2 + 2b2.

éu�KÒ´ 16π ≈ 50.265 < s < 4
√

17π ≈ 51.812. �ü>��â²þ�Ò��

s ≈ 51.038, ��c 3  êi´O(�, �éØ�®�u 0.03%.

e?�Ú¦^ [34] ¥�Cqúª (16.7), =

s ≈ π
(

9
8

(a + b) + 3
16

√

2a2 + 2b2 −
5
8

√
ab

)

,

Kéu�KÒk

s ≈ π
(

18 + 3
4

√
17 −

5
4

√
15

)

≈ 51.054 336,

��c 5  êiÑ´°(�, §') 1 ¥� n = 4 �"ÊÜúª�(J��Ð�:. �

�!����K�9q��AÏ¼ê——�uÈ©.

SSSKKK 2545 � ∆x = π
3

, £:�Ñ¼ê

y =
∫
x

0

sin t
t

dt (0 6 x 6 2π)

�ã�.

5 ��ò�K�¼ê

P� Si(x), ¡��uÈ©¼

ê, Ù½Â�� [0, +∞). 3

Nã¥�Ñ§Ú�È¼ê
sin x

x
�ã�øë�.

lã¥�� Si(x) kY

²ìC� y = π
2

, ù5gu

38�¬Æ��2ÂÈ©:

π
2

1

−1

2 4 6 8 10 12 14

Si(x) =

∫
x

0

sin t

t
dt

f(x) = sin x

x

x

y

O

SK 2545 �Nã∫
+∞

0

sin x
x

dx = π
2

1©.

1© ù�È©�O�� §5.4.5 "�~K 3, ���5�?ØK� §7.3.2 �SK 3812.1 ()|�XÈ©).
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SSSNNN{{{000 ù�Ù�c8!0�Ã¡?ênØ��, lê�?ê!¼ê�?ê��

�?êÚFp�?ê, �Ê!K´Ã¡?ê�A^, Ù¥k?ê¦Ú!È©O�!Ã¡¦

È!dA�úªÚëY¼ê�õ�ª%C.

'u�Ù�ë�Ö, Ø
 [15, 34, 36] ¥k'?ê�Ù!�	, �í�?ê�¡�ü

�¶Í [5, 20].

§5.1 êêê���???êêê. ÓÓÓÒÒÒ???êêêÂÂÂñññ555������OOO{{{ (SSSKKK 2546–2655)

SSSNNN{{{000 �!Ø
Ã¡?ê��
Ä�K�	, Ì�´ÆSéÓÒ?ê�õ«

ñÑ5�O{, � §5.1.2 KØ�uÓÒ?ê. ��� §5.1.7�{��O.

±ekl?ê½Âm©éuñÑ5�O{���èA.

?ê�ñÑ5´ÏLê��ñÑ55½Â�. �â½Â, éÃ¡?ê

∞
∑

n=1

an, 3½

ÂÙÜ©Úê�

Sn = a1 + · · · + an (n = 1, 2, · · · )

��, T?êÂñ (½uÑ) �duÜ©Úê� {Sn} Âñ (½uÑ), 3Âñ�, Òò

Ü©Úê��4�½Â�?ê�Ú.

AO´, �?êÂñ�, 3éX?êÏ��Ü©Ú��ª

an = Sn − Sn−1 (n > 2)

¥, - n → ∞ Ò�� lim
n→∞

an = 0. Ïd?êÏ�Âñu 0 ´?êÂñ�7�^�. �

�, Ï�¤¤ê� {an} Ø´Ã¡�þÒ¤�?ê

∞
∑

n=1

an uÑ�¿©^�.

d	, éu�½���ê� xn (n = 1, 2, · · · ), ��- a1 = x1, an = xn−xn−1 (n =

2, 3, · · · ), Ò�±����Ã¡?ê

∞
∑

n=1

an, §�Ü©Úê�Ò´�k�½�ê� {xn}.

Ïd�±`, 3ñÑ5¯Kþ, ïÄ?ê�ïÄê�´�d�. ~X, l'uê��

�ÜÂñOKÒ�ÑÃ¡?ê��ÜÂñOK, lê��üNk.Âñ½nÒ�ÑÓ

ÒÃ¡?êÂñ�duÙÜ©Úê�k..

éuÐÆö�N©��9�´, Ã¡?ê�ñÑ5�kNõ���\[���O

{, §�3ê�nØ¥´wØ��. �ÒÓÒÃ¡?êó, ÒkXNõ«5{ØÓÚ

�\§ÝØÓ�ñÑ5�O{. ù�N
Ã¡?êù�ÌK��5Ú��5.

��Bå�, Ø
þ¡®²J���
Ä��{�	, 2ò�!¥Ì���O{�

LXe (Ù¥?êÏ��K½�u 0 �^�þ��°�l,��åXd):
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'��O{ I: e 0 6 an 6 bn (n = 1, 2, · · · ), Kk

∞
∑

n=1

bn Âñ =⇒

∞
∑

n=1

an Âñ,

∞
∑

n=1

bn uÑ ⇐=

∞
∑

n=1

an uÑ;

�dþ�O{ (='��O{��dþ/ª): e an > 0, bn > 0 (n = 1, 2, · · · ),

� an ∼ bn (n → ∞), Kk

∞
∑

n=1

bn Âñ (uÑ) ⇐⇒

∞
∑

n=1

an Âñ (uÑ);

'��O{ II (± p ?ê

∞
∑

n=1

1
np �'�?ê):

e an > 0 (n = 1, 2, · · · ), � O∗

(

1
np

)

, Kk (PÒ O∗ � §1.6)

(a) � p > 1 �?ê

∞
∑

n=1

an Âñ,

(b) � p 6 1 �?ê

∞
∑

n=1

an uÑ;

�K�� ('�) �O{: e an > 0 (n = 1, 2, · · · ), � lim
n→∞

an+1

an

= q, Kk

(a) � q < 1 �?êÂñ, (b) � q > 1 �?êuÑ;

�Ü (��) �O{: e an > 0 (n = 1, 2, · · · ), � lim
n→∞

n

√
an = q, Kk

(a) � q < 1 �?êÂñ, (b) � q > 1 �?êuÑ;

.'�O{: e an > 0 (n = 1, 2, · · · ), � lim
n→∞

n
(

an

an+1

− 1
)

= p, Kk

(a) � p > 1 �?êÂñ, (b) � p < 1 �?êuÑ;

pd�O{: e an > 0 (n = 1, 2, · · · ), �

an

an+1

= λ +
µ

n
+

θn

n1+ε
,

Ù¥ |θn| < C, ε > 0, Kk

(a) � λ > 1 �?êÂñ, (b) � λ < 1 �?êuÑ,

(c) � λ = 1 �, 3 µ > 1 �?êÂñ, 3 µ 6 1 �?êuÑ;

�ÜÈ©�O{: e f(x) (x > 1)��KüN4~¼ê, Kk

∞
∑

n=1

f(n) Âñ (uÑ) ⇐⇒

∫
+∞

1

f(x) dx Âñ (uÑ).

5 1 'uÓÒ?ê��O{�kéõ, Ø
3�!�¡� §5.1.5 �	, ��ëw

[34] � §13.2 �cn��!ÚTÖ�1�nÙ1�|ë�K¥k'�O{�K.

5 2 3þ¡�Þ��O{¥, l�K���O{m©, Ø
�Ü���O{�	,
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Ñ�¦?ê�Ï�¤¤ê� {an} (��l,�m©) üN, ÄKÒØ�U¤õ/¦^§

�. �´�Ü���O{KØÉù���, ���±ò lim
n→∞

n

√
an = q í2�þ4�

/ª (= §5.1.3 �SK 2594):

lim
n→∞

n

√
an = q.

duê��þ4�7½k¿Â, ùéukÃ�õ�"� (=�3Ã�õ� an = 0) �Ã

¡?êAOÜ·.

e¡��Uì¤^�Ì��{�ØÓ©¤eZ�!?10�, éÜ©SK�¬^

õ«�{5?1?Ø.

5.1.1 ???êêêñññÑÑÑ555���ÄÄÄ���KKK (SSSKKK 2546–2570)

��!�SKØ
UìÄ�½Â�ñÑ5?Ø½¦Ú�	, ��¹�þ�y²K.

ÄkwU
lÜ©Úê�Ñu���½Âñ��¦Ú�A�SK. ùp�1�Ú

Ò´�òÜ©Ú Sn = a1 + a2 + · · · + an �¤�¤¢�µ4/ª, ,�¦Ù4�.

ù�±ÏLÃ¡?ê¥�1���?ê, =AÛ?ê (�¡��'?ê) a + aq +

aq2 + · · · + aqn + · · · (a 6= 0), 5)º.

l�ê$���, AÛ?ê�Ü©Ú3ú' q 6= 1 �, Ò�±�¤�

Sn = a + aq + · · · + aqn−1 = a(1 + q + · · · + qn−1) =
a(1 − qn)

1 − q
.

ù� Sn ¥¤¹�?ê��ê n C¤�þãm>L�ª¥�ëê, l�±ïÄ�

n → ∞ �§´Äk4�. ·���Òòù«L�ª¡�µ4/ª.

|^ù�µ4/ªÒ�±��, Ø
ú' q = 1 �AÛ?ê²wuÑ�	, �

|q| < 1 �4��3��u
a

1 − q
, � |q| > 1 ½ q = −1 �4�Ø�3.

,U
Xd�¤µ4/ª�Ü©Ú¿Øéõ. ùp�±£� §1.2.1 �SK 55–56,

§�TÐ�L
ü«ØÓ��{. cö±AÛ?ê�Ä:, 2\þÙ¦E|. e¡w�

�;.~f.

SSSKKK 2548 ��y²?ê 1
2

+ 3
22

+ 5
23

+ · · · + 2n − 1
2n + · · · Âñ¿¦ÙÚ.

) 1 �â?êÂñ�Ü©Ú½Â, ùÒ´�¦

lim
n→∞

(

1
2

+ 3
22

+ 5
23

+ · · · + 2n− 1
2n

)

,

ù3 §1.2.1 �SK 55 ®^�ê�{¦Ñ� 3. �

) 2 ) 1 ¤J���ê�{��±��^u?ê¦Ú. Äk, Ú\ëê x ∈ [0, 1),

�Ä?ê

x + 3x2 + 5x3 + · · · + (2n − 1)xn + · · · ,

�±^,«�O{, ~X�K��'��O{½ö�Ü���O{, ��§´Âñ�,

Ïd�±ò§�ÚP�¼ê S(x), Ù¥ x ∈ [0, 1). ,�|^Âñ?ê��ê$�Òk
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S(x) = x + 3x2 + 5x3 + · · · + (2n − 1)xn + · · · ,

xS(x) = x2 + 3x3 + 5x4 + · · · + (2n − 1)xn+1 + · · · ,

òü�?ê�~, Ò��

(1 − x)S(x) = x + 2(x2 + x3 + · · · + xn + · · · ) = x + 2x2

1 − x
,

u´Ò¦Ñ
Ú¼ê�L�ª�

S(x) = x
1 − x

+ 2x2

(1 − x)2
=

x(1 + x)

(1 − x)2
.

- x = 1/2 �\Ò���K�?êÚ� S = S(1/2) = 3. �

) 3 Ø
±þü�){¤^��ê�{�	, ��±^�©Æ�{¦Ú.

ò?ê�Ü©ÚXe©�ü�:
1
2

+ 3
22

+ 5
23

+ · · · + 2n − 1
2n

=
(

2
2

+ 4
22

+ 6
23

+ · · · + 2n
2n

)

−
(

1
2

+ 1
22

+ 1
23

+ · · · + 1
2n

)

=
(

1 + 2
2

+ 3
22

+ · · · + n

2n−1

)

−
(

1
2

+ 1
22

+ 1
23

+ · · · + 1
2n

)

.

þªm>�1���Ú´ 1 −
1
2n , � n → ∞ ��4��u 1. éum>�1��, K

�^�©Æóä¦Ú, ù�Ò´3 §2.1.4 �SK 1024(a) ¥é Pn �O�. =k�Ñ

x + x2 + · · · + xn = x − xn+1

1 − x
,

,�¦���

1 + 2x + · · · + nxn−1 =
1 − (n + 1)xn

1 − x
+ x − xn+1

(1 − x)2
.

^ x = 1/2 �\, ¿- n → ∞ Ò��4�� 4.

Ü¿±þü��O����K��Y� 3. �

) 4 ) 3 ¥��{��±^u���?ê¦Ú, �´ùp¬Ñy#�nØ¯K.

Äkò?ê©Xe:

S(x) = x + 3x2 + · · · + (2n − 1)xn + · · ·

= 2x(1 + 2x + · · · + nxn−1 + · · · ) − (x + x2 + · · · + xn + · · · ),

ù�m>�1���?ê�Ú� x
1 − x

, 1��¥)ÒS�?ê, Ò´1���?ê

Å�¦����?ê:
d
dx

(x + x2 + · · · + xn + · · · ) = (x)′ + (x2)′ + · · · + (xn)′ + · · ·

= 1 + 2x + · · · + nxn−1 + · · · .

(5.1)

XJù�Ú$�´Ün�, KÒ��

S(x) = 2x ·
d
dx

(

x
1 − x

)

−
x

1 − x

= 2x

(1 − x)2
−

x
1 − x

=
x(1 + x)

(1 − x)2
,

=����) 2 �Ó��Y.
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, (5.1) ØUl¦�ê$���5{K/ª/íÑ, Ï�Ù¥�9Ã��¦Ú�

¦�êü«$����^S, §�Ñ´4�$�. ù�¯K�3ÆS
¼ê�?êÚ

�?ê��)û, ��¡� §5.4 Ú §5.5. 8c·��U`, 3 (5.1) ¤á�cJe, ) 2

¥�?êÚ S(x) �±^�©Æ�{¦�. �

¦Ü©Ú�µ4/ª�,�«�{�@Ny3 §1.2.1 �SK 56 ¥, ùÒ´���

�{ 1©. e¡w��~f.

SSSKKK 2552 ��y²?ê

∞
∑

n=1

(
√

n + 2 − 2
√

n + 1 +
√

n ) Âñ¿¦ÙÚ.

) Xe=�¦ÑÜ©Ú�µ4/ª:

Sn =

n
∑

k=1

(
√

k + 2 − 2
√

k + 1 +
√

k )

=

n
∑

k=1

(
√

k + 2 −
√

k + 1 ) −

n
∑

k=1

(
√

k + 1 −
√

k )

= (
√

n + 2 −
√

n + 1) − (
√

2 − 1) = 1√
n + 2 +

√
n + 1

+ 1 −
√

2,

- n → ∞, =��Ù4�, �Ò´?êÚ� 1 −
√

2. �

SSSKKK 2553 ïÄ?ê

∞
∑

n=1

sin nx �Âñ5.

) 1 ùp� x ´ëê. e x ´ π ��ê�, K?ê�z��� 0, Ïd?êÂñ.

'�(J�´{e��¹, = x Ø´ π ��ê���¹. ù��±y²?ê�Ï��

n → ∞ �Ø´Ã¡�þ, Ïd?êuÑ.

^�y{. eé,� x 6= kπ (k ∈ Z) ?êÂñ, Kk lim
n→∞

sin nx = 0. ù��k

lim
n→∞

sin(n + 1)x = 0. u´=��Ñ

sin x = sin[(n + 1)x − nx]

= sin(n + 1)x cosnx − cos(n + 1)x sin nx → 0 (n → ∞),

,� x 6= kπ ��>� sin x 6= 0, ÚÑgñ. �

) 2 [6] eé,� x 6= kπ (k ∈ Z) ?êÂñ, Kk lim
n→∞

sin nx = 0. u´éu

ε =
| sinx|

4
, �3 N , � n > N �, k | sinnx| <

| sin x|

4
. dd�í�k | cosnx| >

1
2

.

ù�Ò�XeÚÑgñ:

| sin(n + 1)x| = | sinnx cosx + cosnx sin x|

> | sinx| · | cosnx| − | sin nx| · | cosx|

>
1
2
| sinx| −

1
4
| sin x| = 1

4
| sin x| = ε. �

1© ����{�¡�ë£��{, 3=©¥k�òù«�{/�z/¡� telescoping, =�±�"�º

@�òé��L�ª á. 3ù��¿Âþ, §1.1.6 � 2 �SK 10(a) �) 2 ¥�®¦^
ù��{.
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e¡A�K�\{$��(ÜÆUÄí2�Ã��¦Úk'.

SSSKKK 2554 y²: e?ê

∞
∑

n=1

an Âñ, KrT?ê���3ØC�Ùk�gS�

�¹e©O|Üå5, ¤�?ê

∞
∑

n=1

An

(

Ù¥ An =

pn+1−1
∑

i=pn

ai (p1 = 1, p1 < p2 < · · · )

)

�Âñ�k�Ó�Ú. ��Øý. ÞÑ~f.

) P Sn = a1 + · · · + an (n = 1, 2, · · · ) �?ê

∞
∑

n=1

an �Ü©Úê�, Kk

A1 = a1 + · · ·+ ap2−1 = Sp2−1, · · · , A1 + · · ·+ An = a1 + · · ·+ apn+1−1 = Spn+1−1, · · · ,

��|Ü¤��?ê�Ü©Úê��

Sp2−1, · · · , Spn+1−1, · · · ,

§´ {Sn} ���f�. �âf��Ä�½n (� §1.2.6 �SK 89), ��� {Sn} Âñ

�, ù�f��Âñ, �k�Ó�4�. Ïd�K�c�K�(Ø¤á.

��, K(ØØU¤á. �e¡�SK 2556. �

SSSKKK 2555 y²: e?ê

∞
∑

n=1

an ���´��, �rù?ê���©O|Ü�

��?ê

∞
∑

n=1

An Âñ, K�5�?ê

∞
∑

n=1

an �Âñ.

J« ù��?ê�Ü©Úê� {Sn}�üNê�, Ïd��Ú^ §1.2.6 �SK 90

(=üNê�k��f�ÂñÒv±�yÙÂñ) =�. �

SSSKKK 2556 ïÄ?ê 1 − 1 + 1 − 1 + 1 − 1 + · · · �Âñ5.

) 1 ?ê�1 n �� (−1)n−1, � n → ∞ �Ø´Ã¡�þ, l?êuÑ. �

) 2 eòT?êUì±eü«�ª#|Ü:

(1 − 1) + (1 − 1) + (1 − 1) + · · · ,

1 − (1 − 1) − (1 − 1) − (1 − 1) + · · · ,

K©O��ü�Âñ�Ã¡?ê, §��Ú©O� 0 Ú 1. dd^SK 2554 �c�K�

(Ø, Ò���5�Ã¡?ê�½uÑ. �

�( ¤¢\{(ÜÆÒ´3ØUC�\�gS��±æ^éÚª\)Ò��{

UC¦Ú^S, =ò)ÒS�êk�\, ,�2¦Ú. éuk��¦Ú5`, ù´·�@

ÒÙ��½Æ. §¦�k��¦Úk(½�¿Â, ��±3éõ�¹e{zO�. ,

±þn�SKw�·�, éuÃ��¦Ú5`, �k�¦Úk¿Â (=?êÂñ) �, \

{(ÜÆâ�½¤á. ��, \)Ò��Ã��¦Úk¿Â�, �K)Ò��Uvk¿

Â. SK 2556 �) 2 Ò´��²w�~f.
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,, SK 2555 KL², éu��?ê5`, \{(ÜÆÃ^�¤á. �,, ùéu

Ù¦�ÓÒ?ê, Ù¥�)�K�?ê!K�?êÚ���?ê, �´Xd.

éu5SK86±e�SK 2557–2565, Ù¥�?êñÑ5�½'�N´, �Þ�

�~f, ¿Á^3�!m©��L¥ÞÑ��«�O{.

SSSKKK 2559 ïÄ?ê 1 + 1
3

+ 1
5

+ · · · + 1
2n− 1

+ · · · �Âñ5.

) 1 ('��O{ I) |^ 1 >
1
2

, 1
3

>
1
4

, · · · , Kk

Sn = 1 + 1
3

+ · · · + 1
2n − 1

>
1
2

+ 1
4

+ · · · + 1
2n

= 1
2

(

1 + 1
2

+ · · · + 1
n

)

,

,�|^NÚ?êuÑ (� §1.2.5 �SK 88), ���K�?ê�uÑ. �

) 2 (�dþ�O{) lNÚ?êuÑ��

∞
∑

n=1

1
2n

�uÑ, ,�2l

1
2n − 1

∼
1
2n

(n → ∞),

=���K�?êuÑ. �

) 3 ('��O{ II) lNÚ?êuÑ, ,�l an = 1
2n− 1

∼
1
2

·
1
n

=���

an = O∗

(

1
n

)

, ���K�?êuÑ. �

) 4 (pd�O{) �±ÏL�ê$���
an

an+1

= 2n + 1
2n − 1

= 1 + 1
n

+ 1
n2

·
n

2n− 1
,

=k λ = 1, µ = 1, ε = 1, θn = n
2n − 1

k., Ïd?êuÑ. �

) 5 (�ÜÈ©�O{) �¼ê f(x) = 1
2x − 1

, KÒ�±l

∫
+∞

1

dx
2x − 1

= 1
2

ln(2x − 1)
∣

∣

∣

+∞

1

= +∞

í��K�?êuÑ. �

5 �K�kéõÙ¦){, SK 88 �o«){ud�Ñk�. ~X^�ÜÂñ

OK�. ùp��Ñ, ÐÆö�NØ¬���´, 3�!m©�L��O{¥, �K�

�'��O{!�Ü���O{Ú.'�O{éu�KÑØU�Ñ(Ø. ¢Sþéu

an = 1
2n − 1

(n = 1, 2, · · · ), ·�k

lim
n→∞

an+1

an

= 1, lim
n→∞

n

√
an = 1, lim

n→∞

n
(

an

an+1

− 1
)

= 1,

Ïdþãn«�O{Ñ��.

±e´A�Ä��y²K.

SSSKKK 2566 y²: e?ê

∞
∑

n=1

an (A) Ú

∞
∑

n=1

bn (B) �Âñ, � an 6 cn 6 bn (n =

1, 2, · · · ), K?ê

∞
∑

n=1

cn (C) �Âñ. e?ê (A) � (B) �uÑ, ¯?ê (C) �Âñ5X

Û?
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) 1 (^�ÜÂñOK) �â?ê (A) Ú (B) Âñ, é§�^�ÜÂñOK�7

�5, é?¿�½� ε > 0, �3 N , ¦�� n > N � p > 0 �, Ó�¤áØ�ª

|an+1 + · · · + an+p| < ε Ú |bn+1 + · · · + bn+p| < ε. dùü�Ø�ªÚK��^�

an 6 cn 6 bn (n = 1, 2, · · · ), Òk

−ε < an+1 + · · · + an+p 6 cn+1 + · · · + cn+p 6 bn+1 + · · · + bn+p < ε,

=�� |cn+1 + · · · + cn+p| < ε. 2^�ÜÂñOK�¿©5, ÒíÑ?ê (C) Âñ.

��, e?ê (A) Ú (B) uÑ, KØUé?ê (C) �Ñ?Û(Ø. �d��Þ��

~f: �é¤k� n - an = −1 6 bn = 1, K?ê (A) Ú (B) ÑuÑ, ù�éu?ê

(C) ==��éz�� n k |cn| 6 1, ù�,Ø�UíÑ�o(Ø
. �

) 2 (^�K�?ê�'��O{) (�)c�K) |^^�òü�Âñ?ê (B)

Ú (A) Å��~, ����#�Âñ?ê

∞
∑

n=1

(bn − an), �§´�K�?ê.

|^K�^�k

0 6 cn − an 6 bn − an (n = 1, 2, · · · ).

�â'��O{, ���K�?ê

∞
∑

n=1

(cn − an) Âñ. 2òù�Âñ?ê�Âñ?ê

(A) Å��\��?ê

∞
∑

n=1

cn, ��§Âñ. �

SSSKKK 2568 y²: e?ê

∞
∑

n=1

an (an > 0) Âñ, K?ê

∞
∑

n=1

a2
n

�Âñ. _·KØ

¤á, ÞÑ~f.

) duù�k an → 0 (n → ∞), Ïd�3 M > 0, ¦� 0 6 an < M (n =

1, 2, · · · ). u´Òk

0 6 a2
n

6 Man (n = 1, 2, · · · ).

l

∞
∑

n=1

Man ÂñÚ'��O{, =��?ê

∞
∑

n=1

a2
n

Âñ.

��, Kl

∞
∑

n=1

1
n2

Âñ, ,

∞
∑

n=1

1
n

uÑ, ��_·KØ¤á. �

5 �±�Ñ, �,Ã¡?ê��¹��Û: +∞ �2ÂÈ©
∫
+∞

a

f(x) dx kN

õ�q�?, ,, �kØUa'��¡. �KÒ´Xd. ~X, 3 (1, +∞) þ, éz�

��ê n u (n, n + 1] þ½Â�K¼ê

f(x) =











n, n < x < n + 1
n3

,

0, n + 1
n3

6 x 6 n + 1,
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KÒ�±�y
∫
+∞

1

f(x) dx Âñ, ,
∫
+∞

1

f2(x) dx uÑ 1©.

SSSKKK 2570 y²: e

lim
n→∞

nan = a 6= 0,

K?ê

∞
∑

n=1

an uÑ.

) d^����3 N , � n > N � nan � a ÓÒ, ùL²é

∞
∑

n=1

an �±^ÓÒ

?ê��O{. ,�d^� an = O∗

(

1
n

)

, ^'��O{ II =��(Ø¤á. �

5.1.2 ���ÜÜÜÂÂÂñññOOOKKK���AAA^̂̂ (SSSKKK 2571–2577)

Ã¡?ê��ÜÂñOK��5gê���ÜÂñOK (� §1.2.5), �ö´¢êX

Ä�½n�� (ë� [34] �1nÙ).

éu�!m©��«�O{J��, ��§�5guüNk.ê��Âñ½n.

ùL²éuÓÒ?ê�ñÑ5�½5`, ��Ø7^�ÜÂñOK. ��!�Ü©SK

Ø´ÓÒ?ê, �{þØ
�ÜÂñOK�	��kÙ¦�{�øÀJ.

e¡´'u��?ê���y²K, §�2ÂÈ©� §4.4.3 �SK 2387 A��Ó.

SSSKKK 2571 y²: e�����Ù�üN4~�?ê

∞
∑

n=1

an Âñ, K

lim
n→∞

nan = 0.

) 1 �â�ÜÂñOK, é?¿�½� ε > 0, �3 N , ¦�� n > N �k

0 < aN+1 + aN+2 + · · · + an <
ε
2

.

duÏ�üN4~, ÏdþãÚª�z��Ñ�u�u an, u´k

0 < (n − N)an <
ε
2

.

� n > 2N , Kk
n
2

< n − N , Ïd�� 0 <
n
2

an <
ε
2

, =´ 0 < nan < ε. �

) 2 ��SK 2387 �) 2 (ëwTSK�Nã), ½Â��#�ê�:

bn =
n
∑

k=1

ak − nan (n = 1, 2, · · · ),

Kl

bn − bn−1 = an − nan + (n − 1)an−1 = (n − 1)(an−1 − an) > 0,

�� {bn}�üN4Oê�. qÏ bn 6

n
∑

k=1

ak 6

∞
∑

k=1

ak, ��ê� {bn} qkþ., Ïd

Âñ.

1© �dk'�´: ?êÂñ�ÙÏ�7½´Ã¡�þ, ,2ÂÈ©
∫

+∞

a

f(x) dx Âñ�, f(+∞) �±

Ø�3. � §4.4.3 �SK 2384.1 (��ë�SK 2384.2 �©Û9Ù��·K 4.13).
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dd=�l bn =

n
∑

k=1

ak − nan (n = 1, 2, · · · ) íÑ�34� lim
n→∞

nan = A. 2|^

§5.1.1 �SK 2570 �(Ø, =�� A = 0. �

5 �K�Ñ
4� lim
n→∞

nan �3�¿©^�. �±Þ~`², �K?êÏ�üN

4~�^��, ù�4��±Ø�3. e¡Ò´ù������?ê, §��u §5.1.3

�SK 2585(b) ¥.

½Âê� {an} Xe:

an =











1
n

, n�²�ê,

1
n2

, n Ø´²�ê,

K��?ê

∞
∑

n=1

an Âñ (ÙÚØ�L

∞
∑

n=1

1
n2

�Ú�ü�), ,%k

lim
n→∞

nan = 1, lim
n→∞

nan = 0,

Ïd4� lim
n→∞

nan Ø�3.

SSSKKK 2576 (NNNÚÚÚ???êêê) |^�ÜOK, y² 1 + 1
2

+ 1
3

+ · · · + 1
n

+ · · · uÑ.

5 dK� §1.2.5 �SK 88 E, Ù¥�) 2 K´��y²ÙÜ©Ú� n → ∞ �

�Ã¡�þ.

SSSKKK 2577(a) |^�ÜOK, y²?ê 1 + 1
2
−

1
3

+ 1
4

+ 1
5
−

1
6

+ · · · uÑ.

) 1 ^�ÜOKy²?ê

∞
∑

n=1

an uÑ��{´: y²�3,� ε0 > 0, ¦�ÃØ

�õ�� N , o�3 m > n > N , ¦� |an+1 + · · · + am| > ε0.

é�K5`, ©Û S6n − S3n =�. ��Ùå�, éù��æ�\)Ò��{Xe:

S6n − S3n =
[

1
3n + 1

+
(

1
3n + 2

−
1

3n + 3

)]

+
[

1
3n + 4

+
(

1
3n + 5

−
1

3n + 6

)]

+ · · · +
[

1
6n− 2

+
(

1
6n− 1

−
1
6n

)]

>
1

3n + 1
+ 1

3n + 4
+ · · · + 1

6n− 2
> n ·

1
6n

= 1
6

,

���K�?êuÑ. �

) 2 (V�) ^�Ó��{���OÜ©Ú=���

S3n > 1 + 1
4

+ 1
7

+ · · · + 1
3n− 2

>
1
3

(

1 + 1
2

+ 1
3

+ · · · + 1
n

)

,

���K�?êuÑ. �

) 3 XJ|^î.~ê C ��£ (� §1.2.3 �SK 146), K�éÜ©Úk�(�

�
):

S3n = 1 + 1
2

+ 1
3

+ · · · + 1
3n

− 2
(

1
3

+ 1
6

+ · · · + 1
3n

)

= C + ln(3n) + ε3n −
2
3

(C + lnn + εn) ∼ 1
3

lnn (n → ∞). �
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5.1.3 ���KKK������'''������OOO{{{ÚÚÚ���ÜÜÜ���������OOO{{{ (SSSKKK 2578–2597)

l��Ö��, ùü��O{Ñ´±AÛ?ê�'�?ê���, ÏdØ´ér

(~X� §5.1.1 �SK 2559 �5), �du¦^{ü, Ïdáu�~^��O{��.

|^ §1.2.7 �SK 141, =���nØþ���K��'��O{k�, K�Ü�

��O{�7½k� (ùÒ´��!�SK 2593). ,¢SO�¥�N  ^�K�

��O{���B.

éu?êÏ�¥Ñy�¦��¹, ÐÆö¬ú�J±¦^�Ü���O{. Ù¢ù

´duØ��»|dúªÚdA�úª���, �de¡±·K�/ª�Ñùü�ú

ª, ùéu�Ù�Nõ¯KÑ�Uk^. »|dúª�y²��ë� [34] � §11.4.2, d

A�úª�y²� §5.9.3 �SK 3104.

···KKK 5.1 (»»»|||dddúúúªªª) 'uV�¦ (2n)!! Ú (2n − 1)!! �'k

(2n)!!

(2n − 1)!!
∼

√
πn (n → ∞). (5.2)

y �ÑÈ©Ø�ª
∫ π

2

0

sin2n+2 xdx <

∫ π
2

0

sin2n+1 xdx <

∫ π
2

0

sin2n xdx,

¿^ §4.2.6 �úª (4.9) �\, Ò��

(2n + 1)!!

(2n + 2)!!
·

π
2

<
(2n)!!

(2n + 1)!!
<

(2n − 1)!!

(2n)!!
·

π
2

.

òþª\±�nÒ��� (5.2) ��k'�Y%Ø�ª:

(2n + 1)2

2n(2n + 2)
<
[ (2n)!!

(2n − 1)!!

]2

·
1

πn
<

2n + 1
2n

,

,�- n → ∞ =�. �

5 ùp�Ñ�»|dúª (5.2) ´�«Bu¦^�/ª. 3��©z¥�~��

»|dúª�

lim
n→∞

1
2n + 1

( (2n)!!

(2n − 1)!!

)2

= π
2

,

§� (5.2) �d (ë�5SK86 §5.10 �SK 3103).

···KKK 5.2 (dddAAA���úúúªªª) 'u�¦k

n! ∼
√

2πn
(

n
e

)n

(n → ∞). (5.3)

5 5SK86¥ò�dA�úªk'�O�KüÕ�� §5.10. A��Ñ, (5.3)

��´dA�úª��{ü/ª, �õ�SN� §5.10.2 ¥�Ö¿á�.

e¡�SK¥, Ø
�K��'��O{Ú�Ü���O{�A^~f�	, ��

¹�
nØþ�?ØÚA^.
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SSSKKK 2580 ïÄ?ê 1!
1

+ 2!
22

+ 3!
33

+ · · · + n!
nn + · · · �Âñ5.

) 1 �K^�K��'��O{���B, l

an+1

an

=
(n + 1)!

(n + 1)n+1
·

nn

n!
= 1
(

1 + 1
n

)n →
1
e

(n → ∞),

=��?êÂñ. �

) 2 e^dA�úª (5.3), K^�Ü���O{�´é�B�. l

n

√
an =

n

√

n!
nn =

n

√
n!

n
→

1
e

(n → ∞),

=��?êÂñ. �

5 Ù¢�K��^ §1.2.7 �SK 142 �(Ø lim
n→∞

n
n

√
n!

= e Òv

. k�ò

§¡�dA�úª�f/ª.

SSSKKK 2585(b) ïÄ?ê

∞
∑

n=1

an �Âñ5, Ù¥ an =











1
n

, n = m2,

1
n2

, n 6= m2
(m��

�ê), n = 1, 2, · · · .

) P?ê�Ü©Ú� Sn (n = 1, 2, · · · ), Kk

Sn 6

n
∑

k=1

1
k2

+
∑

k26n

1
k2

6 2

n
∑

k=1

1
k2

,

��

∞
∑

n=1

an Âñ. �

5 �K�?ê®�u §5.1.2 �SK 2571 �5 2 ¥. ÃØ´�K���O{

�´�Ü�O{3ùpÑ��. éucö, ��� n = m2 − 1, =k an+1 = 1
m2

,

an = 1
(m2 − 1)2

, Ïd��

lim
n→∞

an+1

an

= +∞.

q�±wÑk lim
n→∞

n

√
an = 1, Ïd�Ü�O{���.

SSSKKK 2585(c) ïÄ?ê

∞
∑

n=1

nx

n
∏

k=1

sin2 kα

1 + x2 + cos2 kα
�Âñ5.

J« ù´ÓÒ?ê, ��ÎÒ� x �Ó. x = 0 �w,Âñ. �I?Ø x > 0. P

Ï�� an, Kk

0 6 an 6 bn = nx

(1 + x2)n
.

±e?Ø

∞
∑

n=1

bn �ñÑ5®ØJ. �
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SSSKKK 2589(d) ïÄe�?ê�Âñ5:

√
2 +

√

2 −
√

2 +

√

2 −
√

2 +
√

2 +

√

2 −

√

2 +
√

2 +
√

2 + · · · .

) 1 *	Ï� an =

√

2 −

√

2 + · · · +
√

2
︸ ︷︷ ︸

n �Ò

(n = 1, 2, · · · ), uy§� §1.2.4 �SK

81 (½ §1.5.7 � 5 �SK 637.1) �Ï� xn =

√

2 +

√

2 + · · · +
√

2
︸ ︷︷ ︸

n �Ò

(n = 1, 2, · · · ) �m

k��'X an =
√

2 − xn−1, (n = 2, 3, · · · ). ,��¡, {xn} k�þªaq�4íª

xn =
√

2 + xn−1. ù�Òk (n > 1)

anxn =
√

4 − x2
n−1 =

√

4 − (2 + xn−2) =
√

2 − xn−2 = an−1.

u´Ò�±^�K��'��O{, Ó�|^SK 81 �(Ø lim
n→∞

xn = 2, ��

lim
n→∞

an+1

an

= lim
n→∞

1
xn+1

= 1
2

,

��?êÂñ. �

) 2 (V�) 5SK86é�KkJ«:
√

2 = 2 cos π
4

. ¢Sþù��uSK 81

�) 4 ¥��{. ù�k

xn =

√

2 +

√

2 + · · · +
√

2
︸ ︷︷ ︸

n �Ò

= 2 cos π
2n+1

(n = 1, 2, · · · ),

u´Ò���K�?êÏ��

an =
√

2 − xn−1 = 2 sin π
2n+1

(n = 2, 3, · · · ),

,��^�K��'��O{½�Ü���O{, lÑ. �

SSSKKK 2590 y²: e

lim
n→∞

an+1

an

= q (an > 0),

K an = o(qn

1 ), Ù¥ q1 > q.

) ½Âê� bn =
an

qn

1

(n = 1, 2, · · · ). du

lim
n→∞

bn+1

bn

= lim
n→∞

(

an+1

qn+1

1

·
qn

1

an

)

= lim
n→∞

an+1

an

·
1
q1

=
q

q1

< 1,

¤±�â�K���O{��?ê

∞
∑

n=1

bn Âñ, ÏdÙÏ�ªu 0, =k

lim
n→∞

bn = lim
n→∞

an

qn

1

= 0,

ùÒ´ an = o(qn

1 ) (n → ∞). �
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SSSKKK 2592 (222ÂÂÂ���KKK������'''������OOO{{{) y²: e lim
n→∞

an+1

an

= q < 1 (an > 0),

K?ê

∞
∑

n=1

an Âñ.

_·KØ¤á, ïÄ~f 1
2

+ 1
3

+ 1
22

+ 1
32

+ 1
23

+ 1
33

+ · · · .

5 �K´�K��'��O{��«í2, y²�ë���Ö¥T�O{�y

²�{. _·KØ¤á�~f�®�uSK 2585(b).

5¿ù�´�K��'��O{3�ÑÂñ(Ø��í2. éuuÑ�¹, KÙí

2/ª�: � lim
n→∞

an+1

an

= q > 1 �?ê

∞
∑

n=1

an uÑ.

SSSKKK 2593 y²: eéu?ê

∞
∑

n=1

an (an > 0) �34� lim
n→∞

an+1

an

= q (A), K

lim
n→∞

n

√
an = q (B) ��3.

_·KØ¤á: e4� (B) �3, K4� (A) �±Ø�3. ïÄ~f
∞
∑

n=1

3 + (−1)n

2n+1
.

5 X��!m©¤`, �K�c�K®²�¹3 §1.2.7 �SK 141 ¥.

SSSKKK 2594 (222ÂÂÂ���ÜÜÜ���������OOO{{{) y²: e lim
n→∞

n

√
an = q (an > 0), K (a) �

q < 1 �?ê

∞
∑

n=1

an Âñ; (b) � q > 1 �T?êuÑ.

5 y{��5aq. duþ4�o´�3�, Ïd�� q 6= 1, ¯KÒ)û
. �

SSSKKK 2597(b) ïÄ?ê

∞
∑

n=1

(

1 + cosn
2 + cosn

)2n−ln n

�Âñ5.

) �K���^�K��'��O{½ö�Ü���O{Ñk(J, Ï�Ù¥

�4�´Ä�3ÑéØ�Ù. ,^SK 2594 Jø�2Â�Ü���O{K���B,

Ï�þ4�o´�3�, Û¹���Ñ§��OÒ�±
.

du cosn ∈ (−1, 1), |^¼ê f(x) = 1 + x
2 + x

3 (−1, 1) þî�üN4O (l

f ′(x) = 1
(2 + x)2

> 0 ��), ÏdÒk

0 <
1 + cosn
2 + cosn

<
2
3

.

q|^ 2 −
lnn
n

> 1, Òk

0 < n

√
an =

(

1 + cosn
2 + cosn

)
2−

ln n

n

<
1 + cosn
2 + cosn

<
2
3

,

�� lim
n→∞

n

√
an 6

2
3

, Ïd?êÂñ. �
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5.1.4 ...'''���OOO{{{ÚÚÚpppddd���OOO{{{ (SSSKKK 2598–2606)

ùü��O{´�K��'��O{�uÐ. ¢Sþ3pd�O{¥ (��!m©

��L), XJ an > 0 (n = 1, 2, · · · ), �k±e©)ª:

an

an+1

= λ +
µ

n
+

θn

n1+ε
(Ù¥ |θn| < C, ε > 0),

K� λ > 1 ½ λ < 1 �Ò´�K���O{, � λ = 1 �, 3 µ > 1 �½ µ < 1 �Ò

´.'�O{. pd�O{¤�	Jø�´3 λ = µ = 1 �, ?êuÑ 1©. cJ´U
�

Ñ÷v±þ^��©), =¦� ε > 0, � θn k.,

ùp�±Ö¿�:, =Ø
3Ø��¹�±|^»|dúª½dA�úª�	, e

��·K¤Jø�(Ø3Nõ¯K¥�´ék^�.

···KKK 5.3 � p 6= 0 Ø´K�ê, K¤á

p(p + 1) · · · (p + n − 1)
n!

= O∗

(

1
n1−p

)

(n → ∞). (5.4)

y e p = 1, K�>´ 1, ®¤á. éÙ¦�¹, �©ÛXe:

���ê m, ¦�� k > m �k

∣

∣

∣

1 − p

k

∣

∣

∣
< 1, K� n > m �k

p(p + 1) · · · (p + n − 1)
n!

=
[1 − (1 − p)] · [2 − (1 − p)] · · · · · [n − (1 − p)]

1 · 2 · · · · · n

=

n
∏

k=1

(

1 −
1 − p

k

)

= C1

n
∏

k=m

(

1 −
1 − p

k

)

= C1 exp
[

n
∑

k=m

ln
(

1 −
1 − p

k

)]

= C1 exp
[

− (1 − p)

n
∑

k=m

1
k

+

n
∑

k=m

O
(

1
k2

)]

,

Ù¥� m = 1 �� C1 = 1, ÄK� C1 =

m−1
∏

k=1

(

1 −
1 − p

k

)

, §´� nÃ'�~ê.

|^ ln(1 − t) + t ∼ −
t2

2
(t → 0), ���ê¥�1��Úª¥� O

(

1
k2

)

� 1/k2

�'´� kÃ'�k.þ. du?ê

∞
∑

k=1

1
k2

Âñ, q|^

n
∑

k=1

1
k

� lnn ���k.þ

(� §1.2.3 �'uî.~ê�SK 146), ù�Ò�lþª��:

p(p + 1) · · · (p + n − 1)
n!

= C1 exp[−(1 − p) lnn + C2 + o(1)] (Ù¥ C2 �~ê)

∼
C

n1−p
(Ù¥ C ��"~ê). �

5 ·K 5.3 �úª (5.4) ´�ék^�(J, dd=�����ªXê Cn

m
(Ù¥

m Ø´ 0 Ú��ê) ��Aúª:

1© pd�O{�ù�Ü©�y²� §5.9.3 �SK 3102.
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Cn

m
=

m(m − 1) · · · (m − n + 1)
n!

= (−1)n
(−m)(−m + 1) · · · (−m + n − 1)

n!

= O∗

(

1
nm+1

)

(n → ∞).

úª (5.4) �y²�{éõ, þãy²�g [34] �~K 13.3.2. 3TÖ�~K 13.4.1

Ú 13.4.4 ��Ñ
ü�y², Ù¥�óä=�Ö §5.9 �Ã¡¦ÈÚ³ê¼ê�Ã¡¦

È½Â (��¡� §5.9.3 �SK 3105 9Ù5 2).

SSSKKK 2598 ïÄ?ê
(

1
2

)p

+
(

1 · 3
2 · 4

)p

+
(

1 · 3 · 5
2 · 4 · 6

)p

+ · · · �Âñ5.

) 1 dÏ� an =
( (2n − 1)!!

(2n)!!

)p

(n = 1, 2, · · · ), �é'� an/an+1 ©ÛXe:

an

an+1

=
(

2n + 2
2n + 1

)p

=
(

1 + 1
2n + 1

)p

= 1 +
p

2n
+ O

(

1
n2

)

(n → ∞),

dpd�O{��, � p > 2 �?êÂñ, � p 6 2 �?êuÑ. �

) 2 |^»|dúª (5.2) Òk

an =
( (2n − 1)!!

(2n)!!

)p

∼
(

1√
πn

)p

= O∗

(

1

n
p

2

)

(n → ∞),

=����) 1 �Ó��Y. �

SSSKKK 2599 ïÄ?ê a
b

+
a(a + d)

b(b + d)
+

a(a + d)(a + 2d)

b(b + d)(b + 2d)
+ · · · �Âñ5, Ù¥

a, b, d þ�u 0.

) 1 dÏ� an =
a(a + d) · · · (a + (n − 1)d)

b(b + d) · · · (b + (n − 1)d)
, �é'� an/an+1 ©ÛXe:

an

an+1

= b + nd
a + nd

= 1 + b − a
a + nd

= 1 +
(b − a)

d
·

1
n

+ O
(

1
n2

)

(n → ∞),

dpd�O{��, � (b − a)/d > 1 �?êÂñ, � (b − a)/d 6 1 �?êuÑ. �

) 2 |^·K 5.3 �úª (5.4), �3�"~ê C1 Ú C2, ¦�¤á

an =

a
d

·
(

a
d

+ 1
)

· · ·
(

a
d

+ n − 1
)

b
d

·
(

b
d

+ 1
)

· · ·
(

b
d

+ n − 1
) ∼

C1n!

n
1−

a

d

C2n!

n
1−

b

d

= O∗

(

1

n
b−a

d

)

(n → ∞),

=����) 1 �Ó��Y. �

SSSKKK 2600 ïÄ?ê

∞
∑

n=1

n!en

nn+p
�Âñ5.

) 1 é'� an/an+1 �©ÛXe:
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an

an+1

= 1
e
·
(

n + 1
n

)n+p

= exp
[

(n + p) ln
(

1 + 1
n

)

− 1
]

= exp
[

(n + p)
(

1
n

−
1

2n2
+ O

(

1
n3

))

− 1
]

= exp
[(

p −
1
2

)

1
n

+ O
(

1
n2

)]

= 1 +
(

p −
1
2

)

1
n

+ O
(

1
n2

)

(n → ∞),

dpd�O{��, � p >
3
2

�?êÂñ, � p 6
3
2

�?êuÑ. �

) 2 ^·K 5.2 �dA�úª (5.3) Òk

an ∼
√

2πn ·
1
np =

√
2π ·

1

n
p−

1

2

(n → ∞),

=����) 1 �Ó��Y. �

SSSKKK 2606 y²: éu��?ê

∞
∑

n=1

an (an > 0), e3 n → ∞ �¤á^�

an

an+1

= 1 +
p

n
+ o
(

1
n

)

(n → ∞),

K

an = o
(

1
np−ε

)

(n → ∞),

Ù¥ ε > 0 ´?¿�þ; ¿�e p > 0, K� n → ∞ � an ↓ 0, =l n > n0 m©, an ü

N4~, �3 n → ∞ � an → 0.

) ��y² annp−ε → 0 (n → ∞). æ^·K 5.3 �y{, k

annp−ε = a1

n−1
∏

k=1

[

ak+1

ak

(

1 + 1
k

)p−ε]

= a1e
bn ,

Ù¥

bn =

n−1
∑

k=1

[

(p − ε) ln
(

1 + 1
k

)

− ln
ak

ak+1

]

=

n−1
∑

k=1

[

(p − ε)
(

1
k

+ o
(

1
k

))

−
(

p

k
+ o
(

1
k

))]

= −ε

n−1
∑

k=1

(

1
k

+ o
(

1
k

))

.

d ε > 0 Ú��?ê��dþ�O{��k bn → −∞ (n → ∞), = ebn → 0 (n → ∞),

Ïd��¤�y²� lim
n→∞

annp−ε = 0.

� p > 0 �, l'u
an

an+1

�^���� n ¿©��k an > an+1, =üN4~. q

du ε > 0 ��?¿�, ��� ε < p =�� an → 0. �

5 é�K� ε > 0�?¿�þ��
)º. ù� §1.6 �SK 651(e) �

lnn = o(nε) (n → ∞)

�Ó, =Ù¥ ε > 0ÃØ��o�êo´¤á�, �eé ε0 > 0 ¤á, =�íÑé ε > ε0

�¤á, Ïd�rN�´ ε ��?¿�þ, �Ø� 0.
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5.1.5 ������???êêêñññÑÑÑ555���ÙÙÙ¦¦¦���OOO{{{ (SSSKKK 2614–2615, 2622, 2624–

2625)

��Bå�, ò5SK86¥±SK�/ªJø�Ù¦�O{8¥3ù��!S.

q�
)ºù
�O{XÛ¦^, 3z���O{�Þ��~K, Ù¥�^ü�{ü�

?ê:

∞
∑

n=1

1
n2

Ú

∞
∑

n=1

1
n

. 5¿: éu§�5`, �K��'��O{Ú�Ü���O{

Ñ��.

e¡��O{�±w¤´�Ü���O{�?�ÚuÐ.

SSSKKK 2614 (999rrr���OOO{{{) y²: éu��?ê

∞
∑

n=1

an (an > 0), e� n > n0 �

(1 − n

√
an) n

lnn
> p > 1,

Kd?êÂñ; e� n > n0 �

(1 − n

√
an) n

lnn
6 1,

Kd?êuÑ.

) éc�K, �±���OÏ�Xe:

an 6

(

1 −
p lnn

n

)n

= exp
[

n ln
(

1 −
p lnn

n

)]

= exp
[

n
(

−
p lnn

n
+ O

(

ln2 n

n2

))]

= exp[−p lnn + o(1)] ∼ 1
np (n → ∞),

��?ê

∞
∑

n=1

an Âñ.

é��K, ^�Ó�{��

an >

(

1 −
lnn
n

)n

= exp
[

n ln
(

1 −
lnn
n

)]

= exp
[

n
(

−
lnn
n

+ O
(

ln2 n

n2

))]

= exp[− lnn + o(1)] ∼ 1
n

(n → ∞),

��?ê

∞
∑

n=1

an uÑ. �

~K 1 ^9r�O{?Ø?ê

∞
∑

n=1

1
n2

Ú

∞
∑

n=1

1
n

�ñÑ5.

) éÏ� an = 1/n2, òlÑCþ n U�ëYCþ x, �O�Xe:

lim
x→+∞

(

1 −
1

x

√
x2

)

x
lnx

= lim
x→+∞

(

1 − x
−

2

x

)

x
lnx

= lim
x→+∞

(

1 − e
−

2 ln x

x

)

x
lnx

= lim
x→+∞

[

1 −
(

1 −
2 lnx

x
+ O

(

ln2 x

x2

))]

x
lnx

= 2,

��?ê

∞
∑

n=1

1
n2

Âñ.
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éuÏ� an = 1
n

, |^Ø�ª 1 − e−x < x u x > 0 �¤á, =k

(

1 −
1

n

√
n

)

n
lnn

=
(

1 − e
−

lnn

n

)

n
lnn

< 1,

��?ê

∞
∑

n=1

1
n

uÑ. �

SSSKKK 2615 (éééêêê���OOO{{{) y²: e�3 α > 0, ¦� n > n0 �
ln 1

an

lnn
> 1 +

α (an > 0), K?ê

∞
∑

n=1

an Âñ; e n > n0 �
ln 1

an

lnn
6 1, Kd?êuÑ.

) |^éê¼ê�üN5, � n > n0 �, éc�K=k an 6
1

n1+α
, Ïd?ê

Âñ; é��KKk an >
1
n

, Ïd?êuÑ. �

5 éê�O{Ø�¦?êÏ�üN, ù��Ü���O{�Ó. d	, éê�

O{�.'�O{�'XTX�Ü���O{��K��'��O{�'X (� [34]

§13.2 �öSK 12).

~K 2 ^éê�O{?Ø?ê

∞
∑

n=1

1
n2

Ú

∞
∑

n=1

1
n

�ñÑ5.

) éÏ� an = 1/n2, k

ln 1
an

lnn
= lnn2

lnn
= 2, ��?ê

∞
∑

n=1

1
n2

Âñ.

éÏ� an = 1/n, k

ln 1
an

lnn
= lnn

lnn
= 1, ��?ê

∞
∑

n=1

1
n

uÑ. �

SSSKKK 2622 (���ÜÜÜvvvààà���OOO{{{) y²: ���?ê

∞
∑

n=1

an �Ï�üN4~, K?ê

∞
∑

n=1

an �?ê

∞
∑

n=0

2na2n Ó�Âñ½Ó�uÑ.

) |^Ï� an üN4~, éu k > 1 kØ�ª

2k−1a2k 6 a2k−1+1 + a2k−1+2 + · · · + a2k 6 2k−1a2k−1 .

(~X, éu k = 1, 2, 3 =´ a2 6 a2 6 a1, 2a4 6 a3 + a4 6 2a2, 4a8 6 a5 + a6 +

a7 + a8 6 4a4.)

� k l 1 � n, ò¤��Ø�ª�\, Ò��

1
2

n
∑

k=1

2ka2k 6 a2 + a3 + · · · + a2n 6

n−1
∑

k=0

2ka2k .

��K¥�ü���?ê�Ü©ÚÓ�k.½öÓ�Ã., Ïd(Ø�ý. �
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5 ù��O{���A:´ØI�^'�?ê. 3 [29] ¥Ò´±ù��O{�

Ä:5�ÑNõÄ�(Ø.

~K 3 ^�Üvà�O{?Ø?ê

∞
∑

n=1

1
n2

Ú

∞
∑

n=1

1
n

�ñÑ5.

) éÏ� an = 1/n2, k
∞
∑

n=1

2na2n =

∞
∑

n=1

2n

(2n)2
=

∞
∑

n=1

1
2n ,

§´Âñ�AÛ?ê, ÏdíÑ?ê

∞
∑

n=1

1
n2

Âñ.

éÏ� an = 1/n, k
∞
∑

n=1

2na2n =

∞
∑

n=1

2n

2n =

∞
∑

n=1

1,

Ïd?ê

∞
∑

n=1

1
n

uÑ. �

SSSKKK 2624 (������êêê���ÅÅÅ���OOO{{{) y²: e f(x)�üN4~���¼ê, �

lim
x→+∞

exf(ex)

f(x)
= λ,

K?ê

∞
∑

n=1

f(n) 3 λ < 1 �Âñ, 3 λ > 1 �uÑ.

) Ø��¼ê f(x) 3«m [1, +∞) þ÷vK��^�. u´l�ÜÈ©�O{

��, ?ê

∞
∑

n=1

f(n) �2ÂÈ©

∫
+∞

1

f(x) dx ÓñÑ.

� x1 = 1, x2 = e, · · · , xn = exn−1 , · · · , Kê� {xn} î�üN4Oªu�Ã¡�.

|^È©�Cþ��, Òk∫
xn+1

xn

f(x) dx =
∫
e

xn

e
x

n−1

f(x) dx (��� x = et)

=
∫
xn

xn−1

f(et) et dt.

e λ < 1, Kk λ <
1 + λ

2
< 1. �âK�^�, �3 M > 1, � t > M �, ¤á

etf(et) <
1 + λ

2
f(t),

Ïd� n ¿©��Òk ∫
xn+1

xn

f(x) dx <
1 + λ

2

∫
xn

xn−1

f(x) dx,

ùÒy²
?ê

∞
∑

n=1

∫
xn+1

xn

f(x) dx Âñ (�â�K���O{). du f ���¼ê, Ï

dþã?êÂñ®²�y
2ÂÈ©

∫
+∞

1

f(x) dx Âñ.
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e λ > 1, KlK�^����3 M1, � x > M1 �, ¤á exf(ex) > f(x). Ïdl

c¡�È©��¤���ª�íÑ� n ¿©��k∫
xn+1

xn

f(x) dx >

∫
xn

xn−1

f(x) dx,

Ïd��?ê

∞
∑

n=1

∫
xn+1

xn

f(x) dx �Ï�� n ¿©���üN4O, �,uÑ. �

~K 4 ^��ê�Å�O{?Ø?ê

∞
∑

n=1

1
n2

Ú

∞
∑

n=1

1
n

�ñÑ5.

) éÏ� an = 1/n2, � f(x) = 1/x2, u´k

lim
x→+∞

ex ·
1

e2x

1
x2

= lim
x→+∞

x2

ex = 0,

��?ê

∞
∑

n=1

1
n2

Âñ.

éÏ� an = 1/n, � f(x) = 1/x, Kk

lim
x→+∞

ex ·
1
ex

1
x

= lim
x→+∞

x = +∞,

��?ê

∞
∑

n=1

1
n

uÑ. �

SSSKKK 2625 (ÛÛÛnnn���ÅÅÅdddÄÄÄ���OOO{{{) y²: e��?ê

∞
∑

n=1

an �Ï�üNªu 0,

Kd?ê�?ê

∞
∑

m=0

pm · 2−m Ó�Âñ½Ó�uÑ, Ù¥ pm ´÷vØ�ª

an > 2−m (n = 1, 2, · · · , pm)

�� an ����SÒ.

) Äk��Äê� pm (m = 0, 1, 2, · · · ) �½Â´ÄÜn. lK�^���, XJ

a1 > 1, K pm l m = 0 åÒk½Â. �ÃØXÛ��l,��K�ê m0 m©, pm k

½Â. e m0 > 0, K?ê

∞
∑

m=0

pm · 2−m 3 m < m0 ����±@�Ñ´ 0. �{üå�,

±e� pm l m = 0 åÒk½Â. d	, �wÑ pm üN4O, ��7´î�üN�.

l½Â�±wÑ, � n 6 pm �, an > 2−m; � n > pm �, k an < 2−m. u´é

u pm < pm+1 ��¹, 3ü�?ê�m�3e�Ø�ª

pm+1 − pm

2m+1
6 apm+1 + apm+2 + · · · + apm+1

<
pm+1 − pm

2m .

�
|^þãØ�ª, éu?ê

∞
∑

m=0

pm · 2−m �Ü©Ú�XeC�:
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M
∑

m=0

pm · 2−m = p0 +
p1

2
+ · · · +

p
M

2M

= 2p0 + (p1 − p0) +
p2 − p1

2
+

p3 − p2

4
+ · · · +

p
M

− p
M−1

2M−1
−

p
M

2M
,

,�Ò�±��3ü�?ê�Ü©Ú�m�Ø�ª'X. ��¡k:
p

M
∑

n=0

an =

p0
∑

n=0

an + (ap0+1 + · · · + ap1
) + · · · + (ap

M−1
+1 + · · · + ap

M

)

6

p0
∑

n=0

an + (p1 − p0) +
p2 − p1

2
+ · · · +

p
M

− p
M−1

2M−1

=

p0
∑

n=0

an − 2p0 +
p

M

2M
+

M
∑

m=0

pm · 2−m,

,��¡k:
M
∑

m=0

pm · 2−m
6 2(a1 + · · · + ap0

) + 2(ap0+1 + · · · + ap1
) + · · ·

+ 2(ap
M−1

+1 + · · · + ap
M

) = 2

p
M
∑

n=1

an,

��ü�?ê�ñÑ5´�d�. �

~K 5 ^Ûn�ÅdÄ�O{?Ø?ê

∞
∑

n=1

1
n2

Ú

∞
∑

n=1

1
n

�ñÑ5.

) éÏ� an = 1/n2, �¦�

an = 1
n2

>
1

2m ,

K n �����l n2
6 2m )Ñ, =�� pm = [2

m

2 ]. u´��k

pm · 2−m
6

2
m

2

2m 6
1

2
m

2

=
(

1√
2

)m

,

Ïd

∞
∑

m=0

pm · 2−m Âñ, líÑ

∞
∑

n=1

1
n2

Âñ.

éÏ� an = 1/n, �¦�

an = 1
n

>
1

2m ,

K n �����l n 6 2m )Ñ, =´ pm = 2m. u´��?ê

∞
∑

m=0

pm · 2−m ´z��

�u 1 �?ê, líÑ

∞
∑

n=1

1
n

uÑ. �

5.1.6 ,,,KKK (SSSKKK 2607–2613, 2616–2621, 2626–2654)

ù
SKÌ�´?êñÑ5��½, Ù¥¤^��{Ø
�K��'��O{Ú
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�Ü���O{�	, �õ�´¦^�!m©��O{�L¥�'��O{ II, =^

(�¡� p ?ê�)

∞
∑

n=1

1
np �'�?ê. ùÒ´± n → ∞ �� 1

n
���Ã¡�þ, ,

�¦Ñ?êÏ��Ã¡�þ��ê. d	, �kØ�¦^�ÜÈ©�O{�~f.

e¡Þ�
~f, k���ÑJ«.

SSSKKK 2612 ïÄÏ�� an =
[

e −
(

1 + 1
n

)n]p

�?ê�Âñ5.

J« |^ §2.9.1 "�SK 1359, -Ù¥� x = 1/n, =�(½�K��)ÒS�

L�ª� n → ∞ ����Ã¡�þ, u´ an Ò´ p �Ã¡�þ, l� p > 1 �?ê

Âñ, � p 6 1 �?êuÑ. �

SSSKKK 2617 ïÄÏ�� an = 1
(ln lnn)ln n

(n > 1) �?ê�Âñ5.

) eòÏ��©1�� nx(n), u�ª nx = (ln lnn)ln n ü>�éê=k x lnn =

lnn · ln ln lnn, u´�� x(n) = ln ln lnn. ù�ÒòÏ�U��

an = 1
nln ln lnn

.

�,ù��ê x = x(n) � n k', ��±|^� n → ∞ � x(n) ªu�Ã¡�, ��

�3 N , ¦�� n > N �, k x(n) > 2, l¦� an <
1
n2

, Ïd?êÂñ. �

SSSKKK 2619(a) |^�ÜÈ©�O{, ïÄÏ�� an = 1
n lnp n

(n > 1) �?ê�

Âñ5.

) 1 � n → ∞ �®�é?Û ε > 0 Ñk lnn = o(nε), ÏdùpØU(½Ï�

an (n = 1, 2, · · · ) ªu 0 �(��ê, ,^�ÜÈ©�O{%�±ò�K�?ê�ñ

Ñ5�d/=��2ÂÈ©

∫
+∞

2

dx
x lnp x

�ñÑ5.

� p = 1 �, k∫
+∞

2

dx
x lnx

= lim
b→+∞

∫
b

2

dx
x lnx

= ln lnx

∣

∣

∣

b

2

= +∞,

��È©uÑ, l?êu p = 1 ��uÑ.

� p 6= 1 �, k∫
+∞

2

dx
x lnp

x
= lim

b→+∞

∫
b

2

dx
x lnp

x
= lim

b→+∞

1
1 − p

ln1−p
x

∣

∣

∣

b

2

,

=���� p > 1 �È©Âñ, � p < 1 �È©uÑ, l?ê�´Xd. �

) 2 ^ §5.1.5 �SK 2624 ���ê�Å�O{. ù� f(x) = 1
x lnp x

, Ïdk

exf(ex)

f(x)
=

ex ·
1

ex[ln(ex)]p

1
x lnp x

= lnp
x

xp−1
,

u´Ò��� p > 1 �?êÂñ, � p 6 1 �?êuÑ. �
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SSSKKK 2620(b) ïÄ?ê

∞
∑

n=1

ν(n)

n2
�Âñ5, Ù¥ ν(n)�ê n � ê.

J« Ì�´XÛL� ν(n). éu n ��? �L« (�Ù¦? ����), k

10ν(n)−1
6 n < 10ν(n),

u´=��� ν(n) = [lg n + 1]. ±elÑ. �

SSSKKK 2621 � λn (n = 1, 2, · · · ) �g´�§ tan x = x �����, ïÄ?ê
∞
∑

n=1

λ−2

n
�Âñ5.

J« *	��¼ê y = tanx �ã� (�1�þN¹��SK 289 Ú 378)

��� y = x ��:, ���§ tan x = x �l����1 n ��� λn 3«m

[(n − 1)π,
(

n −
1
2

)

π] S, ù�Ò�±���O λ−2

n
<

1
(n − 1)2π2

(n = 2, 3, · · · ). �

SSSKKK 2630 ïÄ?ê

∞
∑

n=1

ln(n!)
nα �Âñ5.

) 1 [6] 3 k > 3 �k ln k > 1, ÏdkØ�ª

n − 1 6 lnn! = ln 2 + ln 3 + · · · + lnn 6 (n − 1) lnn.

e α 6 2, K^�>�Ø�ªÒk
lnn!
nα >

n − 2
nα , ���?êuÑ.

e α > 2, K^m>�Ø�ªÒk
lnn!
nα 6

(n − 1) lnn

nα , ���?êÂñ. �

) 2 (V�) ÏÏ��©f��� ln 2 + · · ·+ lnn, �±^�÷�]½n (� §1.2.7

�SK 143) ©Û4�

lim
n→∞

ln(n!)
nα

1
np

= lim
n→∞

ln(n!)

nα−p
,

�y²� α − p 6 1 ����~4� +∞, � α − p > 1 �4�� 0. ,�^'��O

{ II íÑ� α 6 2 �?êuÑ, � α > 2 �?êÂñ. �

SSSKKK 2633 ïÄ?ê

∞
∑

n=1

(n
1

n2+1 − 1) �Âñ5.

J« òÏ��¤� e
ln n

n2+1 − 1, ,�^ ex − 1 ∼ x (x → 0). �

SSSKKK 2636 ïÄ?ê

∞
∑

n=1

(

cos a
n

)n
3

�Âñ5.

J« e a = 0 KÏ��u 1. éu a 6= 0, �ò n

√
an �¤� e

n
2
ln cos

a

n , ,�O�

§3 n → ∞ ��4�. �
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SSSKKK 2638 ïÄ?ê

∞
∑

n=1

n!

n
√

n
�Âñ5.

J« éÏ��©f, |^
n

√
n! ∼ n

e
(� §1.2.7 �SK 142 ½^ §5.1.3 �·K 5.2

�dA�úª), qéÏ��©1k (n
√

n)
1

n = n
1

√

n = e
ln n
√

n → 1 (n → ∞). �

SSSKKK 2639 ïÄ?ê

∞
∑

n=2

nlnn

(lnn)n
�Âñ5.

J« ^�Ü���O{, é©fk n
ln n

n = e
ln

2
n

n → 1 (n → ∞). �

SSSKKK 2640 ïÄ?ê

∞
∑

n=1

(

a
1

n −
b

1

n + c
1

n

2

)

(a > 0, b > 0, c > 0) �Âñ5.

J« éu a
1

n , b
1

n Ú c
1

n |^ ax = 1 + x ln a + x2

2
ln2 a + O(x3) (x → 0) ��

Vúª. �

SSSKKK 2641 ïÄ?ê

∞
∑

n=1

(nn
α

− 1) �Âñ5.

J« �k� α < 0 �Ï�ªu 0. òÏ��¤� en
α

ln n − 1, ,�^ ex − 1 ∼

x (x → 0). �

SSSKKK 2643 ïÄ?ê

∞
∑

n=1

a−(b lnn+c ln
2

n) (a > 0) �Âñ5.

) (V�) 3 a 6= 1 �, ò a �� eln a, Ò�±òÏ�U��

an = elnn(−b lna−c ln a lnn) = 1
nb ln a+c ln a ln n

,

,�© c = 0 Ú c 6= 0 ?Ø=�. ��^ §5.1.5 �SK 2615 �éê�O{�)û. �

SSSKKK 2652 ïÄÏ�� un =

n
∑

k=1

ln2 k

nα �?ê�Âñ5.

J« dÏ�©f�L�ª��Ä^�÷�]½nïÄÙ�. �

5.1.7 ???êêê���{{{������OOO (SSSKKK 2623, 2655)

éuÂñ?ê5`, nØþo�±^ÙÜ©Ú5Cq?ê�Ú. �?ê

∞
∑

n=1

an Â

ñ, �Ùc n ��\��Ü©Ú Sn, §�?êÚ��Ò´{�
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Rn =

∞
∑

k=n+1

an.

l½Â��, {� Rn �éÂñ?êâk¿Â, �7½k lim
n→∞

Rn = 0.

¯K´3�½°Ý�¦�I�O�õ��ê. �d�é{��¦�U(���O.

SSSKKK 2655(a) éu?ê

∞
∑

n=1

1
n2

, ��A�õ��5¦?ê�Ú��°(� 10−5?

) 1 �K�{���OXe:

Rn =

∞
∑

k=n+1

1
k2

<

∞
∑

k=n+1

1
(k − 1)k

= lim
N→∞

N
∑

k=n+1

1
(k − 1)k

= lim
N→∞

[(

1
n

−
1

n + 1

)

+ · · · +
(

1
N − 1

−
1
N

)]

= lim
N→∞

(

1
n

−
1
N

)

= 1
n

,

u´�
 Rn < 10−5, I�� n > 105.

^ Mathematica �O�Ñ�K�?êÚ�c 7 °(êi� 1.644 934, �?ê

�c 105 ����Ü©Ú� 1.644 924, ��þã{��O´'�O(�. �

) 2 |^ f(x) = 1
x2

î�üN4~ (ë�«¿

ã), éu k > 1 k∫
k+1

k

dx

x2
<

1
k2

<

∫
k

k−1

dx

x2
,

� k l n + 1 �Ã¡�, ¿òù
È©�\, Ò��

{� Rn �È©�O:
∫
∞

n+1

dx

x2
< Rn =

∞
∑

k=n+1

1
k2

<

∫
∞

n

dx

x2
,

�Ò´k
1

n + 1
< Rn <

1
n

. ±elÑ. �

xk−1 k k+1

y=
f(x)

SK 2655(a) ) 2 �«¿ã

5 �K�?ê¦Ú3êÆ¤þ±nl�¯KÍ¡. ���NõÍ¶êÆ[, Ù¥

�)4ÙZ]Úä�Ù · Ëã|�, Ñ}ÁL¦ÙÚ. nl�¯K���î.)û.

e¡Uì [10] {�/0��dKk'�{¤. Xc¤ã, ?ê�Ü©Ú� n O\�

Âñ��Ý�~ú. �±O�Ñ S10 ≈ 1.549 77, S100 ≈ 1.634 98, S1000 ≈ 1.643 93, Ù

¥������kO(��ê:��ü . dd��, �lù��ê�O�5ßÿ?ê

ÚÄ¾�u�o´�(J
.

î.�lê�¢�m©. ¦|^
¼ê�?êÅ�È©��{¦Ñ
þã?ê

Ú�,��Ã¡?êL�ª, �IO�Ù 14 �Ò�� S ≈ 1.644 934. ,�î.q

|^a'{¦Ñ
?ê�O(Ú� S = π2

6
. ù���wq²��?ê�ÚØ,¬
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��±Çk', ¢3´X�vk���. �,î.��¤^��{�Øî�, �du

π2/6 ≈ 1.644 934 067, c 7 �î.�ê�¢����Ó, ÏdÙ�(5´Ã<~¦�.

���J��´, î.�<3���ØUò¦��{��î�z, u´¦3�5q�Ñ

O�T?êÚ�Ù¦��î���{, ���Ó�(J 1©.

lî.�þãó��±éX�î.�e�¶ó:

“êÆù��Æ, I�*	, �I�¢�”,

§A�´·�ÆSêÆ��mµ.

SSSKKK 2655(b) éu?ê

∞
∑

n=1

2n

(n + 1)!
, ��A�õ��5¦?ê�Ú��°(�

10−5?

) |^ §1.2.3 �SK 72 ¥�{��O�{, Òk

Rn =
∞
∑

k=n+1

2k

(k + 1)!
= 2n+1

(n + 2)!

(

1 + 2
n + 3

+ 22

(n + 3)(n + 4)
+ · · ·

)

<
2n+1

(n + 2)!

(

1 + 2
n + 3

+ 22

(n + 3)2
+ · · ·

)

= 2n+1

(n + 2)!
·

1

1 −
2

n + 3

= 2n+1

(n + 2)!
·

n + 3
n + 1

.

dd=�O�Ñ� n = 10 �k Rn < 5 × 10−6 < 10−5. Ïd�?ê�c 10 �=�÷

v�¦.

ÆL�V?ê�ÖöØJwÑ�K�?êÚ� 1
2

(e2 − 3), Ù 7 °(êi�Cq

�� 2.194 528, �?êc 10 O����Cq�´ 2.194 523, ÏdþãØ��O´

'�O(�. �

5 é'±þü�K, �±w�3Ü©Úê�Âñ�Ýé¯��¹e, �I�O�

?ê¥Øõ�cA��\Ò�Uéu¤�¦�?êÚ����°(�Cq�. éuS

K 2655(c) (='u?ê

∞
∑

n=1

1
(2n − 1)!

�Ú�CqO�) ^Ó���{�±��, �I

��?ê¥�c 4 �Ò�±��Ø��u 10−5 �Ð(J.

ùp^B�±J�, 3��¥Æ)��ÊÖÔ [19] ¥0�
Ø�Ã¡?ê¦Ú�

�£, Ù¥����!“?ê

∞
∑

n=1

1
n2

�ìC�”¤?Ø�¯KÒ´c¡�SK 2655(a)

¥�CqO�.

1© 'uî.¤^�a'{�±ëw [34] �~K 13.4.3, 3Ù5 3 ¥0�
î.���g´. 3�Ö�

§5.4.5 �~K 2 ¥�Ñ
nl�¯K��«){. d	, ��±|^Fp�?êÐmª¦�nl�¯K�),

� §5.6.1 �SK 2942, 2961(a) �.
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§5.2 CCCÒÒÒ???êêêÂÂÂñññ555������OOO{{{ (SSSKKK 2656–2705)

SSSNNN{{{000 �!�SK©�ü��!. 1��!´éuCÒ?ê�ñÑ5�½, 1

��!K´�^�Âñ?ê¤äk�A5k'�SK, Ù¥�)y²KÚCqO��

SK, k�Kéu1��!�ñÑ5�½k��5¿Â, �k�
Kk���JÝ.

5.2.1 CCCÒÒÒ???êêê���ñññÑÑÑ555���½½½ (SSSKKK 2659–2661, 2664–2689, 2691–

2700)

XJ3���?ê¥�kk����, Ù{þ����, ½ö��, K3ñÑ5�

O¯Kþ�ÓÒ?êÃ�O. Ïd�!¤'%�CÒ?êÌ�´�QkÃ�õ���

qkÃ�õ�K��?ê. qò�������K�CÒ?ê¡���?ê.

X��Ö¤`, ùpI��Äò?ê�z���ýé�����#?ê. ��Bå

�, òù�?ê¡��?ê�ýé�?ê. XJ§Âñ, Ò¡�?ê�ýéÂñ.

ýéÂñ�?ê7½Âñ, ù´��Ä�½n (F"ÐÆöU
�ÑÙy²).

3�½���?ê´ÄýéÂñ�, �Ä�´ýé�?ê, Ïd�±é§A^ §5.1

¥�¤k�O{.

XJýé�?ê�Ï�Øªu 0, ½ö^�K��'��O{Ú�Ü���O{�

½ýé�?êuÑ, KÓ�Ò��T?ê�Ï�Øªu 0, Ïd�5�?ê7½uÑ. ,

Ød�	, e^ §5.1 ¥�,��{�½ýé�?êuÑ�, ¿ØUíÑ�?ê´uÑ

�´Âñ (ù�eÂñÒ´^�Âñ).

�½���?êÂñ��{, 3õê��Öþ, Ø
�ÜOK�	, Ì�´4ÙZ

]�O{ 1©!C���O{Ú)|�X�O{.

3�½���?êñÑ5�, �5¿ü:: (1) ØU�B¦^ÓÒ?ê��dþ�

O{ (ë� §5.2.1 �SK 2670, §5.2.2 �SK 2701 �); (2) 3�½,?ê�Âñ�, Ø

Un,ä½§�^�Âñ.

A�5¿, 3���?ê¥, ýéÂñ�?êÚ^�Âñ�?êkNõ��5��

É, � §5.2.2 �SK 2702.1. q�±é' §5.1.7 �SKÚ §5.2.2 �SK 2703, ùL²3

CqO��{��O�¡, ýéÂñ?êÚ^�Âñ?ê´��ØÓ�. ÏdéuÂñ

����?ê5`, �½§Ä¾´ýéÂñ�´^�Âñ´���¯K.

Ø
þãA��O{�	, 3���?ê�Âñ5�½¥  �I�Ù¦��{

ÚE|, ~X\{(ÜÆ�¦^�.

£� §5.1.1 ¥�SK 2554–2556, ��éuÂñ?ê�\{(ÜÆ¤á. ��, 3

\)Ò��?êÂñ�, éuÓÒ?ê5`, �5�?ê��½Âñ. ,, éu���

?ê, K�?ê�7Âñ. ù�e�·K (±9SK 2657)  k^.

1© q~¡÷v4ÙZ]�O{^��?ê�4ÙZ].?ê, ù�Ò´Ï�ýé�üN4~ªu 0 ��

�?ê.
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···KKK 5.4 XJ?ê

∞
∑

n=1

an ���#|Ü����?ê

∞
∑

n=1

An Âñ, �z��

An ¤�¹��?ê���ÓÒ, K

∞
∑

n=1

an �Âñ.

y P�?ê�Ü©Úê�� {Sn}, q� p0 = 0, P

Ak = apk−1+1 + · · · + apk
(k = 1, 2, · · · ),

K|Ü��?ê

∞
∑

n=1

An �Ü©ÚÒ´�Ü©Úê� {Sn} ���f� {Spn
}n>1.

u´l|Ü��?êÂñ��ê� {Sn} k��f�Âñ. qduz�� An ¥¤

�¹��?ê��ÓÒ, Ïd� n = 1, 2, · · · , p1 �, Ü©Ú Sn ?u 0 � Sp1
�m, �

n > p1 �, K Sn ?uf���Uü��m. dd��ê� {Sn} Âñ. �

SSSKKK 2659 y²?ê 1 −
3
2

+ 5
4

−
7
8

+ · · · Âñ¿¦ÙÚ.

J« lÏ� an =
(−1)n−1(2n − 1)

2n−1
�y²§÷v4ÙZ]�O{�^�, Ïd

Âñ. Ù¦Ú�ë� §5.1.1 �SK 2548 ¥��{. �

SSSKKK 2661 y²?ê 1 −
1
2

+ 1
3

−
1
4

+ 1
5

−
1
6

+ · · · Âñ¿¦ÙÚ.

) 1 ^4ÙZ]�O{=�ÙÂñ. |^�î.~êk'�NÚ?êÜ©Ú�ú

ª (� §1.2.3 �SK 146):

1 + 1
2

+ · · · + 1
n

= lnn + C + o(1) (n → ∞),

Òk

1 −
1
2

+ 1
3

−
1
4

+ · · · + 1
2n − 1

−
1
2n

=
(

1 + 1
2

+ 1
3

+ 1
4

+ · · · + 1
2n− 1

+ 1
2n

)

− 2
(

1
2

+ 1
4

+ · · · + 1
2n

)

= ln(2n) − lnn + o(1) → ln 2 (n → ∞). �

) 2 ¦Ú�,���{´|^k©=ð�ª, =l) 1 �í�¥���

1 −
1
2

+ 1
3

−
1
4

+ · · · + 1
2n − 1

−
1
2n

=
(

1 + 1
2

+ 1
3

+ 1
4

+ · · · + 1
2n− 1

+ 1
2n

)

− 2
(

1
2

+ 1
4

+ · · · + 1
2n

)

= 1
n + 1

+ 1
n + 2

+ · · · + 1
2n

,

ù�Òò¯K8(� §4.2.2 �SK 2220, �Ò´ §1.2.3 �SK 147. �

SSSKKK 2665(b) ïÄ?ê 1+ 1
2

+ 1
3
−

1
4
−

1
5
−

1
6

+ 1
7

+ 1
8

+ 1
9
−· · · �Âñ5.

) 1 òz��ýé���?êuÑ, Ïd�K�?êØ�UýéÂñ.

�±òù�?êw¤�e�n�4ÙZ].?ê�Ú:
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1 −
1
4

+ 1
7
− · · · ,

1
2
−

1
5

+ 1
8
− · · · ,

1
3
−

1
6

+ 1
9
− · · · ,

duÙ¥z��?êÑÂñ, Ïd�K�?êÂñ, ��^�Âñ. �

) 2 (V�) �K�lÞm©òzn�\)Ò����#?ê, ,�^4ÙZ]�

O{íÑÙÂñ. ���±^·K 5.4 (½ §5.2.2 �SK 2657) íÑ�?êÂñ. �

SSSKKK 2666 �3

∞
∑

n=1

(−1)nbn ¥ bn > 0, �� n → ∞ � bn → 0. dd´Ä��T

?êÂñ? �	~f
∞
∑

n=1

(−1)n ·
2 + (−1)n

n
.

) �K�8�´�`², 34ÙZ]�O{¥, bn üNªu 0 �^�ØU~f�

==´ bn → 0 (n → ∞). ¤Þ�~fé{ü, §´��?ê, �lÙÏ��Xe©):

(−1)n ·
2 + (−1)n

n
=

(−1)n2
n

+ 1
n

,

Ò�±l

∞
∑

n=1

(−1)n2
n

ÂñÚNÚ?êuÑíÑT?ê´uÑ�. �

SSSKKK 2667 ïÄ?ê

∞
∑

n=1

ln100 n
n

sin nπ
4

�Âñ5.

) 1 ò���ýé�, ��wÙ¥ n = 4k + 2 ��, Kk
∣

∣

∣

ln100(4k + 2)
4k + 2

sin
(4k + 2)π

4

∣

∣

∣
=

ln100(4k + 2)
4k + 2

>
1

4k + 2
,

Ò���5�?êØ�UýéÂñ.

du n� 4 ��ê��?ê�� 0, Ïd�±òT?êw¤�e�n�?ê�Ú:
√

2
2

∞
∑

k=0

(−1)k
ln100(4k + 1)

4k + 1
,

∞
∑

k=0

(−1)k ln100(4k + 2)
4k + 2

,

√
2

2

∞
∑

k=0

(−1)k
ln100(4k + 3)

4k + 3
.

,�é f(x) = ln100 x
x

¦��� f ′(x) = ln99 x

x2
(100− lnx), ��� n ¿©��þãn

�?êÑ�^4ÙZ]�O{�½�Âñ, l�5�?êÂñ, ��^�Âñ. �

) 2 (V�) Xþ|^ f(x) = ln100
x

x
y²Ï��1��Ïf� n ¿©��üN

4~ªu 0, 5¿�1��Ïf'u n�±Ï 8 �ê�, �3��±Ïþ�Ú� 0, ù�

Ò�±^)|�X�O{��?êÂñ. ,�|^) 1 ��{½ö
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∣

∣

∣
sin nπ

4

∣

∣

∣
> sin2 nπ

4
= 1

2
−

1
2

cos nπ
2

,

Ò�±y²�K�?ê�^�Âñ (ë���!�¡�SK 2696(a)). �

SSSKKK 2668 ïÄ?ê

∞
∑

n=1

(−1)n sin2 n
n

�Âñ5.

) k|^

(−1)n sin2 n
n

=
(−1)n

2n
−

(−1)n

2n
cos 2n,

ò�?ê©)�^�Âñ�?ê
1
2

∞
∑

n=1

(−1)n

n
�?ê

1
2

∞
∑

n=1

(−1)n cos 2n

n
�Ú.

é1��?ê, �±y²

n
∑

k=1

(−1)k cos 2k 'u n k.. �d���ì §2.1.4 ¥�S

K 1024(a) ��{, |^ 2 cos 1 cos 2k = cos(2k + 1) + cos(2k − 1), Òk

2 cos 1[− cos 2 + cos 4 − · · · + (−1)n cos 2n]

= −[cos 1 + cos 3] + [cos 3 + cos 5] − · · · + (−1)n[cos(2n − 1) + cos(2n + 1)]

= (−1)n cos(2n + 1) − cos 1,

��
∣

∣

∣

n
∑

k=1

(−1)k cos 2k

∣

∣

∣
6

1
cos 1

. u´l)|�X�O{��1��?êÂñ, l�

?êÂñ.

ò�?ê����ýé��, �|^
sin2 n

n
= 1

2n
(1 − cos 2n), òýé�?ê©)

�uÑ?ê 1
2

∞
∑

n=1

1
n

�,��?ê 1
2

∞
∑

n=1

cos 2n
n

�Ú. ,�^aq��{y²1�

�?êÂñ, l���5�?ê�^�Âñ. �

SSSKKK 2670 ïÄ?ê

∞
∑

n=2

(−1)n

√
n + (−1)n

�Âñ5.

) 1 duòÏ��©1�K (−1)n �¤��?êÂñ, u´��©)Xe:
∞
∑

n=2

(−1)n

√
n + (−1)n

=
∞
∑

n=2

(−1)n

√
n

−

∞
∑

n=2

1√
n(
√

n + (−1)n)
.

ù�m>1��?ê�ÓÒ?ê, �l'��O{��dþ/ª��§�NÚ?ê�

�´uÑ�, Ïd�K�?êuÑ. �

) 2 lÞm©ézü�\)Ò, K����#?ê
(

1√
2 + 1

−
1√

3 − 1

)

+ · · · +
(

1√
2k + 1

−
1√

2k + 1 − 1

)

+ · · · ,

ÙÏ��

Ak = 1√
2k + 1

−
1√

2k + 1 − 1
=

√
2k + 1 −

√
2k − 2

(
√

2k + 1)(
√

2k + 1 − 1)
< 0,
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Ïd´ÓÒ?ê. l

Ak ∼
−2 + o(1)

2k
∼ −1/k (k → ∞)

��T?êuÑ, l (�â §5.1.1 �SK 2554) �?ê��½uÑ. �

) 3 [6] òÏ��©f©1Ó¦±
√

n − (−1)n, Ò�ò�?ê©)Xe:
∞
∑

n=2

(−1)n

√
n + (−1)n

=

∞
∑

n=2

(−1)n
√

n

n − 1
−

∞
∑

n=2

1
n − 1

.

du1��?êuÑ, q�^4ÙZ]�O{��1��?êÂñ, l���?ê

uÑ. �

5 �K�?êÏ�w,�du
(−1)n

√
n

(n → ∞), 

∞
∑

n=2

(−1)n

√
n

%´Âñ?ê,

��éuCÒ?êØU�¿¦^ §5.1 ¥��dþ�O{.

SSSKKK 2671 ïÄ?ê

∞
∑

n=1

sin
(

π
√

n2 + k2
)

�Âñ5.

) (V�) |^ sin(x − nπ) = (−1)n sin x, �éÏ��Xe©Û:

sin
(

π
√

n2 + k2
)

= (−1)n sin
(

π
√

n2 + k2 − nπ
)

= (−1)n sin
( πk2

√
n2 + k2 + n

)

,

,�|^ sin x � |x| ¿©��üN, ��� n ¿©���±^4ÙZ]�O{��?

êÂñ. òÏ��ýé��, �±l'��O{��dþ/ª��?êuÑ. Ïd�K

�?ê�^�Âñ. �

SSSKKK 2672 ïÄ?ê

∞
∑

n=1

(−1)[
√

n ]

n
�Âñ5.

) (©Û{) l?ê�1��å, ò�U�ÓÒ�|Ü (=\)Ò) ��#?ê
∞
∑

k=1

Ak, Ù¥

A1 = −1 −
1
2

−
1
3

, A2 = 1
4

+ 1
5

+ 1
6

+ 1
7

+ 1
8

, · · · ,

Ak = (−1)k

(

1
k2

+ 1
k2 + 1

+ · · · + 1
(k + 1)2 − 1

)

, · · · .

XJU
y² |Ak| üN4~ªu 0, KÒ�±^4ÙZ]�O{��#�?êÂñ. ,

�2^·K 5.4 ÒíÑ�?êÂñ. §�,´^�Âñ.

|^È©�O (ë� §5.1.7 �SK 2655(a) �«¿ã), Òk∫
(k+1)

2

k2

dx
x

< |Ak| <

∫
(k+1)

2
−1

k2
−1

dx
x

,

Ïd�
ïá |Ak+1| < |Ak|, ��y²

(|Ak+1| <)
∫
(k+2)

2
−1

(k+1)2−1

dx
x

<

∫
(k+1)

2

k2

dx
x

(< |Ak|).
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¦Ñ¥m�ü�½È©, ¿|^e��d'X:

ln
( (k + 2)2 − 1

(k + 1)2 − 1

)

< ln
( (k + 1)2

k2

)

⇐⇒ k2[(k + 2)2 − 1] < (k + 1)2[(k + 1)2 − 1]

⇐⇒ k4 + 4k3 + 3k2 < k4 + 4k3 + 5k2 + 2k,

��'u

∞
∑

k=1

Ak �4ÙZ].?ê�ßÿ¤á, Ïd�K�?êÂñ. �

SSSKKK 2675 ïÄ?ê

∞
∑

n=1

(−1)n−1

np �ýéÂñ5Ú^�Âñ5.

) (V�) ù´��Ä�K. N´wÑ, � p > 1 �?êýéÂñ, � p 6 0 �?

êÏ�Ø´Ã¡�þ, ÏduÑ.

éu{e��¹, = 0 < p 6 1, l4ÙZ]�O{��?êÂñ, �Ï��ýé

��, ���?êuÑ, Ïd�?ê�^�Âñ. �

SSSKKK 2677 ïÄ?ê

∞
∑

n=2

ln
[

1 +
(−1)n

np

]

�ýéÂñ5Ú^�Âñ5.

) �k� p > 0 �?ê�z��âk¿Â, ÏdØI�?Ø p 6 0.

l | ln(1 + x)| ∼ |x| (x → 0) �� p > 1 ´?êýéÂñ�¿�^�.

éu 0 < p 6 1 �±æ^|Ü�{. P?êÏ�� an, l n = 2 åòzü�\)Ò,

Kéu n = 2k k

a2k + a2k+1 = ln
[

1 + 1
(2k)p

]

+ ln
[

1 −
1

(2k + 1)p

]

= ln
[

1 +
(2k + 1)p − (2k)p − 1

(2k)p(2k + 1)p

]

,

u´� p = 1 � a2k + a2k+1 = 0, ��

∞
∑

k=1

(a2k + a2k+1) Âñ. ^ §5.2.2 �SK

2657 �(Ø���?ê^�Âñ.

du3 0 < p < 1 �,

(2k + 1)p − (2k)p = (2k)p

[(

1 + 1
2k

)p

− 1
]

∼
p

(2k)1−p
(k → ∞),

Ïd§´Ã¡�þ. u´éu n = 2k k

an + an+1 ∼ −
1

n2p
(n → ∞),

Ïd?ê

∞
∑

k=1

(a2k + a2k+1) ´ÓÒ?ê. u´� 1
2

< p < 1 �Âñ, � 0 < p 6
1
2

�

uÑ. lSK 2657 �íÑ� 1
2

< p < 1 ��?ê^�Âñ, l §5.1.1 �SK 2554 �

íÑ� 0 < p 6
1
2

��?êuÑ. �
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SSSKKK 2683 ïÄ?ê

∞
∑

n=1

(−1)n n − 1
n + 1

·
1

100
√

n
�ýéÂñ5Ú^�Âñ5.

) ^4ÙZ]�O{��?ê

∞
∑

n=1

(−1)n

100
√

n
Âñ. ,�|^Ïf

n − 1
n + 1

üNk

., Ò�±^C���O{���K?êÂñ. ePÏ�� an, Kk |an| ∼
1

100
√

n
, Ï

dT?ê�^�Âñ. �

SSSKKK 2691 ïÄ?ê

∞
∑

n=1

sin n2 �Âñ5.

) (� §5.1.1 �SK 2553 aq.) ^�y{. e?êÂñ, Kk lim
n→∞

sin n2 = 0.

ù��k lim
n→∞

sin(n + 1)2 = 0. u´Òk

sin(2n + 1) = sin[(n + 1)2 − n2]

= sin(n + 1)2 cosn2 − cos(n + 1)2 sinn2 → 0 (n → ∞).

dd���k lim
n→∞

sin(2n − 1) = 0. u´q�íÑ

sin 2 = sin[(2n + 1) − (2n − 1)]

= sin(2n + 1) cos(2n − 1) − cos(2n + 1) sin(2n − 1) → 0,

ù� sin 2 6= 0 �gñ. Ïd�?êuÑ. �

SSSKKK 2692 �

R(x) =
a0x

p + a1x
p−1 + · · · + ap

b0x
q + b1x

q−1 + · · · + bq

�kn¼ê, Ù¥ a0 6= 0, b0 6= 0, �� x > n0 � |b0x
q + b1x

q−1 + · · · + bq| > 0. ïÄ

?ê
∞
∑

n=n0

(−1)nR(n)

�ýéÂñ5Ú^�Âñ5.

) ^�dþ�O{, l |R(n)| ∼
|a0|

|b0|
np−q (n → ∞) ��� q − p > 1 �?êý

éÂñ, � q − p 6 0 �?êuÑ.

du©f©1Ñ´õ�ª, {e�k q = p + 1 I�?Ø.

Xþ¤ã, ù�ýéÂñ´Ø�U�. d q = p + 1 ��k R(+∞) = 0. q�±

y²� x ¿©��¼ê R(x) î�üN (� §2.7.1 �SK 1282), Ïdê� R(n) (n =

n0, n0 + 1, · · · ) � n ¿©��î�üN (4O½4~) ªu 0, l^4ÙZ]�O{�

�?ê

∞
∑

n=n0

(−1)nR(n) Âñ, ��U´^�Âñ. �
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SSSKKK 2693 ïÄ?ê 1
1p −

1
2q + 1

3p −
1
4q + 1

5p −
1
6q + · · · �Âñ5.

) N´wÑ� min{p, q} > 1 �?êýéÂñ, � min{p, q} 6 0 �?ê�Ï�

Ø´Ã¡�þ, ÏduÑ.

ò?ê��

∞
∑

n=1

1
(2n − 1)p

�

∞
∑

n=1

1
(2n)q

�Ú, Ò�±wÑ� 0 < q < 1 < p ½

0 < p < 1 < q �, ü�?ê¥��Âñ, ,��uÑ, Ïd�5�?êuÑ.

{e�´ 0 < p, q 6 1 ��¹. qØJuy, � 0 < p = q 6 1 �?ê�^�Âñ.

��, éu 0 < p, q 6 1 � p 6= q ��¹, �±��O�?ê�c 2n ��Ú. ò§

P� S2n, Kk

S2n =
(

1 + 1
3p + · · · + 1

(2n − 1)p

)

−
(

1
2q + 1

4q + · · · + 1
(2n)q

)

,

ØJ^È©5�Oùü�Úª:

1 + 1
3p + · · · + 1

(2n − 1)p
∼

∫
n

1

dx
(2x − 1)p

∼ O∗

(

n1−p

)

(n → ∞),

1
2q + 1

4q + · · · + 1
(2n)q

∼

∫
n

1

dx
(2x)q

∼ O∗

(

n1−q

)

(n → ∞),

��3 p 6= q �, lim
n→∞

S2n �Ã¡�þ, Ïd?êuÑ. �

5 éuØ�UýéÂñ�CÒ?ê5`, §UÄÂñ�ûu?ê¥����Ú

�K��Ú´Ä´�d�Ã¡�þ. ë� §5.2.2 �SK 2702.1 9Ùy².

SSSKKK 2696(a) y²: ?ê

sin x + sin 2x
2

+ sin 3x
3

+ · · ·

3«m (0, π) SÂñØýéÂñ.

) |^ð�ª (� §2.1.4 �SK 1024(b))

sin x + sin 2x + · · · + sin nx =
cos x

2
− cos(n + 1

2
)x

2 sin x
2

,

��ù�Ú3 (�½) x ∈ (0, π) �'u n k., u´^)|�X�O{��?êÂñ.

|^

| sin nx|

n
>

sin2 nx
n

= 1
2n

−
cos 2nx

2n
,

q�cãð�ªaq/�±ïáð�ª

cos 2x + cos 4x + · · · + cos 2nx =
sin(2n + 1)x − sin x

2 sin x
,

u´éu?ê

∞
∑

n=1

cos 2nx
n

�±Ó�^)|�X�O{y²§3 x ∈ (0, π) �Âñ, Ï

d��?ê

∞
∑

n=1

sin2 nx
n

uÑ, u´�?ê�^�Âñ. �
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SSSKKK 2699 éu?ê
∞
∑

n=1

(−1)n−1 (1 + p)(2 + p) · · · (n + p)
n!nq

½Ñ: (a) ýéÂñ�; (b) ^�Âñ�.

) 1 e p ´K�ê, K?ê�kk���"�, �,ýéÂñ.

éÙ¦�¹�±^ §5.1.4 �·K 5.3, ù�Ò�±éu?ê�Ï� an ��

|an| = O∗

(

1
nq−p

)

(n → ∞),

��� q > p + 1 �?êýéÂñ, � q 6 p �?êÏ�Ø´Ã¡�þ, ÏduÑ.

éu p < q 6 p + 1 ��¹, du� n ¿©��?ê���, �k
∣

∣

∣

an+1

an

∣

∣

∣
=

(n + 1 + p)nq

(n + 1)q+1
=

(

1 +
p + 1

n

)

·
(

1 + 1
n

)

−q−1

= 1 +
p − q

n
+ O

(

1
n2

)

(n → ∞),

Ïd^4ÙZ]�O{ÒíÑ?êÂñ, �´^�Âñ?ê. �

) 2 (V�) �±^pd�O{�O·K 5.3 �Ñ,��y². �

5.2.2 ^̂̂���ÂÂÂñññ???êêê���555��� (SSSKKK 2656–2658, 2662–2663, 2701–

2705)

éu���?ê, Äk��(n)^�ÂñÚýéÂñVg�¿Â. Âñ?ê
∞
∑

n=1

an �ýéÂñ½^�Âñ´Uìz���Ùýé������K�?ê

∞
∑

n=1

|an|

´Âñ�´uÑ5½Â�.

5¿^�Âñ?ê��
A:. (1) 3ù��?ê¥7½Q�3Ã�õ���, q

�3Ã�õ�K�. (2) eòþãÃ�õ���ÚÃ�õ�K�©O|¤ü�Ã¡?

ê, �ØUC���m�5�gS, K§��Ü©ÚÑ´Ã¡�þ. �Xe¡�SK

2702.1 ¤«, §� (3�ýé��) ��½´�d�Ã¡�þ. �?ê�Ü©Ú7½´

∞ − ∞ .�Ø½ª. (3) XNõ��Ö¥Â\�iù½n¤«, ^�Âñ?ê3ü

(=�S) ��Ü©Úê��±��“��ok�o”�¸/. �Öö�Bå�, e¡�Ñ

3���¿Âþ�ù�½n, Ùy²�3éõ��Ö¥é�.

···KKK 5.5 (iiiùùù½½½nnn) �

∞
∑

n=1

an ^�Âñ, Kéu�½� α Ú β, ��÷v^�

−∞ 6 α 6 β 6 +∞, Ò7½�3��ü?ê

∞
∑

n=1

a′

n
, ¦�§�Ü©Úê� {S′

n
} ä

ke�5�:

lim
n→∞

S′

n
= α 6 lim

n→∞

S′

n
= β.
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SSSKKK 2656 y²: �r�ýéÂñ?ê���3ØC�Ù^S��¹e©O|Ü

å5, ¦¤��#?êýéÂñ.

) '�´|^?ê�Ü©Úê�Vg, AO´XÛlÜ©Úê�¡EÑ�5�

?ê.

e?ê�

∞
∑

n=1

an, PÙÜ©Úê�� {Sn}, K3|Ü��#?ê�Ü©Úê�Ò

´ {Sn} �f� (ëw §5.1.1 �SK 2554). eòù�f�P� {Spn
}, Klù�f�=

�(½#?ê����� Sp1
, Sp2

− Sp1
, · · · . u´#?ê�ýé�?êÒ´

|Sp1
| + |Sp2

− Sp1
| + |Sp3

− Sp2
| + · · · + |Spn

− Spn−1
| + · · · . (5.5)

u´¯KÒ¤�, ´ÄU
é�Ü©Úê� {Sn} ���f� {Spn
}, ¦�?ê

(5.5) Âñ.

±eéê� {Sn} ^�ÜÂñOK. duTê�Âñ, é ε = 1/2, �3��ê p1,

� m, n > p1 �, k |Sm − Sn| < 1/2. ù�ÃØ p2 > p1 XÛ�, oU�y3 (5.5) ¥�

1�� |Sp2
− Sp1

| < 1/2.

,�é ε = 1/4, �3��ê p2 > p1, � m, n > p2 �, k |Sm − Sn| < 1/4. ù�Ã

Ø p3 > p2 XÛ�, oU�y (5.5) ¥�1n� |Sp3
− Sp2

| < 1/4.

XdUY, Ò�±�Ñf� {Spn
}, ¦� (5.5) ¥�1 n � |Spn

− Spn−1
| < 1/2n−1,

n = 2, 3, · · · , l (5.5) ´�Âñ?ê.

ùL², ��3�?ê

∞
∑

n=1

an ¥Uì {pn} #|Ü, ��#?ê�

(a1 + · · · + ap1
) + (ap1+1 + · · · + ap2

) + · · · + (apn−1+1 + · · · + apn
) + · · · ,

KT?êýéÂñ. �

5 �K�(Øé?ÛÂñ?êÑ¤á, �´éýéÂñ?êØ7#|Ü
.

SSSKKK 2657 �k?ê

∞
∑

n=1

an, e (a) � n → ∞ �, d?ê�Ï� an ª� 0; (b)

3ØC�Ù^S��¹e©O|ÜT?ê���, ¤�?ê

∞
∑

n=1

An Âñ; (c) 3�

An =

pn+1−1
∑

i=pn

ai (1 = p1 < p2 < · · · ) ¥�\� ai �ê8´k.�, y²: ?ê

∞
∑

n=1

an ´

Âñ�.

) d?ê

∞
∑

n=1

An �½Â��, eP

∞
∑

n=1

an �Ü©Úê�� {Sn}, K¯K=´l

{Sn} ���f� {Spn+1−1} ÂñXÛU
íÑê�Âñ. �þãf��4�� S, K�

�y² Sn → S (n → ∞).

ò^� (c) ¥��êþ.P� M , Ké�½� ε > 0, l^� (a), �3 N1, �

n > N1 �k |an| < ε/2M .
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,�l^� (b), �3 N2, � k > N2 �, ¤á

|A1 + · · · + Ak − S| = |Spk+1−1 − S| <
ε
2

.

u´��� N = max{p
N2+1

− 1, N1}, éu n > N � Sn, Ò�3 k > N2, ¦�

pk+1 6 n 6 pk+2 − 1. ù�Òk

|Sn − S| = |a1 + · · · + an − S| 6 |a1 + · · · + apk+1−1 − S| + |apk+1
+ · · · + an|

6 |Spk+1−1 − S| + M ·
ε

2M
< ε,

ùÒy²
 lim
n→∞

Sn = S. �

5 XJ

∞
∑

n=1

an�ÓÒ?ê, KÙÜ©Úê�üN, Ïd��|^ §1.2.6 �SK 90

Ò�±lÙ��f�ÂñíÑÜ©Úê�Âñ. Ïd�K(ØÌ�^u��?ê.

SSSKKK 2658 y²: eòÂñ?ê���#ü�, ¦z��lm�k� �Ø�

L m � � (m�ýk�½�ê), K?ê�ÚØC.

) ��?ê�

∞
∑

n=1

an, ÙÜ©Úê�� Sn (n = 1, 2, · · · ). qòü��?ê�

Ü©Úê�P� S′

n
(n = 1, 2, · · · ).

�â^�, � n > m �, 3 Sn = a1 + · · · + an ¥�c n − m �, = a1, · · · , an−m,

�½3 S′

n
��\��¥, =vk���.

Ø�� Sn ¥�Ù{ m �3ü���?ê¥� an1
, · · · , anm

�¤��, �k

n < n1 < · · · < nm. ù´3 Sn ¥�� m ��������¹. u´�±�O

|Sn − S′

n
| 6 |an−m+1| + · · · + |an| + |an1

| + · · · + |anm
|.

du an → 0 (n → ∞), é�½� ε > 0, �3 N , � k > N �k |ak| < ε. - n > N +m,

KÒ�� |Sn − S′

n
| < 2mε.

Ø
þã4à�¹�	, ,��4à´3 Sn ¥�� m �vk�� (��±kgS

C�), d	�k0uü�4à�m��¹. �±wÑ, éu¤kÙ¦�¹, þ¡¤��

�OªE,¤á. ù�Òy²
ü�Ü©Úê��4��Ó. �

5 �KL², �,éu^�Âñ?êk¯<�iù½n, �?ê�Ú3“k!

�”�üZ6eE,�±ØC. �ó�, U
UC?êÚ�ü¤7L÷v�^�´:

��3üc�� ��m�ålÃ.. þãy²ë�
{IêÆ�r�1 110 ò

(2003), 57 � (¥È©�êÆÈ��1 23 ò (2004), 1 3 Ï, 288 �).

SSSKKK 2662(a) ®�

∞
∑

n=1

(−1)n+1

n
= ln 2. òT?ê���ü, ��e�?ê:

1 + 1
3
−

1
2

+ 1
5

+ 1
7

−
1
4

+ · · · .

¦d?ê�Ú.
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) 1 ©Ûü?ê�c 3n ��Ú S3n. *	lÞm©�zn��|, Ò�±wÑ

Ù5Æ:

S3n = 1 + 1
3
−

1
2

+ · · · + 1
4n − 3

+ 1
4n− 1

−
1
2n

=
(

1 + 1
3

+ · · · + 1
4n − 3

+ 1
4n− 1

)

−
(

1
2

+ 1
4
· · · + 1

2n

)

=

4n
∑

k=1

1
k

−
1
2

(

1 + 1
2

+ · · · + 1
2n

)

−
1
2

(

1 + 1
2

+ · · · + 1
n

)

.

eP 1 + 1
2

+ · · · + 1
n

= σn, KlK¥Jø�®�?êÚ (� §5.2.1 �SK 2661) k

1 −
1
2

+ 1
3

−
1
4

+ · · · −
1

2n− 1
+ 1

2n

=
(

1 + 1
2

+ · · · + 1
2n

)

− 2
(

1
2

+ 1
4

+ · · · + 1
2n

)

= σ2n − σn → ln 2 (n → ∞).

u´k

S3n = σ4n −
1
2

σ2n −
1
2

σn

= (σ4n − σ2n) + 1
2

(σ2n − σn) → 3
2

ln 2 (n → ∞). �

) 2 �±��^'uî.~ê�úª (� §1.2.3 �SK 146):

1 + 1
2

+ · · · + 1
n

= lnn + C + o(1) (n → ∞),

KÒk

S3n = σ4n −
1
2

σ2n −
1
2

σn

= ln(4n) − 1
2

ln(2n) − 1
2

lnn + o(1)

= ln 4 −
1
2

ln 2 + o(1) → 3
2

ln 2 (n → ∞). �

5 du�K¥�ücÚü��?êÚØÓ, ÏdXSK 2658 �(Ø¤«,

XJò�5?u1 n ���3ü�� �P� f(n), K |n − f(n)| �½´Ã.�.

~X, éu�K� n = 2k ��
(−1)2k−1

2k
, k f(n) = 3k, �� |n − f(n)| = k, §(

¢´Ã.�.

SSSKKK 2701 e?ê

∞
∑

n=1

an Âñ� lim
n→∞

bn

an

= 1, K�Ää½?ê

∞
∑

n=1

bn �Âñ?

ïÄ~f:

∞
∑

n=1

(−1)n

√
n

Ú

∞
∑

n=1

[ (−1)n

√
n

+ 1
n

]

.

) X�!m©¤ã, é���?ê�£�´ØU. �d��ÞÑ�~. Ø
�K

¥Jø�²w~f�	, 35SK86¥�Jø
Ù¦~f, ~X §5.2.1 �SK 2670,

ÙÏ��
(−1)n

√
n + (−1)n

(n > 2), ?êuÑ, ^�ù�Ï��d�
(−1)n

√
n
�Ï��¤

�?ê%´Âñ� (^4ÙZ]�O{). �



272 1ÊÙ ?ê

5 2g�Ñ, éu���?êØU�¿¦^ §5.1 ¥éÓÒ?ê��dþ�O{.

ù´ÐÆö�N´���Ø��.

SSSKKK 2702.1 �

∞
∑

n=1

an ´�ýéÂñ?ê,

Pn =

n
∑

i=1

|ai| + ai

2
, Nn =

n
∑

i=1

|ai| − ai

2
(n = 1, 2, · · · ),

y²

lim
n→∞

Nn

Pn

= 1.

) l½Â��, Pn Ò´K�?ê�c n �¥��K��Ú, Nn Ò´?ê�c n

�¥�����Ú2¦± −1, Ïd§��?ê�c n ��Ú Sn k±e'X:

Sn = Pn − Nn.

duK�?ê�^�Âñ, ÏdÒk

lim
n→∞

(Pn − Nn) = S, lim
n→∞

(Pn + Nn) = +∞,

Ù¥ S ´?ê�Ú.

dd��, � n → ∞ �, Pn Ú Nn Ñ´�Ã¡�þ:

lim
n→∞

Pn = lim
n→∞

1
2

[(Pn + Nn) + (Pn − Nn)] = +∞,

lim
n→∞

Nn = lim
n→∞

1
2

[(Pn + Nn) − (Pn − Nn)] = +∞,

,�Ò�±��

lim
n→∞

(

Nn

Pn

− 1
)

= lim
n→∞

(

Nn − Pn

Pn

)

= 0. �

SSSKKK 2702.2 y²: éuz�� p > 0, ?ê
∞
∑

n=1

(−1)n+1

np

�Ú3
1
2

� 1 �m.

) 1 P?êÏ�� an, Ü©Úê�� Sn (n = 1, 2, · · · ), Kéz� n k

S2n−1 = S2n−3 + a2n−2 + a2n−1 = S2n−3 − (|a2n−2| − |a2n−1|) < S2n−3,

�� {S2n−1} î�üN4~. du S1 = a1 = 1, Ïd?êÚ S = lim
n→∞

S2n−1 < 1.

y3�Ä

a1 +
∞
∑

k=1

(a4k−2 + a4k−1 + a4k + a4k+1).

P f(x) = 1
xp , Kk f ′(x) = −px−p−1, f ′′(x) = p(p + 1)x−p−2, Ïd� x > 0 �

f(x)�î�à¼ê. u´é k = 1, 2, · · · k

a4k−1 + a4k + a4k+1 = 1
(4k − 1)p

−
1

(4k)p
+ 1

(4k + 1)p
>

2
(4k)p

−
1

(4k)p
= 1

(4k)p
,
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ù�Òk

S4n+1 > 1 +
(

−
1
2p + 1

4p

)

+
(

−
1
6p + 1

8p

)

+ · · · +
(

−
1

(4n − 2)p
+ 1

(4n)p

)

= 1 −
1
2p S2n.

- n → ∞, ��

S > 1 −
1
2p S =⇒ S >

2p

2p + 1
.

du����L�ª´ p (> 0) �î�üN4O¼ê, Ïd��- p = 0 �\=��

S >
1
2

. �

) 2 [31] P?êÚ� S, Kk

S = 1 −
(

1
2p −

1
3p

)

− · · · −
(

1
(2n)p

−
1

(2n + 1)p

)

− · · · ,

�� S < 1.

,��¡k

S =
(

1 −
1
2p

)

+
(

1
3p −

1
4p

)

+ · · · +
(

1
(2n − 1)p

−
1

(2n)p

)

+ · · · .

�) 1 ��|^ f(x) = 1/xp�î�à¼ê, u´Òk 2f(2n) < f(2n− 1) + f(2n + 1),

�Ò´ f(2n − 1) − f(2n) > f(2n) − f(2n + 1).

ù�Ò��

1 −
1
2p >

1
2p −

1
3p ,

1
3p −

1
4p >

1
4p −

1
5p , · · ·

1
(2n − 1)p

−
1

(2n)p
>

1
(2n)p

−
1

(2n + 1)p
, · · · .

Ïdk

S >
(

1
2p −

1
3p

)

+
(

1
4p −

1
5p

)

+ · · · +
(

1
(2n)p

−
1

(2n + 1)p

)

+ · · ·

= 1 − S,

¤±�� S >
1
2

. �

SSSKKK 2703(a) 3?ê

∞
∑

n=1

(−1)n+1

√
n2 + 1

¥A�õ��5O�?ê�Ú, ��¦Ù°

Ý�� ε = 10−6?

) éu4ÙZ].?ê

∞
∑

n=1

(−1)n−1bn (=÷v4ÙZ]�O{�^��?ê),

{bn} ´üN4~ªu 0 ��Kê�, Ïdl

Rn = (−1)n+1[bn+1 − bn+2 + bn+3 − · · · ]

= (−1)n+1[bn+1 − (bn+2 − bn+3) − · · · ]

= (−1)n+1[(bn+1 − bn+2) + (bn+3 − bn+4) + · · · ],

dd��k 0 6 (−1)n+1Rn 6 bn+1, AO´k |Rn| 6 bn+1. ùL²: {��ÎÒ�Ù

¤¹�1���Ó, Ùýé�Ø�LT��ýé�. u´é�KÒk
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|Rn| <
1

√

(n + 1)2 + 1
<

1
n

.

��� n = 106 =�¦� |R106 | < 10−6. �

5 dù�~f��, éu^�Âñ?ê5`, k�U���~õ���\âU�

�Ü�°Ý�¦�Cq�. é�K�?ê5`, ^O�Å��±en�(J:

S104 ≈ 0.440 867 5, S105 ≈ 0.440 912 5, S106 ≈ 0.440 917 0.

�^ Mathematica ��� 0.440 917 474 '�, �� Rn < 1/n ��O´'�O(�.

SSSKKK 2703(b) 3?ê

∞
∑

n=1

sin n√
n

¥A�õ��5O�?ê�Ú, ��¦Ù°Ý�

� ε = 10−6?

) �K´�4ÙZ].�CÒ?ê, ÙØ��O�±^C��C�5��. (C

��C�´��Ö¥�ÑC���O{Ú)|�X�O{�¤^�Ì��{.)

Äk��O Ak = sin(n + 1) + · · · + sin(n + k). �ìé

n
∑

k=1

sin k �¦Ú�{, k

2 sin 1
2

· Ak = 2 sin 1
2

· [sin(n + 1) + · · · + sin(n + k)]

=
(

cos(n + 1
2

) − cos(n + 3
2

)
)

+ · · · +
(

cos(n + k −
1
2

) − cos(n + k + 1
2

)
)

= cos(n + 1
2

) − cos(n + k + 1
2

),

Ïdk |Ak| 6
1

sin 1
2

= M ≈ 2.086.

P?êÏ�� an, ,�Ò�±^C��C��OXe:

an+1 + · · · + an+p =
sin(n + 1)
√

n + 1
+

sin(n + 2)
√

n + 2
+ · · · +

sin(n + p)
√

n + p

=
A1√
n + 1

+
A2 − A1√

n + 2
+ · · · +

Ap − Ap−1
√

n + p

= A1

(

1√
n + 1

−
1√

n + 2

)

+ · · · + Ap−1

(

1√
n + p − 1

−
1√

n + p

)

+
Ap

√
n + p

.

u´Òk

|an+1 + · · · + an+p| 6
M√
n + 1

.

��- p → ∞, Ò�� |Rn| 6
M√
n + 1

.

�
÷vK��°Ý�¦, l
M√
n + 1

< 10−6 =�)Ñ n > M2 · 1012 ≈ 4.35 ×

1012. �

5 �
*	þã{��O�¢SØ��m��åXÛ, Ø�ò°Ý�¦U�

10−k, Ù¥� k = 1, 2, 3, ,���
¢SO�. ù�ØJ^ n ≈ 4.35× 102k O�Ñ?ê

�Ü©Ú©O�
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1.015 25, 1.046 10, 1.043 55,

��þã{��O�´'�O(�.

SSSKKK 2704 y²: er?ê

1 −
1
2

+ 1
3

−
1
4

+ 1
5

− · · ·

���ü, ¦�g p �����|��g q �K���|��O, K#?ê�Ú�

ln 2 + 1
2

ln
p

q
.

) òü��?ê2�#|Ü (=\)Ò): òc p + q ���ÚP� A1, ,�

ò�e5� p + q ���ÚP� A2, XdUYe�, K��¦Ñ

∞
∑

n=1

An �Ú (Ó�y²


Âñ5), ,�^c¡�SK 2657 Ò��ü��?êÂñ, �k�Ó�Ú (ë�S

K 2657 �y²).

du A1 + · · · + An Ò´üc�?ê

∞
∑

n=1

(−1)n−1

n
¥�c np ���Úc nq �

K��Ú, ÏdÒ�±O�Xe (Ù¥P σn �NÚ?ê�c n ��Ú):

A1 + · · · + An =
(

1 + 1
3

+ · · · + 1
2np − 1

)

−
(

1
2

+ 1
4

+ · · · + 1
2nq

)

=
(

1 + 1
2

+ 1
3

+ 1
4

+ · · · + 1
2np− 1

+ 1
2np

)

−
(

1
2

+ 1
4

+ · · · + 1
2np

)

−
(

1
2

+ 1
4

+ · · · + 1
2nq

)

= σ2np −
1
2

σnp −
1
2

σnq

= ln(2np) − 1
2

ln(np) − 1
2

ln(nq) + o(1)

→ ln 2 + 1
2

ln
p

q
(n → ∞),

Ù¥|^
 σn = lnn + C + o(1) (n → ∞), C ´î.~ê, �¿ØI���§�ê

�. �

SSSKKK 2705 y²: eUCNÚ?ê

1 + 1
2

+ 1
3

+ 1
4

+ · · ·

¥�Ü©��ÎÒ, ¦� p �������X q �K� (p 6= q), �ØC��5�^S,

Kd?êE´uÑ�. =� p = q ���Âñ?ê.

) Äk�#|Ü (=\)Ò), òc p + q ���\P� A1, ò�e5� p + q

���\P� A2, XdUY, K��#�?ê

∞
∑

n=1

An. ÙÏ��
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An = 1
(n − 1)(p + q) + 1

+ · · · + 1
(n − 1)(p + q) + p

−
1

(n − 1)(p + q) + p + 1
− · · · −

1
n(p + q)

∼
p − q

p + q
·

1
n

(n → ∞).

��� p 6= q �, ± An �Ï��?ê´ÓÒ?ê, ldþã�d'X=�íÑT?

êuÑ. ,�l §5.1.1 �SK 2554 (�_Ä·K) íÑ3#|Ü�c�?êuÑ.

éu p = q, �^)|�X�O{. du?ê

1 + 1 + · · · + 1
︸ ︷︷ ︸

p �

−1 − 1 − · · · − 1
︸ ︷︷ ︸

p �

+ · · ·

�Ü©Úk., qÏ�� n → ∞ �, 1
n

üN4~ªu 0, ��?êÂñ. �

5 éu p = q ��¹, l?ê�1��m©ò�U� p �|Ü3�å, Ò���

��4ÙZ].�?ê, ÏdÂñ.

5.2.3 ÖÖÖ555 (SSSKKK 2690)

dudKkAÏ(J, Ïd�3ùp?Ø.

SSSKKK 2690 ïÄ?ê

∞
∑

n=1

sin n · sinn2

n
�ýéÂñ5Ú^�Âñ5.

) 1 éÏ��©f^ÈzÚ�úª��

sin n · sinn2 = 1
2

[cos(n(n − 1)) − cos((n + 1)n)],

u´=���'u n ¤áØ�ª:
∣

∣ sin 1 · sin 12 + sin 2 · sin 22 + · · · + sin n · sin n2
∣

∣ 6 1,

Ïd^)|�X�O{��?êÂñ.

�
�½þãÂñÄ¾´ýéÂñ�´^�Âñ, �±éýé�?ê�Xe?

Ø 1©.

� δ > 0 ¿©�, ¦� π−2δ > 3. u´éz���ê k, «m (kπ+δ, (k+1)π−δ) �

�Ý�u 3, ÏdÙ¥��kn��ê (�õ�Òko��ê). ò§�P� n−1, n, n+1,

K | sin(n − 1)|, | sin n|, | sin(n + 1)| þ�u sin δ.

�e5�±y²3 | sin(n − 1)2|, | sin n2|, | sin(n + 1)2| ¥m��k���u sin δ.

^�y{, eùn�êþ�u�u sin δ, KÒkn��ê k1, k2, k3, ¦�

(n − 1)2 = k1π + δ1, n2 = k2π + δ2, (n + 1)2 = k3π + δ3,

�k |δ1| < δ, |δ2| < δ, |δ3| < δ. ù�Òk

2 = (n − 1)2 + (n + 1)2 − 2n2 = (k1 + k3 − 2k2)π + (δ1 + δ3 − 2δ2).

1© 3#��5SK86¥AO�Ñ�KØ7?ØÙýéÂñ5, �ù��5�ÒØU�½?ê�Âñ´

Ä´^�Âñ
. ¢Sþù�¯K@3 [6] ¥Ò)û
, =) 1.
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du |δ1 + δ3 − 2δ2| < 4δ,  δ > 0 ¿©�, Ïdþªm>½ö´�ýé�¿©��ê

(e k1 + k3 − 2k2 = 0), ½ö´� π �,��ê�¿©�C�ê (e k1 + k3 − 2k2 6= 0),

l�ªØ�U¤á.

u´Ò�±éz����ê k é�?ê¥�U�n�, an−1, an, an+1, ¦�§�

�eI3«m (kπ + δ, (k + 1)π − δ) ¥, �÷v

|an−1| + |an| + |an+1| >
sin2 δ

(k + 1)π .

dd��, éu��ê N , Òk

∑

n<(N+1)π

|an| >
sin2 δ

π

N
∑

n=1

1
n + 1

,

��ýé�?êuÑ. Ïd�K�?ê�^�Âñ. �

) 2 �y²ýé�?êuÑ 1©.

3²¡�ü �±þ�Ä 4 ãál, §���Ý�
(

kπ
2

−δ,
kπ
2

+δ
)

, k = 0, 1, 2, 3,

Ù¥� δ ÷v 0 < δ <
π − 3

4
.

�Äýé�?ê¥�e� 6 ��Ú: Ak = |a6k+1| + |a6k+2| + · · · + |a6k+6|. ò§

��eI n �Óuü �þ�: (cosn, sin n), K�wÑ, XJk��eI n á3þã

4 ãálS, K�e5�n�eI�½Ø¬á3ù 4 ãálS
. u´��3 6 �eI

¥½öcn�eIÑØ3ù 4 ãálS, ½öok�ë�Ù¦n�eIØ3ù 4 ãál

S. ò§�P� n − 1, n, n + 1. ù�Òk

| sin(n − 1)| > δ, | sin n| > δ, | sin(n + 1)| > δ, | cosn| > δ.

u´k

Ak >
δ

6k + 6
[ | sin(n − 1)2| + | sin n2| + | sin(n + 1)2| ].

�ê a > 0 ¿©�, ¦�÷v b =
√

1 − a2 cos 1 − a sin 1 > 0, K½ö | sin n2| > a,

½ö | sin n2| < a. éu��«�¹, k

| sin(n − 1)2| + | sin(n + 1)2| > | sin(n − 1)2 − sin(n + 1)2| = 2| cos(n2 + 1) sin 2n|

> 4(| cosn2| · cos 1 − | sin n2| · sin 1) · | sin n| · | cosn|

> 4bδ2.

- C = min{aδ, 4bδ2}, KÒk Ak >
C

6k + 6
. duùéz���ê k ¤á, ù�Ò®²

y²
ýé�?êuÑ. �

1© ù�){´4W>�ÇJø�.
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§5.3 ???êêê���$$$��� (SSSKKK 2706–2715)

SSSNNN{{{000 �!´?ê�m�¦Ú$��¦¦È$�.

?ê

∞
∑

n=1

an �?ê

∞
∑

n=1

bn �Ú½Â�Å�¦Ú���?ê

∞
∑

n=1

(an + bn), 3cü

�?êþÂñ�, ��§��Ú�1n�?ê�Âñ, �¤áe��ª:
∞
∑

n=1

an +

∞
∑

n=1

bn =

∞
∑

n=1

(an + bn).

'u?ê

∞
∑

n=1

an �?ê

∞
∑

n=1

bn �¦È, K�E,�õ. §kõ«½Â�ª, �3�

!¥��Ä�Ü¦È, =½Â
∞
∑

n=1

an ·

∞
∑

n=1

bn =
∞
∑

n=1

cn,

Ù¥

cn = a1bn + a2bn−1 + · · · + anb1.

�âr�cd½n, �ü�Âñ?ê¥��k���ýéÂñ�, §���Ü¦È

?êÂñ, �þã�ª¤á (ë� [15] 1�ò� 389–392 �!).

SSSKKK 2706 eü�?ê, (a) ��Âñ, ,��uÑ; (b) ü�ÑuÑ, K'uù

ü�?ê�Ú�eÛ«äó?

) (a) ù��±�½: ü�?ê�Ú´��uÑ?ê 1©.

^�y{. ~X�

∞
∑

n=1

an Âñ,

∞
∑

n=1

bn uÑ, §��Ú

∞
∑

n=1

(an + bn) Âñ, KÒk

b1 + · · · + bn = [(a1 + b1) + · · · + (an + bn)] − (a1 + · · · + an),

,�- n → ∞, dum>�ü�Ü©Ú©Ok4�, ÏdÒ��?ê

∞
∑

n=1

bn Âñ�(

Ø, ù�^�gñ. �

(b) ù�§��Ú�±uÑ, ��±Âñ.

cö�~f´?ê

1 − 1 + 1 − 1 + · · ·

�g��\, ¤��Ú´?ê 2 − 2 + 2 − 2 + · · · , E,uÑ.

�ö�~f´?ê

1 − 1 + 1 − 1 + · · · � −1 + 1 − 1 + 1 − · · · ,

§��Ú´ 0 + 0 + 0 + 0 + · · · , =z���u 0 �Âñ?ê. �

1© ù3 §5.2 ¥®õg¦^ (~X� §5.2.1 �SK 2666 �).
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SSSKKK 2711 y²:

∞
∑

n=0

1
n!

·

∞
∑

n=0

(−1)n

n!
= 1.

) �â?ê��Ü¦È½Â, k c0 = 1 · 1 = 1, é n > 0 Kk

cn = 1 ·
(−1)n

n!
+ 1

2!
·

(−1)n−1

(n − 1)!
+ · · · + 1

k!
·

(−1)n−k

(n − k)!
+ · · · + 1

n!
· 1

=
(−1)n

n!
[C0

n
− C1

n
+ · · · + (−1)kCk

n
+ · · · + (−1)nCn

n
].

^��ª½nu (1−1)n, Ò�±�� cn = 0. u´�Ü¦È?ê� 1+0+0+· · · = 1. �

5 �â §1.5.7 � 4 �SK 611(b), �K�?ê¦È�ªÒ´ e · e−1 = 1.

SK 2713–2714 �9ü�4ÙZ].?ê��Ü¦È. ù�¡ke����5·K

(� [5]).

···KKK 5.6 (ÊÊÊ���ddd°°°000½½½nnn) � {an} Ú {bn} þ�üN4~ªu 0 �ê�, P?

ê

∞
∑

n=1

(−1)n−1an = A Ú

∞
∑

n=1

(−1)n−1bn = B ��Ü¦È?ê�

∞
∑

n=1

(−1)n−1cn, Ù¥

cn = a1bn + a2bn−1 + · · · + anb1, K

∞
∑

n=1

(−1)n−1cn Âñ�due��ü�^��z�

�:

(a) lim
n→∞

cn = 0;

(b) lim
n→∞

an(b1 + · · · + bn) = 0 Ú lim
n→∞

(a1 + · · · + an)bn = 0.

) ^� (a) w,´�Ü¦È?êÂñ�7�^�. e¡y²§�´¿©^�.

òK¥�n�?ê�Ü©Ú©OP� An, Bn Ú Cn, Kk

Cn = c1 − c2 + c3 − · · · + (−1)n−1cn

= a1b1 − a1b2 + a1b3 + · · · + (−1)n−1a1bn

− a2b1 + a2b2 + · · · + (−1)n−1a2bn−1

+ a3b1 + · · · + (−1)n−1a3bn−2

+ · · · · · ·

+ (−1)n−1anb1

= a1Bn − a2Bn−1 + a3Bn−2 − · · · + (−1)n−1anB1.

u´k

|Cn − AnB| = |(a1Bn − a2Bn−1 + a3Bn−2 − · · · + (−1)n−1anB1)

− (a1 − a2 + a3 − · · · + (−1)n−1an)B|

= |a1(Bn − B) − a2(Bn−1 − B) + · · · + (−1)n−1an(B1 − B)|.

du?ê

∞
∑

n=1

(−1)n−1bn ´4ÙZ].?ê, ÏdÙ{��O÷ve�Ø�ª 1©

1© ë� §5.2.2 �SK 2703(a).
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|Rk| = |B − Bk| 6 bk+1 6 bk (k = 1, 2, · · · ),

lÒk

|Cn − AnB| 6 a1bn + a2bn−1 + · · · + anb1 = cn.

Ïdek^� cn → 0 (n → ∞), KÒ��

lim
n→∞

Cn = lim
n→∞

AnB = AB.

éu^� (b), �I�y²§�^� (a) �d=�.

e^� (a) ¤á, K|^ {an} Ú {bn} �üN4~��Kê�, Òk

0 6 an(b1 + b2 + · · · + bn) 6 anb1 + an−1b2 + · · · + a1bn = cn,

0 6 (a1 + a2 + · · · + an)bn 6 a1bn + a2bn−1 + · · · + anb1 = cn,

��^� (b) ¤á.

��, e^� (b) ¤á, Kk

0 6 c2n = a1b2n + a2b2n−1 + · · · + anbn+1 + an+1bn + · · · + a2nb1

6 (a1 + · · · + an)bn + an(b1 + · · · + bn),

0 6 c2n+1 = a1b2n+1 + a2b2n + · · · + anbn+2 + an+1bn+1 + an+2bn + · · · + a2n+1b1

6 (a1 + · · · + an)bn + an+1bn+1 + an(b1 + · · · + bn),

��� n → ∞ �Òk cn → 0. �

SSSKKK 2713 y²: Âñ?ê
∞
∑

n=1

(−1)n+1

√
n

�²�´uÑ?ê.

) l·K 5.6 �^� (a) ��, ��y²ù��Ü¦È?ê�Ï�Øªu 0.

�Ñ

∞
∑

n=1

cn �Ï��

cn = (−1)n−1

(

1√
1 · n

+ 1
√

2 · (n − 1)
+ · · · + 1√

n · 1

)

,

,�^²þ�Ø�ª, éu k = 1, · · · , n k
√

k · (n + 1 − k) 6
n + 1

2
, Ïd��

|cn| > n ·
2

n + 1
> 1,

��?ê

∞
∑

n=1

cn uÑ. �

SSSKKK 2714 y²: e¡ü�Âñ?ê
∞
∑

n=1

(−1)n−1

nα (α > 0) 9

∞
∑

n=1

(−1)n−1

nβ
(β > 0)

�¦È� α + β > 1 �´Âñ?ê, � α + β < 1 �´uÑ?ê.
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) ù�^·K 5.6 �^� (b) ���B.

éu

1
nα

(

1 + 1
2β

+ · · · + 1
nβ

)

,

e β > 1, Kþª)ÒS�Úªkþ., Ïd� n → ∞ ��4�� 0.

e β 6 1, Kdu∫
n+1

1

dx

xβ
6 1 + 1

2β
+ · · · + 1

nβ
6 1 +

∫
n

1

dx

xβ
,

Ïdk

1 + 1
2β

+ · · · + 1
nβ

= O∗

(

1
nβ−1

)

(n → ∞).

u´��

1
nα

(

1 + 1
2β

+ · · · + 1
nβ

)

= O∗

(

1
nα+β−1

)

(n → ∞).

nÜ±þ, �� α + β > 1 ´ lim
n→∞

1
nα

(

1 + 1
2β

+ · · · + 1
nβ

)

= 0 �¿©7�^�.

dé¡5��, α + β > 1 �´ lim
n→∞

1
nβ

(

1 + 1
2α + · · · + 1

nα

)

= 0 �¿©7�

^�.

u´l·K 5.6 �^� (b) Ò��� α+β > 1 ��Ü¦È?êÂñ, � α+β 6 1

��Ü¦È?êuÑ. SK 2713 Ò´ α = β = 1
2

�A~. �
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§5.4 ¼¼¼êêê���???êêê (SSSKKK 2716–2811.2)

SSSNNN{{{000 �!�SK�©�±eÜ©: ¼ê�?ê�Âñ�O�, ¼êS��¼

ê�?ê���Âñ59ÙA^. 3Ö5�!¥0��
nØ¯KÚiùÚn�A^.

5.4.1 ¼¼¼êêê���???êêê���ÂÂÂñññ���OOO��� (SSSKKK 2716–2740)

ùp�SKE,´?ØÅ:Âñ¯K, Ïd� §5.1 Ú §5.2 ¥�SK3�{þvk

«O, �´3*gþk¤ØÓ. ùp�?êÏ�´,�½A�Cþ�¼ê, 3Âñ��

¹e, ?ê�ÚÒ¤�Cþ�¼ê. Ïd��!�¯KÒ´(½^Ã¡?êL«�¼ê

�½Â�. ù� §5.1 Ú §5.2 ¥¹këê�?êK¢Sþ´���, �´3¼ê�?ê�

Ï�¥���±¹këê.

SSSKKK 2717 ¦¼ê�?ê

∞
∑

n=1

(−1)n

2n − 1

(

1 − x
1 + x

)n

�ýéÂñ�Ú^�Âñ�.

) � x = −1 �?êÏ�Ã¿Â, Ø7?Ø.

P?êÏ�� an, - u = 1 − x
1 + x

, K� |u| < 1 �k

lim
n→∞

n

√

|an| = |u|,

��� |u| < 1 �?êýéÂñ, � |u| > 1 �?êÏ�Ø´Ã¡�þ, ÏduÑ. N

´wÑ u = −1 ´Ø�U�,  u = 1 éAu x = 0, ù�?ê�^�Âñ.

òØ�ª |u| =
∣

∣

∣

1 − x
1 + x

∣

∣

∣
< 1 U�� |1 − x| < |1 + x|, ,�ü>²�, Ò�)Ñ

x > 0. ÏdÒ��(Ø: (1) x > 0 �?êýéÂñ; (2) x = 0 �?ê^�Âñ; (3) Ù

¦�¹?êuÑ. �

SSSKKK 2723 ¦¼ê�?ê

∞
∑

n=1

np sin nx
1 + nq (q > 0, 0 < x < π) �ýéÂñ�Ú^�

Âñ�.

) �KØ
Cþ x �	, �¹kü�ëê p Ú q.

PÏ�� un(x). � q > p + 1 �, l |un(x)| 6
1

nq−p
, ��?ê3 0 < x < π þý

éÂñ.

� q 6 p � |un(x)| ∼ np−q| sin nx| (n → ∞), Ø´Ã¡�þ, Ïd?êuÑ (ë�

§5.1.1 �SK 2553).

� p < q 6 p + 1 �, �±�ì §5.2.1 �SK 2696(a) ��{y²?ê�^�Âñ,

�´I�y²
np

1 + nq 'u n�üN4~. l p < q ��� n → ∞ �§ªu 0 ´vk

¯K�.

�y²þª�üN5, ½Â¼ê f(t) = tp

1 + tq
, t > 1, Kk
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f ′(t) =
(p − q)tp+q−1 + ptp−1

(1 + tq)2
.

|^ q > 0, Ïd� t ¿©��þª�©f¥�1��åÌ��^. qÏk p < q, ��

� t ¿©��k f ′(t) < 0, Ïd� n ¿©��
np

1 + nq 'u n�î�üN4~. �

SSSKKK 2724 (===ËËËAAA???êêê) ¦¼ê�?ê

∞
∑

n=1

xn

1 − xn �ýéÂñ�Ú^�Âñ�.

) � |x| = 1 �?êÃ¿Â.

� |x| > 1 �?êÏ�� n → ∞ �Ø´Ã¡�þ, Ïd?êuÑ.

� |x| < 1 �,
∣

∣

∣

xn

1 − xn

∣

∣

∣
∼ |xn| (n → ∞), Ïd?êýéÂñ. �

SSSKKK 2732 ¦¼ê�?ê

∞
∑

n=1

xnyn

xn + yn
(x > 0, y > 0) �ýéÂñ�Ú^�Âñ�.

) ù´��?ê, kü�Cþ x Ú y, �?êÂñ�ÙÚ���¼ê.

duÏ�'u x, y é¡, ÏdØ�� x > y, = y = min{x, y}.

e x = y > 0, KÏ�� un =
y2n

2yn =
yn

2
, Ïd� y < 1 �?êÂñ, � y > 1

�?êuÑ.

e 0 < y < x, KÏ� un =
yn

1 +
(

y

x

)n ∼ yn (n → ∞), Ïd� y < 1 �?êÂñ,

� y > 1 �?êuÑ.

nÜ±þ, ��� 0 < min{x, y} < 1 �?êÂñ, Ù¦�¹?êuÑ. �

SSSKKK 2737 (âââKKK???êêê) y²: e?ê

+∞
∑

n=−∞

anxn � x = x1 Ú x = x2 (|x1| < |x2|)

�Âñ, Kd?ê� |x1| < |x| < |x2| ��Âñ.

) e?êÏ��Xê an ueI�K�ê��� 0, KÒ���?ê (� §5.5). A

^��Ö¥�?ê�Ä�½n (C��1�½n), �

∞
∑

n=0

anxn u x2 6= 0 Âñ�, ?ê

éu÷v |x| < |x2| � x þ�ýéÂñ 1©.

Ø
þã�¹	, �Cþ x 6= 0 �?ê�Ï�âk¿Â.

âK?ê

+∞
∑

n=−∞

anxn Âñ�½Â´±eü�?ê

(A)

∞
∑

n=0

anxn Ú (B)

∞
∑

n=1

a−nx−n

1© �Öö�Bå�, ùp{ãÙy². l x = x2 ��?êÂñ, �� anxn

2
→ 0 (n → ∞), l�3

M > 0, ¦�é�� n ¤á |anxn

2
| < M . u´k |anxn| = |anxn

2
| ·

˛

˛

˛

x
x2

˛

˛

˛

n

6 M
˛

˛

˛

x
x2

˛

˛

˛

n

. 3 |x| < |x2| �,

∞
X

n=0

M
˛

˛

˛

x
x2

˛

˛

˛

n

´Âñ�AÛ?ê, l'��O{��?ê

∞
X

n=0

|anxn| Âñ.
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Ó�Âñ. ÏdâK?ê�Âñ�´þãü�?ê�Âñ���8.

u´�±þü�?ê3 x = x1 Ú x = x2 Ó�Âñ� 0 < |x1| < |x2| �, dcã�

?êÄ�½n��, � x ÷v |x| < |x2| �?ê (A) Âñ, qò?ê (B) w¤�Cþ 1/x

��?ê, KÒ��� x ÷v |x| > |x1| �?ê (B) Âñ, Ïd� x ÷v |x1| < |x| < |x2|

�ùü�?êÑÂñ, lâK?êÂñ. �

SSSKKK 2739 (ÚÚÚîîî???êêê) (a) ¦

∞
∑

n=1

x[n]

n!
�ýéÂñ�Ú^�Âñ�, Ù¥ x[n] =

x(x − 1) · · · [x − (n − 1)] 1©.

) e x� 0 ½��ê, K?ê�kk��, ÏdýéÂñ.

éuÙ¦�¹, ^ §5.1.4 �·K 5.3 9Ù5, Òk�dþúª

x[n]

n!
=

x(x − 1) · · · (x − n + 1)
n!

= O∗

(

1
n1+x

)

(n → ∞),

��� x > 0 ?êýéÂñ, � x 6 −1 �?êÏ�u n → ∞ �Ø´Ã¡�þ, Ïd

?êuÑ.

éu −1 < x < 0, Úî?ê���?ê. lþã�dþúª��Ùýé�?êu

Ñ, ?êÏ�� n → ∞ �ªu 0. ql?ê����c��'�

un+1

un

= x − n
n + 1

,

��d�
∣

∣

∣

un+1

un

∣

∣

∣
< 1, Ïd^4ÙZ]�O{��?êÂñ, ��^�Âñ. �

5.4.2 ¼¼¼êêêSSS������������ÂÂÂñññ555 (SSSKKK 2741–2766)

��Âñ5´�N5Vg. ¼ê�?ê½¼êS����Âñ57½´éu�½

�«mó�. ù�¼ê�k.5 (Ú��ëY5�) Vg�aq.

~X, f(x) = 1
x

3«m (0, 1) þ??k½Â, �3 (0, 1) S�z��4f«mþ

k., ,%3 (0, 1) þÃ.. �daq, ��¼ê�?ê½¼êS���U3,�«

m (a, b) þ??Âñ (=Å:Âñ), �3 (a, b) S�z��4f«mþ��Âñ (=¤¢

S4��Âñ), ,%3 (a, b) þØ��Âñ.

lÃ¡?ê�ÙÜ©Úê��éXÑu, ��¼ê�?ê�ÙÜ©Ú¼êS�3

��Âñ5�¡�k��éX. ,läNïÄ5w, ¼êS����Âñ5?Ø  

'�N´. ù3é�§Ýþ�6u��!e¡�1��SK¤Jø��{.

SSSKKK 2741 y²: S� fn(x) (n = 1, 2, · · · ) 38Ü X þ��Âñu4�¼ê f(x)

�¿©7�^�´

lim
n→∞

{

sup
x∈X

rn(x)
}

= 0,

ª¥ rn(x) = |f(x) − fn(x)| (n = 1, 2, · · · ).

1© ù�PÒ��u §1.1.1 �SK 5 ¥u h = 1 �¤^�PÒ.
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) ©üÜ©5y².

¿©5 P an =
{

sup
x∈X

rn(x)
}

(n = 1, 2, · · · ), Kk lim
n→∞

an = 0. Ïdéu�½

�?¿ ε > 0, �3 N , � n > N � an < ε. ù�Ò´ |f(x) − fn(x)| = rn(x) < ε u

x ∈ X þÑ¤á, Ïd fn(x) 3 X þ��Âñu f(x).

7�5 eS� fn(x) u X þ��Âñ, Kk4�¼ê f(x), �é�½�?¿

ε > 0, �3 N , ¦�éu n > N Ú¤k� x ∈ X ¤á |f(x) − fn(x)| < ε. u´Òk

sup
x∈X

|f(x) − fn(x)| 6 ε,

�Ò´ lim
n→∞

{

sup
x∈X

rn(x)
}

= 0. �

5 éu�½�8Ü X Ú3Ùþk½Â�¼êS� {fn(x)}, �^�K�(Ø

5�y§´Ä��Âñ, ����{´: (1) ¦Ñ4�¼ê f(x); (2) ¦Ñ rn(x) =

|f(x) − fn(x)| 3 X þ�þ(., XJù�(.U
��, KÒ´���. ��!�SK

�õêÑ´^ù��{5)û�.

SSSKKK 2746 ïÄS� fn(x) = xn (n = 1, 2, · · · ) 3e�«mþ���Âñ5: (a)

0 6 x 6
1
2

; (b) 0 6 x 6 1.

) (a) 3«m [0,
1
2

] þ, ¼êS� {xn} �4�¼ê� f(x) ≡ 0. ÏdÒk

an = sup
x∈[0,1/2]

|xn| = 1
2n → 0 (n → ∞),

=�� xn
⇉ 0 3 [0,

1
2

] þ¤á.

(b) 3«m [0, 1] þ4�¼ê� f(x) =







0, 0 6 x < 1,

1, x = 1.

Ïd3 [0, 1) þ rn(x) = |xn − 0| = xn, 3 x = 1 �k

rn(1) = 0. u´k

an = sup
x∈[0,1)

xn.

éz��½���ê n, Ñk an = 1, ÏdØ÷vSK 2741

�^�. ùL²S� {xn} 3 [0, 1] þØ��Âñ. �

x

y

O 1

1

ε

1

2

(1,1)

f n(x)=x
n

,

n=1,2,4 ,8 ,16

SK 2746 �Nã

5 1 �Kk²w�AÛ¿Â. XNã¤«, ÒK«´ {(x, y)
∣

∣ 0 6 x < 1, 0 6 y <

ε}. du3 x = 1 ? fn(1) = f(1) = 1, Ïd rn(1) = 0, lØI��Ä x = 1 ù��

:. ,¯KTTÒÑ3ù�:��ý�C.

lãþ��, ÃØ n �õ�, ���½ n, � x ªu: 1 ��ý�, rn(x) 7½ªu

1. Ïdéz����ê n, �� 0 < ε < 1, fn(x) = xn �ã�Ò�½¬�ÑÒK«. ù

L²S� {xn} 3 [0, 1] þØ��Âñ, ¦+3: x = 1 ? rn(1) ≡ 0.

aq��¹�u)3Ù¦����Âñ¼êS�¥. ~X §4.3 �SK 2326.1(b),

^ùp��ó5`, S� {sinn x} 3«m [0, π/2] þØ��Âñ (ë�TK�Nã).
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5 2 |^ëY¼êS����Âñ�4�¼ê7½ëY�½n (���Ö), Ïd

l4�¼ê f(x) 3: x = 1 �ýØëYÒ�íÑ fn(x) 3 [0, 1] þØ��Âñ.

5 3 d¼êS� {xn} 3 [0, 1] þØ��Âñ=�íÑTS�3 [0, 1) þ�Ø��

Âñ. ^�y{, eé?¿�½� ε > 0, �3 N , ¦�� n > N �é¤k x ∈ [0, 1) ¤

á |xn| < ε. @odu3 [0, 1] þ�4�¼ê f(x) 3 [0, 1) þ�u 0, 3 x = 1 ?�u 1,

 xn 3 x = 1 ?ð�u 1, lÓ�é x ∈ [0, 1] ¤á

|xn − f(x)| < ε,

ù� (b) �(Øgñ.

SSSKKK 2752 ïÄS� fn(x) = 2nx

1 + n2x2
(n = 1, 2, · · · ) 3e�«mþ���Âñ

5: (a) 0 6 x 6 1; (b) 1 < x < +∞.

) �±wÑ3«m [0, +∞) þ�4�¼ê f(x) ≡ 0. u´k rn(x) = |fn(x) −

f(x)| = fn(x), n = 1, 2, · · · .

(a) 3«m [0, 1] þ, |^²þ�Ø�ªÒk

nx =
√

1 · n2x2 6
1 + n2x2

2
,

�u 1 = nx �¤á�Ò, �� fn(x) 6 1, �u x = 1/n ������ 1. 3e¡�Nã

¥�Ñ
 n = 1, 2, 4, 8 � fn(x) �ã�. lã¥��, z�� fn(x) �ã�Ñk��¸,

ÙpÝ�ÓÑ´ 1. � n O��, ù�¸�£. ,ù�¸��3ØK�S� {fn(x)}

3z�: x ∈ [0, +∞) ?Âñu 0.

x

y

O 1 2 3 4 5 6

1

1

2

1

4

1

8

f n(x)=
2nx

1+n2x2 , n=1,2,4 ,8

SK 2752 �Nã

u´3«m [0, 1] þéz� n Ñk rn(1/n) = 1, ÏdS� fn(x) = 2nx

1 + n2x2
(n =

1, 2, · · · ) 3 [0, 1] þØ��Âñ.

(b) 3«m (1, +∞) þ��¹KØÓ. Xã¤«, fn(x) 3ù�«mþ´ x �üN4

~¼ê. ù�±ÏL

f ′

n
(x) =

2n(1 − n2x2)

(1 + n2x2)2
< 0 (x > 1)

��y². ù�Ò�±O�Ñ

an = sup
x>1

rn(x) = rn(1) = fn(1) = 2n

1 + n2
,

l� n → ∞ �k an → 0. Ïd¼êS� fn(x) = 2nx

1 + n2x2
(n = 1, 2, · · · ) 3«m

(1, +∞) þ��Âñ. �
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5 duz^��¸�£ªu x = 0 �mý, �±y², é?Û δ > 0, �K�¼

êS�3 [δ, +∞) þþ���Âñ, 3 [0, δ] ½ö (0, δ] þþØ��Âñ.

SSSKKK 2758 ïÄS� fn(x) = e−(x−n)
2

(n = 1, 2, · · · ) 3e�«mþ���Âñ

5: (a) −l < x < l, Ù¥ l�?¿�ê; (b) −∞ < x < +∞.

) éz� x þk lim
n→∞

e−(x−n)
2

= 0, Ïd4�¼ê f(x) ≡ 0, −∞ < x < +∞.

(a) �½ l > 0, K� n > l �Òk

sup
−l<x<l

|fn(x) − f(x)| 6 e−(n−l)
2

→ 0 (n → ∞),

Ïd¼êS� {e−(x−n)
2

} 3 (−l, l) þ��Âñ.

(b) ù�éz� n, |fn(x)− f(x)| = e−(x−n)
2

3 x = n ?����� 1, Ïd¼êS

� {e−(x−n)
2

} 3 (−∞, +∞) þØ��Âñ. �

SSSKKK 2760 ïÄS� fn(x) =
(

1 + x
n

)n

(n = 1, 2, · · · ) 3e�«mþ���Âñ

5: (a) 3k��«m (a, b) þ; (b) 3«m (−∞, +∞) þ.

) X §1.5.7 � 4 �SK 611(a) ¤«, 4�¼ê f(x) = ex.

(a) |^SK 611(a) Ú (b) ¥�(J, Òk
∣

∣

∣

(

1 + x
n

)n

− ex

∣

∣

∣
6

∣

∣

∣

(

1 + x
n

)n

−
(

1 + x + x2

2!
+ · · · + xn

n!

)∣

∣

∣

+
∣

∣

∣

(

1 + x + x2

2!
+ · · · + xn

n!

)

− ex

∣

∣

∣

6
x2

2n
· e|x| +

|x|n+1

(n + 1)!
·

n + 2
n + 2 − |x|

,

Ù¥b� n ®¿©�¦� n + 2 − |x| > 0.

dd��, éu?Û�½�k.«m (a, b), o�±���ê M , ¦�þªm>Ø�

L M
n

, ly²
¼êS�
(

1 + x
n

)n

(n = 1, 2, · · · ) 3«m (a, b) þ��Âñ.

(b) 3«m (−∞, +∞) þ��¹KØÓ. ¢Sþ fn(x) =
(

1 + x
n

)n

´ n gõ�ª,

� x → ±∞ �, õ�ª�5���ê¼ê ex �5���Ø��.

^�y{. e¼êS� fn(x) =
(

1 + x
n

)n

3 (−∞, +∞) þ��Âñ, Kéu

ε0 = 1, �3 N , ¦�� n > N �éuz��¢ê x Ñ¤áØ�ª
∣

∣

∣

(

1 + x
n

)n

− ex

∣

∣

∣
< 1.

,��^ x = n �\, þªÒ¤
 |2n − en| < 1, ù3 n ¿©��ÒØU¤á. �

5 ��±^SK 2741 ��{�O sup
x∈X

|fn(x) − f(x)|. du x �õ�ª P (x) 3

x → ∞ �7�Ã¡�þ (� §1.5.3 �SK 408), Ó�qk P (x) = o(ex) (x → +∞), Ï

dÒØ=�±�� (b) ¥�(Ø, ���±y²T¼êS�3 [a, +∞) Ú (−∞, b] þ

ÑØ��Âñ.
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SSSKKK 2765 �¼ê f(x) 3«m (a, b) SkëY��¼ê f ′(x), �

fn(x) = n
[

f
(

x + 1
n

)

− f(x)
]

.

y²: 34«m α 6 x 6 β þ (Ù¥ a < α < β < b), fn(x) ⇉ f ′(x).

) l fn(x) �L�ª��3 (a, b) þ�4�¼ê� f ′(x).

� δ ÷v 0 < δ < b − β, K� n ¿©��, éu x ∈ [α, β], 7�¦� x + 1/n ∈

[α, β + δ] ⊂ (a, b). ,�3«m [x, x + 1/n] þ^.�KF�©¥�½nu fn(x), Òk

θn ∈ (0, 1), ¦�¤á

|fn(x) − f ′(x)| =
∣

∣

∣
f ′

(

x +
θn

n

)

− f ′(x)
∣

∣

∣
.

|^ f ′(x) 3 [α, β + δ] þëY, l��ëY, Ïdéu�½� ε > 0, �3 η > 0,

¦�� x1, x2 ∈ [α, β + δ] � |x1 − x2| < η �, Òk |f ′(x1) − f ′(x2)| < ε.

��éuþã η Ú δ, � N , ¦�� n > N �k
1
n

< min{δ, η}, KÒéu¤k

x ∈ [α, β] ¤á

|fn(x) − f ′(x)| < ε,

ù�Òy²
3«m [α, β] þ fn(x) ⇉ f ′(x). �

SSSKKK 2766 � fn(x) =

n
∑

i=1

1
n

f
(

x + i
n

)

, Ù¥ f(x)� (−∞, +∞) þ�ëY¼ê.

y²: S� fn(x) (n = 1, 2, · · · ) 3?Ûk�4«m [a, b] þ��Âñ.

) l fn(x) �L�ªÚ f ëY��4�¼ê� g(x) =
∫
1

0

f(x + t) dt. ù�Ò�

�OXe:

|fn(x) − g(x)| =

∣

∣

∣

∣

∣

n
∑

i=1

1
n

f
(

x + i
n

)

−

∫
1

0

f(x + t) dt

∣

∣

∣

∣

∣

6

n
∑

i=1

∫ i

n

i−1

n

∣

∣

∣
f
(

x + i
n

)

− f(x + t)
∣

∣

∣
dt.

,�|^ f 3«m [a, b + 1] þëY, l��ëY, u´éu�½� ε > 0, k δ > 0, �

x1, x2 ∈ [a, b + 1] � |x1 − x2| < δ �, ¤á |f(x1) − f(x2)| < ε.

��� N , ¦�� n > N �k 1/n < δ. u´é x ∈ [a, b], 3«m t ∈ [x +
i − 1

n
, x + i

n
] �, Òk |f(x + i

n
) − f(x + t)| < ε, i = 1, 2, · · · , n. lÒ��

|fn(x) − g(x)| < ε,

=®²y²3 [a, b] þ fn(x) ⇉ g(x). �

5.4.3 ¼¼¼êêê���???êêê���������ÂÂÂñññ555 (SSSKKK 2767–2791)

�¼ê�?ê

∞
∑

n=1

un(x) 38Ü X þk½Â, qPÙÜ©Ú¼êS�� Sn(x) (n =

1, 2, · · · ), K�â½Â, T¼ê�?ê3 X þ��Âñ�duþãÜ©Ú¼êS�3 X
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þ��Âñ. u´þ��!�SK 2741 Jø��{�k�U^u�½¼ê�?ê3 X

þ���Âñ5. ��!m©�A�SK 2767–2773 Ò´ù�¡�öSK.

,éu�õê¼ê�?ê5`, ·�éJÏLéÙÜ©ÚS����Âñ5?

Ø5�½�5�¼ê�?ê���Âñ5.

£� §5.4.2 ¥�Ì�óä, =SK 2741, ùpÄkI�¦Ñ¼ê�?ê�Ú¼ê

S(x), x ∈ X (XJ¼ê�?ê3 X þ??Âñ�{), ù  Ø�½���. ~X,

Ú¼ê�UØ´Ð�¼ê, $���Øáu®��¼ê��. Ùg, XÛ¦Ñ¼ê�?

ê�{�S� Rn(x) = S(x) − Sn(x) �µ4/ªq  ´�(J¯K 1©. ��, XÛ¦

Ñ3 X þ�¼êS� |Rn(x)| ����½þ(., ��UØN´.

Ïd, |^aqu §5.1 Ú §5.2 @����Âñ5�O{, 3ØI�¦Ú¼ê��

¹eÒ�½¼ê�?ê���Âñ5, D´��Ün�ÀJ. ¢Sþ, 3��Âñ��

��±éuÚ¼ê�CqO�. Ïd3Nõ�¹e�
�½��Âñ5k�¦ÑÚ

¼ê¢3´Ø�Ün�, Ï��ö´5���ØÓ�,��¯K, �  �(J�õ.

35SK86� §5.7 ¥ò;�?Ø?ê¦Ú¯K.

5SK863�!m©�Þ
¼ê�?ê��«��Âñ5�O{, Ù¥�Ä�

�´�Ü��Âñ�O{, ��~^�K´��dA.d�O{, �¡�r?ê�O{.

����Ñ, �X?êÏ�ØÂñu 0 ��?ê7½uÑ��, du

∞
∑

n=1

un(x) 3

X þ��Âñ=�íÑÏ� un(x) 3 X þ��Âñu 0, ÏdÙ_Ä·KÒ¤�|^

Ï�A5��� ('u���Âñ5) ��{ü�¿©5�O{:

un(x) 3 X þØ��Âñu 0 =⇒

∞
∑

n=1

un(x) 3 X þØ��Âñ.

SSSKKK 2767 ïÄ?ê

∞
∑

n=0

xn 3e�«mþ���Âñ5: (a) |x| < q, Ù¥ q < 1;

(b) |x| < 1.

) 1 (^SK 2741 ��{) ù�AÛ?ê�Âñ�� |x| < 1, 3 x 6= 1 �k

Sn(x) = 1 + x + x2 + · · · + xn−1 = 1 − xn

1 − x
,

��dd��Ú¼ê S(x) = 1
1 − x

.

u´�±^SK 2741 ��{5?Ø��Âñ5.

(a) � |x| < q (< 1) �, k

|Sn(x) − S(x)| =
∣

∣

∣

xn

1 − x

∣

∣

∣
<

qn

1 − q
,

l��� n → ∞ �Òk sup
|x|<q

|Sn(x)−S(x)| → 0, =?ê

∞
∑

n=0

xn 3«m |x| < q (< 1)

þ��Âñ.

1© �,ù¿�¦ |Rn(x)| �þ(.½����7�^�.
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(b) � |x| < 1 �, 3 |Sn(x)− S(x)| =
∣

∣

∣

xn

1 − x

∣

∣

∣
�L�ª¥, - x → 1− 0 Ò�U�

�Ã¡�þ, ��?ê

∞
∑

n=0

xn 3«m (−1, 1) þØ��Âñ. �

) 2 (^�O{) (a) ^r?ê���Âñ5�O{.

� |x| < q (< 1) �, k |x|n < qn (n = 1, 2, · · · ), Ïd��^

∞
∑

n=0

qn �r?ê, =�

��¼ê�?ê

∞
∑

n=0

xn 3 |x| < q (< 1) ����Âñ5.

(b) |^Ï��A5.

d §5.4.2 �SK 2746(b) ��¼êS� {xn} 3 [0, 1] þØ��Âñ, ��ddíÑ

§3 [0, 1) þØ��Âñu 0 (�TK�5 3). u´§3 (−1, 1) þ�Ø��Âñu 0, ù

�Ò��± xn �Ï��¼ê�?ê3 (−1, 1) þØ��Âñ. �

SSSKKK 2768(b) ïÄ?ê

∞
∑

n=0

xn

n!
3«m (0, +∞) þ���Âñ5.

) 1 (^SK 2741) l §1.5.7 � 4 �SK 611(b) ��K�?êÚ� ex. |^�.

�KF.{���Vúª (� §2.10.3 �SK 1394(a)), Òk

Rn(x) = eθx

(n + 1)!
xn+1,

Ù¥ 0 < θ < 1.

dù�L�ª�±wÑ, 3 0 < x < +∞ þ, ��- x = n + 1 �\, Òk

Rn(x) > 1. Ïd�âSK 2741 ���K�?ê3 (0, +∞) þØ��Âñ. �

) 2 (|^Ï�) �±y²�K�?êÏ�3 (0, +∞) þØ��Âñu 0, u´d

d=�íÑ?ê3T«mþØ��Âñ�(Ø.

^�y{. e?êÏ�3 (0, +∞) þ��Âñu 0, Kéu ε0 = 1, �3 N , �

n > N �, éu¤k x > 0 ¤áØ�ª

xn

n!
< 1.

ù�Ø�ªéuz�� n ÑØU3 (0, +∞) þ¤á. �

5 �±ò) 2 ¥��{^uy²�����e�(Ø.

e?ê

∞
∑

n=1

pn(x) �Ï� pn(x)�õ�ª (ÙgêÃ��), K¡�õ�ª?ê. �

±y², e��õ�ª?ê3Ã.«mþ��Âñ, K�3 N , � n > N � pn(x) ≡ 0.

Ïdù��?ê�Ú¼ê�U´õ�ª (� [34] §16.3.6 �öSK 8). AO´�íÑ, ¹

kÃ�õ��"���?ê3 (−∞, +∞) þ�½Ø��Âñ.

SSSKKK 2773 ïÄ?ê

∞
∑

n=1

nx
(1 + x)(1 + 2x) · · · (1 + nx)

3e�«mþ���Âñ

5 (Ù¥ ε > 0): (a) 0 6 x 6 ε; (b) ε 6 x < +∞.
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) (^SK 2741) |^Ï� un(x) ���©):

un(x) = 1
(1 + x)(1 + 2x) · · · (1 + (n − 1)x)

−
1

(1 + x)(1 + 2x) · · · (1 + nx)
,

Ò���Ü©Ú¼êS��µ4/ª:

Sn(x) = u1(x) + · · · + un(x) = 1 −
1

(1 + x)(1 + 2x) · · · (1 + nx)
,

¿��?êÚ� S(x) =







1, x ∈ (0, +∞),

0, x = 0.

(a) 3«m [0, ε] þ, k

sup
x∈[0,ε]

|S(x) − Sn(x)| = sup
x∈(0,ε]

∣

∣

∣

1
(1 + x)(1 + 2x) · · · (1 + nx)

∣

∣

∣
= 1,

��?êØ��Âñ.

(b) 3«m [ε, +∞) þk

sup
x∈[ε,+∞]

|S(x) − Sn(x)| = 1
(1 + ε)(1 + 2ε) · · · (1 + nε)

6
1

n!εn .

du?ê

∞
∑

n=1

1
n!εn �^�K���O{�ÙÂñ, Ïd lim

n→∞

1
n!εn = 0 (�� §1.2.2

�SK 61), l�?ê3 [ε, +∞) þ��Âñ. �

5 Ù¦�{: éu (a), �±|^Ú¼êu: x = 0 mýØëYí�?êØ�

�Âñ; éu (b), �±^

∞
∑

n=1

un(ε)�r?ê.

SK 2774 ¹ 12 ��K, þ�±^r?ê�O{. e¡�éÙ¥AK�Ñ�{.

SSSKKK 2774 |^��dA.d�O{, y²e�¼ê�?ê3¤�½«mS��

�Âñ5:

(a)

∞
∑

n=1

1
x2 + n2

, −∞ < x < +∞.

) (V�) l 0 <
1

x2 + n2
6

1
n2

, =�^

∞
∑

n=1

1
n2
�r?ê. �

(d)
∞
∑

n=1

nx

1 + n5x2
, |x| < +∞.

) (V�) |^²þ�Ø�ª=�k n
5

2 · x =
√

1 · n5x2 6
1 + n5x2

2
, ��éu

¤k x ¤á
∣

∣

∣

nx

1 + n5x2

∣

∣

∣
6

1

2n
3

2

<
1

n
3

2

,

Ïd�±^

∞
∑

n=1

1

n
3

2

�r?ê. �

(j)

∞
∑

n=2

ln
(

1 + x2

n ln2
n

)

, |x| < a.
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) (V�) |^ t > 0 �k 0 6 ln(1 + t) 6 t, Òk

0 6 ln
(

1 + x2

n ln2 n

)

6
x2

n ln2 n
<

a2

n ln2 n
,

Ïd�±^

∞
∑

n=2

a2

n ln2 n
�r?ê (ë� §5.1.6 �SK 2619(a)). �

(k)

∞
∑

n=1

x2e−nx, 0 6 x < +∞.

) (V�) é¼ê x2e−nx ¦�=��?êÏ�3 [0, +∞) þ����� 4
n2

e−2,

ÏdÒ�±^ 4e−2

∞
∑

n=1

1
n2
�r?ê. �

o(±þA�~f, ���e�·K, §�x
��dA.d�O{�k���.

···KKK 5.7 U
^��dA.d�O{�½¼ê�?ê

∞
∑

n=1

un(x) u8Ü X þ��

Âñ�¿©7�^�´e��K�?êÂñ:
∞
∑

n=1

an,

Ù¥ an = sup
x∈X

|un(x)| (n = 1, 2, · · · ).

y ¿©5´²w�, du�K�?ê

∞
∑

n=1

an Âñ, lÙÏ��½Â��ù�?ê

Ò�±^��r?ê.

7�5. XJU
^��dA.d�O{y²K¥�¼ê�?êu X þ��Âñ,

K�3r?ê

∞
∑

n=1

bn, §´��Âñ��K�?ê, �éz� n Ú x ∈ X ÷v^�:

|un(x)| 6 bn.

ùÒL²éz�� n k 0 6 an = sup
x∈X

|un(x)| 6 bn, Ïd�â'��O{Ò��?ê

∞
∑

n=1

an Âñ. �

5 1 ^r?ê�{�½3 X þ�?ê��Âñ�, T?ê�7½3 X þ??ý

éÂñ. ·K 5.7 �´�Ñ
r?ê�{U
¤õA^�¿©7�^�, �¿Ø´¼ê

�?ê3 X þýé��Âñ�¿©7�^�. e·K¥�?ê

∞
∑

n=1

an uÑ, K·K�

L²ØU^r?ê�{, ,T?êE,�U3 X þýéÂñ���Âñ. e¡�S

K 2786 Ò´Xd.

Öö��±ò·K 5.7 � §5.4.2 �SK 2741 �'�, �±w�§�3L¡þk�

q5, �(ØØÓ. AO´ØUl��dA.d�O{�Ø¤õíÑØ��Âñ�(Ø,

Ï�§�´¿©^�.
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Ó�, 3¼ê�?ê���Âñ5¯K¥~^�C���O{Ú)|�X�O{

����´¿©5�O{ 1©. �
�½¼ê�?ê3�½ê8þ����Âñ, Ø
|

^Ï�A5� (Ø´érkå�) �{�	, Ì��óä�´�Ü��Âñ�O{.

SSSKKK 2775 ïÄ¼ê�?ê

∞
∑

n=1

sin nx
n

3e�«mþ���Âñ5: (a) ε 6 x 6

2π − ε, Ù¥ ε > 0; (b) 0 6 x 6 2π.

) |^ §5.2.1 �SK 2696(a), ®��K�?ê3 [0, 2π] þ??Âñ, �3

x 6= 0, π, 2π �^�Âñ, ÏdØ�U^��dA.d�O{.

(a) 3«m [ε, 2π − ε] (ùp�¦ 0 < ε < π) þk�O

| sin x + sin 2x + · · · + sinnx| 6
1

∣

∣

∣
sin x

2

∣

∣

∣

6
1

∣

∣

∣
sin ε

2

∣

∣

∣

,

Ïd^)|�X�O{Ò��?ê3 [ε, 2π − ε] þ��Âñ.

(b) |^éó{K (ë� §1.2.5 �SK 87 9Ù5½ë� [34] � §1.4), l'u¼ê�

?ê��Ü��ÂñOK�e�/ª:
∞
∑

n=1

un(x) u X þ��Âñ ⇐⇒ é?¿�½� ε > 0, �3 N , ¦�é n > N ,

p > 0 Ú x ∈ X , ¤á |un+1(x) + · · · + un+p(x)| < ε,

Ò���
∞
∑

n=1

un(x) u X þØ��Âñ ⇐⇒ �3,� ε0 > 0, é?¿�½� N , �3 n > N ,

p > 0 Ú x ∈ X , ¤á |un+1(x) + · · · + un+p(x)| > ε0.

duéz���½� N �Ó�(½ n, p Ú x ´'�(J�, ±e�½� p = n (ë�

§1.2.5 �SK 88 �) 1), u´éu�KÒ�¦¤áØ�ª
∣

∣

∣

sin(n + 1)x
n + 1

+ · · · + sin 2nx
2n

∣

∣

∣
> ε0.

e� x = π
4n

, K3þª�>�ýéÒS�z��©ª�©fÑ�u sin π
4

=

√
2

2
, Ï

dù n ��ÚÒ�u n ·
1
2n

·

√
2

2
=

√
2

4
.

�â±þ©Û, �½ ε0 =

√
2

4
, Ké?¿�½� N , Ò�� n = p = N + 1,

x = π
4n

, ù�Ò��

∣

∣

∣

sin(n + 1)x
n + 1

+ · · · + sin 2nx
2n

∣

∣

∣
>

√
2

2

(

1
n + 1

+ · · · + 1
2n

)

>

√
2

2
·

n
2n

= ε0.

1©®²y², 32ÂÈ©!ê�?êÚ¼ê�?ê¥Ó¶�ùü��O{Ø=´¿©^�, �3�È¼

ê½?êÏ��3¤�¦�¦È/ª©)�¿Âþ�´7�^� (ë�[34] � §13.3.1 ���5), �8c�

vkw�ù��7�53�½Ø��Âñþ�A^.
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ù�Òy²
¼ê�?ê

∞
∑

n=1

sin nx
n

3 [0, 2π] þØ��Âñ. �

5 8�ò¬���K�¼ê�?ê�Ú¼êu x = 0, 2π ?ØëY, l=�í

Ñ (2) ¥�(Ø (ë� §5.4.5 �~K 1 Ú §5.6.1 �SK 2941).

SSSKKK 2776 ïÄ¼ê�?ê

∞
∑

n=1

2n sin 1
3nx

3«m 0 < x < +∞ þ���Âñ5.

) |^� x > 0 �k | sinx| < x, ���K�?êÏ�÷vØ�ª

|un(x)| 6
2n

3nx
,

Ïd3«m (0, +∞) þ?ê??ýéÂñ. ,�K un(x) u (0, +∞) þ??Âñu

0, �3T«mþ%¿���Âñu 0. |^ §5.4.2 �SK 2741, �I�Ñ

sup
x>0

∣

∣

∣
2n sin 1

3nx

∣

∣

∣
,

Ò��éz��½� n, du x > 0 ��?¿�, dþ(.´ 2n, §�,Øªu 0. Ïd

�K�?ê3 (0, +∞) þØ��Âñ. �

SSSKKK 2777 ïÄ¼ê�?ê

∞
∑

n=1

(−1)n

x + n
3«m 0 < x < +∞ þ���Âñ5.

) duéz� x > 0, ?êþ�4ÙZ]., Ïd3 (0, +∞) þ??Âñ. qdu

T?ê??�^�Âñ, ÏdØ�U^��dA.d�O{.

P?ê�Ü©Ú� Sn(x), ?êÚ� S(x), K�±|^4ÙZ].?ê�{�

Rn(x) �ýé�Ø�L |un+1(x)|, u´Òk

|Rn(x)| 6
1

x + n + 1
6

1
n + 1

,

��d?êu (0, +∞) þ��Âñ. �

5 �K�,��±^)|�X�O{½öC���O{���Ó�(Ø.

SSSKKK 2786 y²: ýéÂñ���Âñ�?ê

∞
∑

n=1

fn(x) (0 6 x 6 1), Ù¥

fn(x) =



















0, 0 6 x 6 2−(n+1),

1
n

sin2(2n+1πx), 2−(n+1) < x < 2−n,

0, 2−n
6 x 6 1,

ØU^�K��Âñê�?ê��Ùr?ê.

) �±wÑéu«m [0, 1] ¥�z�� x, ?ê¥�õ�k��Ø�u 0. Ïd

?ê3 [0, 1] þ??Âñ. P?êÚ� S(x) (ë�Nã¥�Ú¼ê�«¿ã), Ü©Ú�

Sn(x), K{�
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Rn(x) = S(x) − Sn(x) = fn+1(x) + fn+2(x) + · · ·

�äkaq�5�, =éuz�� x, 3 Rn(x) �þãÚª¥�õ�k��Ø�u 0. d

uqk 0 6 Rn(x) 6
1

n + 1
, Ïd��d?êu [0, 1] þ��Âñ.

e�3r?ê

∞
∑

n=1

an, KÒ3 [0, 1] þéz� n ¤á

0 6 fn(x) 6 an. d fn(x) �L�ª��7k an > 1/n, 

NÚ?ê

∞
∑

n=1

1
n

®²uÑ. Ïdù��Âñ��?ê´Ø

�U�3�. �

5 �±�E��{ü�~f. XNã¤«, ��¦?

êÏ� fn(x) 3«m (2−(n+1), 2−n) þ�~ê� 1/n Òv



. �K��{K¦� fn(x) 3 [0, 1] þëY.

x

y

O 1

1

f1(x)

f2(x)

S(x)=
∞
P

n=1

fn(x)

1

2

1

2

1

4

1

8

SK 2786 �Nã

SSSKKK 2788 y²: �?ê

∞
∑

n=0

anxn 3�Ü uÙÂñ«mS�?Û4«mþ´ý

éÂñ���Âñ�.

J« �K´�?ênØ¥�Ä�SN, Ùy²���Ö. ùp�éÐÆö�Ñ,

X���?ê�Âñ�´¹kà:�«m, KT�?ê3à:þ�7ýéÂñ. ùK�

��K�(ØÚ¤^��{. �

5.4.4 ÚÚÚ¼¼¼êêê���444���¼¼¼êêê���555��� (SSSKKK 2792–2811.2)

��!�SK�>�¼ê�?ê�Ø%SN, Ù¥�Ì�¯K´: ¼ê�?ê�Ú

¼ê�n�Ä�5�, =ëY5!��5Ú�È5, UÄl?ê�Ï�¤äk��A5

�íÑ? e�±, KÚ¼ê��êÚÈ©UÄÏL¼ê�?ê�Å�¦�Ú¦È©�

�? (éu¼êS��kÓ��¯K, =Ù4�¼ê�ëY5!��5Ú�È5UÄl¼

êS�¤äk��A5�íÑ? e�±, K4�¼ê��êÚÈ©UÄÏL¼êS��

¦�Ú¦È�¦4�$���^S��?)

{¤þ�)ûù
¯KQ²JÑLõ«óä, ��Âñ5VgÒ´Ù¥��.

duùpk�õ�nØ¯KI�?Ø, ·�òk'SN8¥�3e��Ö5�!

¥�0�. ïÆÐÆö3���!�SKckèAÙ¥�SN.

SSSKKK 2792 y²: ¼ê f(x) =

∞
∑

n=1

sin nx

n3
3«m −∞ < x < +∞ SëY¿kë

Y��¼ê.

) du?ê�Ï� un(x) ëY, �kr?ê

∞
∑

n=1

1
n3

, Ïd?ê3 (−∞, +∞) þ

��Âñ, l f(x) 3d«mþëY.
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�ïÄ f ���5, ò?êé x Å�¦���?ê

∞
∑

n=1

cosnx

n2
. duù�?ê3

(−∞, +∞) þ�±^r?ê

∞
∑

n=1

1
n2

�yÙ��Âñ, ��ëY¼ê, lÒ��éu

f(x) �¦�ê$�Ú?ê�¦Ú$����, u´�ÏLé?ê�Å�¦���

f ′(x) =
(

∞
∑

n=1

sin nx

n3

)

′

=

∞
∑

n=1

cosnx

n2
,

l�� f(x) 3«m (−∞, +∞) þëY��. �

5 ÐÆö7L5¿, 3��Ö�Å���½n¥, �
?ê�Ú¼ê���Ù�

ê�±ÏLÅ�¦���, =k

d
dx

∞
∑

n=1

un(x) =

∞
∑

n=1

dun(x)
dx

,

'�^�´þªm>�?ê, =Å�¦�¤���?ê, 3¤Ø«mþ���Âñ. ù

�:�Ú¼ê�ëY5½n±9Å�È©½n��ØÓ.

SSSKKK 2796 � rk (k = 1, 2, · · · ) ´«m [0, 1] S��Nknê, y²¼ê

f(x) =
∞
∑

k=1

|x − rk|

3k
(0 6 x 6 1)

äke�5�: 1) ëY; 2) 3Ãn:?��3kn:?Ø��.

) 1) du?ê�z��3 [0, 1] þëY, qk

∞
∑

k=1

2
3k
�r?ê, ÏdlëY5½

n��?ê�Ú¼ê f(x) 3 [0, 1] þëY.

2) Ï?ê���3: x = rk ?Ø��, ÏdØU^y¤�Å���½n.

� x0 ∈ [0, 1]�Ãnê, K�3 δ > 0, ¦��� Oδ(x0) ⊂ [0, 1]. ���Ñ�û

f(x0 + h) − f(x0)
h

=

∞
∑

k=1

|x0 + h − rk| − |x0 − rk|

3kh
, (5.6)

¿|^n:Ø�ª
∣

∣|x| − |y|
∣

∣ 6 |x − y|, Òk
∣

∣

∣

|x0 + h − rk| − |x0 − rk|

h

∣

∣

∣
6 1,

l�� (5.6) m>�?êkr?ê

∞
∑

k=1

1
3k

, Ïdéu÷v 0 < |h| < δ � h���Â

ñ. u´ h → 0 �4�$��±�?ê�¦Ú$����, ù�Òk

lim
h→0

f(x0 + h) − f(x0)
h

= lim
h→0

∞
∑

k=1

|x0 + h − rk| − |x0 − rk|

3kh

=

∞
∑

k=1

(

lim
h→0

|x0 + h − rk| − |x0 − rk|

3kh

)

=

∞
∑

k=1

±1
3k

,
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Ù¥|^
¼ê |x − rk| 3Ãn: x0 ?��. 3����?ê����©f¥, �

x0 > rk ���Ò, � x0 < rk ��KÒ.

du���ª�?êýéÂñ, ÏdÒy²
 f(x) 3: x = x0 ?��.

y� x ∈ (0, 1)�knê, K�3��� k0, ¦� x = rk0
. ù��±ò f(x) �?ê

L�ª©)Xe (Ù¥� k0 > 1, éu k0 = 1 ��¹?Ø´aq�):

f(x) =
|x − rk0

|

3k0

+

k0−1
∑

k=1

|x − rk|

3k
+

∞
∑

k=k0+1

|x − rk|

3k
. (5.7)

ù��ªm>�1��Úª�kk��, �3: x = rk0
?þ��, 1��ÚªK�

c¡ x0 �Ãnê��¹���±y²3: x = rk0
?��. , (5.7) m>�1��3

: x = rk0
?Ø��. ù�Òy²
 f(x) 3 (0, 1) S�kn:?þØ��. ^�Ó�{

�� f(x) 3: x = 0 Ú x = 1 �3üý�ê. �

SSSKKK 2797 y²: iù ζ ¼ê

ζ(x) =
∞
∑

n=1

1
nx

3«m x > 1 SëY, �3d«mSk���ëY�¼ê.

) d��?ê��ÜÈ©�O{ (½Ù¦�O{), �� ζ(x) 3 x > 1 �k½Â.

é?¿: x0 > 1, � δ > 0 ¿©� (~X- δ = (1+x0)/2), ¦�k [x0−δ, x0 +δ] ⊂

(1, +∞). 3ù�4«mþkr?ê

∞
∑

n=1

1
nx0−δ

, Ïdl��dA.d�O{��?ê

3 [x0 − δ, x0 + δ] þ��Âñ, lÚ¼ê3: x0 ?ëY. du x0 ∈ (1, +∞) �?¿

5, �� ζ(x) 3Ù½Â�S??ëY.

é?êÅ�¦���
∞
∑

n=1

− lnn
nx .

é?¿: x0 > 1, �c¡Ó�/� δ > 0, ¦� [x0 − δ, x0 + δ] ⊂ (1, +∞), K3ù�4

«mþkr?ê

∞
∑

n=1

lnn

nx0−δ
, Ïdl��dA.d�O{��þãÅ�¦����?

ê3 [x0 − δ, x0 + δ] þ��Âñ, l�� ζ(x) 3: x0 ?��, �¤á

ζ′(x0) =
∞
∑

n=1

− lnn
nx0

.

du x0 ∈ (1, +∞) �?¿5, �� ζ(x) 3Ù½Â�S??��, �Ù�ê�±l�5

�?êÅ�¦���.

±e�±^êÆ8B{y² ζ(x) 3Ù½Â�S??k?¿��ê. lÑ. �

5 du±þÑy�¤k¼ê�?êÑ3 x = 1 ?uÑ, Ïd§�3 (1, +∞) ½?

Ûk.«m (1, A) þþ���Âñ. duëY5Ú��5Ñ´¼ê�ÛÜ5�, Ïd�

�^��¿©��«mò¤?Ø�: x0 �¹uÙSÜ, ,�Ò�Iéù��«m5�

y¤I����Âñ5^�=�. �K�?Ø3ù�¡äk;.¿Â.
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SSSKKK 2799(b) (½¼ê f(x) =

∞
∑

n=1

|x|

n2 + x2
��3�¿ïÄ§���5.

) 1 ?ê3: x = 0 ?w,Âñ, � f(0) = 0. � x 6= 0 �, Ï� un(x) =

O∗

(

1
n2

)

(n → ∞), ÏdÂñ. u´¼ê f(x) �½Â�´ (−∞, +∞).

du f �ó¼ê, ±ekïÄ3 x ∈ (0, +∞) ����5.

3 x > 0 ��Sé?êÅ�¦�, du
(

x

n2 + x2

)

′

= n2 − x2

(n2 + x2)2
, �k

∣

∣

∣

n2 − x2

(n2 + x2)2

∣

∣

∣
6

n2 + x2

(n2 + x2)2
= 1

n2 + x2
6

1
n2

,

��Å�¦����?ê3 (0, +∞) þ��Âñ. é: x0 > 0 ����4«m

[a, b] ⊂ (0, +∞), ¦� x0 ∈ (a, b). éud«m [a, b] ^Å���½n, Ò�� f(x) 3:

x0 ��. du x0 > 0 �?¿5, �� f(x) 3 (0, +∞) S??��, �k

f ′(x) =
∞
∑

n=1

n2 − x2

(n2 + x2)2
, x ∈ (0, +∞).

duþªm>�?êu x = 0 Âñ, �u [0, +∞) þ��Âñ, Ïd� x → +0 �

4��±�?ê¦Ú��^S, ù�Ò¦Ñ
�¼ê f(x) 3: x = 0 ?�mý4�:

f ′(+0) = lim
x→+0

f ′(x) =
∞
∑

n=1

lim
x→+0

n2 − x2

(n2 + x2)2
=

∞
∑

n=1

1
n2

= π2

6
,

Ù¥�����ª� §5.1.7 �SK 2655(a) 9Ù5.

du f(x) 3 x = 0 ?ëY, �âüý�ê4�½n (� §2.6.4 �SK 1258.1), =k

f ′

+(0) = f ′(+0) = π2

6
.

��, du f �ó¼ê, Ïd�Ò��§3 (−∞, 0) S??��, �k

f ′(x) = −

∞
∑

n=1

n2 − x2

(n2 + x2)2
, x ∈ (−∞, 0).

qdu f ´ó¼ê, ÏdÒk f ′

+(0) = −f ′

−
(0) 1©, u´l f ′

+(0) 6= 0 Ò�� f(x) u:

x = 0 ?Ø��, =3T:�3ü�Ø���üý�ê. �

) 2 (V�) �U��{ü��{´ò?ê����kÏf |x| JÑ�¦Úc, �

�¼ê f(x) = |x| · g(x), Ù¥ g(x) =

∞
∑

n=1

1
n2 + x2

, ,�©O?Øü�Ïf=����

) 1 �Ó�(Ø. �

SSSKKK 2802 Á(½ëê α �Û��e�·K�ý: (a) S� fn(x) = nαxe−nx (n =

1, 2, · · · ) 34«m [0, 1] þÂñ; (b) TS�3 [0, 1] þ��Âñ; (c) �3È©Òe�4

�¦

lim
n→∞

∫
1

0

fn(x) dx.

1© ùp�±ë� §2.1.4 �SK 1027, =� f ���ó¼ê�, f ′ 7´Û¼ê.
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) (a) 3 x = 0 ?ok fn(0) = 0, Ïd¼êS�Âñu 0. 3 0 < x 6 1 �, e

α 6 0, K�k lim
n→∞

fn(x) = 0. e α > 0, Kl §1.2.2 �SK 60 Ò��4��´ 0. Ï

d, ¤��¼êS�éëê α �?Û�3 [0, 1] þÑÂñu4�¼ê f(x) ≡ 0.

(b) ÏL¦�ØJ(½ fn(x) 3: 1/n ��4��

max
06x61

fn(x) = nα−1e−1,

Ïd��^ §5.4.2 �SK 2741 ¥�¿�^�, Ò��u x ∈ [0, 1] þ fn(x) ⇉ 0 �¿©

7�^�´ α < 1.

(c) du®�4�¼ê f(x) ≡ 0, Ïde n → ∞ �4�$�UÏLÈ©Ò, K(J

Ò´ 0.

��O�È©��∫
1

0

fn(x) dx = nα

∫
1

0

xe−nx dx = nα−2 −
nα−2 + nα−1

en ,

��¤á

lim
n→∞

∫
1

0

fn(x) dx =
∫
1

0

lim
n→∞

fn(x) dx =
∫
1

0

f(x) dx = 0

�¿�^�´ α < 2. �

5 � α ∈ [1, 2) �, �K�¼êS� {fn(x)} 3 [0, 1] þ�,¿Ø��Âñ, �È

©� n → ∞ �4�^S%E��� (ë��¡ §5.4.5 �·K 5.8).

SSSKKK 2811.1 � f(x) (−∞ < x < +∞) ´Ã¡õg���¼ê, �Ù�ê

f (n)(x) (n = 1, 2, · · · ) �S�3z��k�«m (a, b) þ��Âñu¼ê ϕ(x). y²:

ϕ(x) = Cex, Ù¥ C �~ê.

) ù�3z��«m (a, b) þ, S� {f (n)(x)} Ú {f (n+1)(x)} Ñ´��Âñ, Ï

dÒ��éz�� x ¤á

d
dx

(

lim
n→∞

f (n)(x)
)

= lim
n→∞

d
dx

f (n)(x) = lim
n→∞

f (n+1)(x).

ù�Qk f (n)(x) ⇉ ϕ(x), qk f (n+1)(x) ⇉ ϕ(x), ÏdþªÒ´

dϕ(x)
dx

= ϕ(x).

dd=��� ϕ(x) = Cex (ë� §4.10 �SK 2528). �

SSSKKK 2811.2 �¼ê fn(x) (n = 1, 2, · · · ) 3 (−∞, +∞) þk½Â�k., 3?Û

4«m [a, b] þ fn(x) ⇉ ϕ(x). ddUÄ��

lim
n→∞

sup
x

fn(x) = sup
x

ϕ(x)?

�	~f fn(x) = e−(x−n)
2

, n = 1, 2, · · · .

) Ø�½. e� fn(x) ≡ c (n = 1, 2, · · · ), K�k ϕ(x) ≡ c, u´K¥¤�Ä��

ª�,¤á.
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,éuK¥JÑ�~f5`, l §5.4.2 �SK 2758 ��, ϕ(x) ≡ 0, Ïd

sup
x

ϕ(x) = 0. ,, éz� n þk sup
x

e−(x−n)
2

= 1, Ïd� n → ∞ �Ù4��U´ 1,

l��

1 = lim
n→∞

sup
x

{e−(x−n)
2

} 6= sup
x

{ lim
n→∞

e−(x−n)
2

} = 0. �

5.4.5 ÖÖÖ555

ù��!�¹ü�SN: (1) é�!SN�nØ�µ���nã, (2) 0�iùÚn

9ÙeZA^.

1. '''uuu¼¼¼êêê���???êêêÚÚÚ¼¼¼êêêSSS������ÖÖÖ¿¿¿

¼ê�?êÚ¼êS�´êÆ©Û¥3�È©�Ä:þuÐÑ5�ïÄ¼ê�

�Ãã. ùpØ=kNõ^¼ê�?ê½Â��Ð�¼ê (~X §5.4.4 �SK 2797 �

iù ζ ¼ê), Ò±Ð�¼ê5`, Ø
kn¼ê�	, Ù¦¼ê�O��ÑlØm¼ê

�?êù�óä.

��Ä:, �!��9XÛ|^¼ê�?ê�¼êS�5ïÄÙÚ¼ê�4�¼

ê�Ä�5�.

e¡�éuÃ¡?ê��¹©O�ÑÌ�(J, ¿�ÑI�5¿�?. ò§�=£

�¼êS�þ�´N´�.

éÃ¡?ê

∞
∑

n=1

un(x) ó, �T?ê38Ü X þÂñ, ÙÚ¼êP� S(x).

(1) éu: x0, �§´ X �à:, K¯K´: éÚ¼ê� x → x0 ��4��?ê

¦Ú´Ä���^S? ù�Ò´¯e��ª´Ä¤á:

lim
x→x0

S(x) = lim
x→x0

∞
∑

n=1

un(x)
?
=

∞
∑

n=1

lim
x→x0

un(x).

3 un(x) (n = 1, 2, · · · ) þu: x0 ?ëY�, �Ò´¯Ú¼ê S(x) u: x0 ?´ÄëY.

X��Ö¥¤`, 3?êu X þ��Âñ�, þãü«4��^S��´�(�.

ùp��Ñ, ��Âñ5�´¿©^�, ¿Ø´7�^�. 5SK86� §5.4 ¥J

ø
ù�¡�~f, =SK 2794. 3 [34] � §14.2.3 0�
ò��Âñ5~f�O��

Âñ5�Í¶(J, §�lÏ�ëY5^��yÚ¼êëY5, �´¿©7�^�.

(2) �cã?ê�Ï�þ�«m X = [a, b] þ��È¼ê, K¯K´: ÙÚ¼ê

S(x) ´Ä´ [a, b] þ��È¼ê? q¯: XJ S(x) �È, KÙÈ©UÄÏLé?êÅ�

È©��? ù�Ò´¯e��ª´Ä¤á:
∫
b

a

S(x) dx =
∫
b

a

(

∞
∑

n=1

un(x)
)

dx
?
=

∞
∑

n=1

∫
b

a

un(x) dx,

ù�m>´��ê�?ê.
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Uì��Ö¥�½n, �þã?ê3 [a, b] þ��Âñ�, ±þü�¯K��YÑ

´�¡�½�.

,ù��´¿©^�. 35SK86¥ÞÑ
õ�~fL²��Âñ^�Ø´

7��. ~Xþ��!�SK 2802(c) �.

3ù�¡, �����¿©5^�´de�Í¶½n�Ñ�.

···KKK 5.8 (CCC���LLL...½½½nnn) �?ê

∞
∑

n=1

un(x) 3«m [a, b] þÂñ, ÙÏ� un(x) Ú

?ê�Ú¼ê S(x) Ñ3 [a, b] þ�È, �?ê�Ü©Ú¼êS� {Sn(x)} 3 [a, b] þ�

�k., =�3 M > 0, ¦�éz� n Úz� x ∈ [a, b], Ó�÷v |Sn(x)| 6 M , K¤á
∫
b

a

S(x) dx =
∫
b

a

(

∞
∑

n=1

un(x)
)

dx =

∞
∑

n=1

∫
b

a

un(x) dx.

5 3 un(x) Ú S(x) þ� [a, b] þ�ëY¼ê�, ·K�¡�cd��½n. 3

[34] � §14.2.3 ¥Â\
·K 5.8 ���N´n)�y² (��ë� [15] �1�ò�

§14.4).

(3) �cã?ê�Ï�þ�«m X = (a, b) þ���¼ê, K¯K´: ÙÚ¼ê

S(x) ´Ä´ (a, b) þ���¼ê? q¯: XJ§��, KÙ�êUÄÏLé?êÅ�¦

���? ù�Ò´¯e��ª´Ä¤á:

dS(x)
dx

= d
dx

[

∞
∑

n=1

un(x)
]

?
=

∞
∑

n=1

u′

n
(x).

Uì��Ö, ùp���Âñ5^�´\3Å�¦����?êþ�. ùÒ´`,

�¦þª�m>�?ê
∞
∑

n=1

u′

n
(x)

3 (a, b) þ��Âñ. 5¿3^�÷v�c, ·�¿Ø��ù�?êÂñ½��Âñ, �

Ø��§�Ú¼ê´Ä�u S′(x). (ë� §5.4.4 �SK 2792, 2796 �.)

�±y², ��þãÅ�¦����?ê3 (a, b) þ��Âñ, �q®��5�?

ê3 (a, b) �,�:?Âñ, Ò�±íÑ§3 (a, b) þ��Âñ. ÐÆöN´����

�Ø´���y

∞
∑

n=1

un(x) ���Âñ5, Ø��ùQ�7�, �Ø¿©. ==ù��

^�÷v¿ØU�yÙÚ¼ê��, 3����ØU�y���¦Úùü�4�$�

�^S���.

35SK86� §5.4 ¥ÞÑ
ù�¡�~f, XSK 2800, 2801 �.

� (1) Ú (2) aq, ùpéÅ�¦�?ê���Âñ5^��´¿©�7��.

~f� [15] �1�ò� 435 �!.

2. iiiùùùÚÚÚnnn999ÙÙÙAAA^̂̂

e¡wA�~f. §��±`²éõ¯K. 3d�ck�ÑÙ¥¤^����ó
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ä——iùÚn. du3ý�õê��Ö�Fp�?êÙ!¥Ñk§�y², ùp��

�e�·K, y²lÑ.

···KKK 5.9 (iiiùùùÚÚÚnnn) �¼ê f(x) 3«m [a, b] þ�È�ýé�È 1©, Kk

lim
p→∞

∫
b

a

f(x) sin pxdx = 0, lim
p→∞

∫
b

a

f(x) cos pxdx = 0. (5.8)

~~~KKK 1 ïÄ¼ê S(x) =

∞
∑

n=1

sin nx
n

���5, ¿¦ S(x).

) l §5.2.1 �SK 2696(a) ®�?ê??Âñ, ÏdÚ¼ê S(x) 3 (−∞, +∞)

þk½Â. q�� S(x) ´±Ï 2π �±Ï¼ê.

�ïÄÙ��5, ò?êÅ�¦���
∞
∑

n=1

(

sin nx
n

)

′

= cosx + cos 2x + · · · + cosnx + · · · .

�±y²ù�?ê??uÑ. �d��y²éz� x, lim
n→∞

cosnx = 0 ØU¤á.

éu x ´ π ��ê���¹, k | cosnx| = 1. éuÙ¦ x, �±^�y{. eé,

�Ø�u π ��ê��: x0, k

lim
n→∞

cosnx0 = 0,

K�k lim
n→∞

cos(n + 1)x0 = 0. u´Òk

sin x0 = sin[(n + 1)x0 − nx0]

= sin(n + 1)x0 cosnx0 − cos(n + 1)x0 sin nx0 → 0 (n → ∞),

ù� sin x0 6= 0 �gñ (ë� §5.1.1 �SK 2553).

,Å�¦����?ê??uÑ¿ØL²�?ê�Ú¼ê�½Ø��.

¢Sþ, ·�=òy², �K�¼ê S(x) k�~{ü�L�ª, l�±��wÑ

§3 x Ø�u 2π ��ê��¤k:þ��êð�u −
1
2

.

du S(x) k±Ï 2π, �k S(0) = S(2π) = 0, Ïd�I3m«m (0, 2π) þ¦ S(x).

ù�kO�?ê�Ü©ÚS�Xe:

Sn(x) =

n
∑

k=1

sin kx
k

=

n
∑

k=1

∫
x

0

cos kt dt =
∫
x

0

(

n
∑

k=1

cos kt
)

dt

=
∫
x

0

( sin(n + 1
2

)t

2 sin t
2

−
1
2

)

dt =
∫
x

0

sin(n + 1
2

)t

2 sin t
2

dt −
x
2

.

1© ù3 [15] ¥¡��Fp�?ê�1�Ún. é~ÂÈ©5`, f(x) �È=�íÑ |f(x)| �È, ��K

�7, é2ÂÈ©5`, |f(x)| �È�íÑ f(x) �È, ��K�7. du·K¥�È©�±´2ÂÈ©, Ï

d3^�¥Ó��¦ f(x) �ÈÚýé�È. d	, �È©«m [a, b]Ã.�·K�¤á.

lúª (5.8) ��wÑ, duÈ©Òe��È¼ê� p → ∞ �Ø�34�, Ïdù´4�ØU�È©��

^S�;.~f.
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du¼ê 1

2 sin t
2

3 [0, x] þ�È©uÑ, Ïd�ØUé���ª¥�È©^iùÚn.

|^ S(π) = 0 Òkúª 1©

∫π

0

sin(n + 1
2

)t

2 sin t
2

dt = π
2

.

Ü¿±þO�Ò��

Sn(x) = π − x
2

−

∫π

x

sin(n + 1
2

)t

2 sin t
2

dt.

du x ∈ (0, 2π), ¼ê 1

2 sin t
2

3«m [x, π] þ~Â�È, Ïd��é����È©^

iùÚn, Ò��Ú¼ê�L�ª�

S(x) = lim
n→∞

Sn(x) = π − x
2

.

dd��, 3 (0, 2π) þ S′(x) ≡ −
1
2

, 3 x = 0, 2π ? S(x) ØëY, �,Ø��. �

e¡·�ò|^~K 1 ¥�Ú¼ê S(x) �L�ª±9¼ê�?ê�Å�¦ÈÚÅ

�¦4���{, ¦Ñ?ê

∞
∑

n=1

1
n2

�Ú, =êÆ¤þ�nl�¯K. (ë� §5.1.7 �S

K 2655(a) 9Ù5).

~~~KKK 2 (nl�¯K) y²

∞
∑

n=1

1
n2

= π2

6
.

) � ε ∈ (0, π), K3«m [ε, π] þk

π − x
2

=
∞
∑

n=1

sinnx
n

.

duþªm>�¼ê�?ê3 [ε, π] þ��Âñ, Ïd3òþªü>ud«mþÈ©�,

m>�±^Å�È©��{5O�. ù�Òk∫π

ε

π − x
2

dx =

∞
∑

n=1

1
n

∫π

ε

sinnxdx =

∞
∑

n=1

1
n

(

−
1
n

cosnx
)∣

∣

∣

π

ε

=

∞
∑

n=1

(−1)n−1

n2
+

∞
∑

n=1

1
n2

cosnε.

- ε → +0, Ïþª�>�È©´È©e� ε �ëY¼ê, l��

lim
ε→+0

∫π

ε

π − x
2

dx =
∫π

0

π − x
2

dx = π2

4
,

qÏcªm>�?ê

∞
∑

n=1

1
n2

cosnε 'u ε (3?Û��þ) ��Âñ, Ïd ε → 0 �4

�$�Ú?ê¦Ú���. ù�Ò��

π2

4
=

∞
∑

n=1

(−1)n−1

n2
+

∞
∑

n=1

1
n2

.

1© e��� t = 2x Ò�±l §4.2.6 �SK 2291 �Ñdúª.
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P?ê

∞
∑

n=1

1
n2

�Ú� S, K|^

∞
∑

n=1

(−1)n−1

n2
=

∞
∑

n=1

1
n2

− 2

∞
∑

n=1

1
(2n)2

= S −
S
2

= S
2

,

Òk
π2

4
= 3S

2
, l�� S = π2

6
. �

~~~KKK 3 y² ∫
+∞

0

sin x
x

dx = π
2

.

y l~K 1 ¥�úª

∫π

0

sin(n + 1
2

)t

2 sin t
2

dt = π
2

m©. ^â7�{K½�Vúª��

f(x) = 1
x

−
1

2 sin x
2

= O(x) (x → 0),

ÏdliùÚn=k

lim
n→∞

∫π

0

f(x) sin(n + 1
2

)xdx = 0.

u´Ò��

lim
n→∞

∫π

0

sin(n + 1
2

)x

x
dx = lim

n→∞

∫π

0

(

f(x) + 1
2 sin x

2

)

sin(n + 1
2

)xdx = π
2

.

|^��=k

∫π

0

sin(n + 1
2

)x

x
dx =

∫(n+
1

2
)π

0

sin t
t

dt.

du®�2ÂÈ©

∫
+∞

0

sin t
t

dt Âñ (� §4.4.2 �SK 2378), ÏdÒ��

∫
+∞

0

sin x
x

dx = lim
n→∞

∫(n+
1

2
)π

0

sin t
t

dt = π
2

. �
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§5.5 ���???êêê (SSSKKK 2812–2935)

SSSNNN{{{000 �?ê´üa���¼ê�?ê�� (,�a´ §5.6 �Fp�?ê).

�!�SKk±eA�Ü©: é�½��?êO�ÙÂñ�, ò�½�¼êu,:NC

Ðm��?ê, d	�k�?ê�¦Ú��?ê3CqO�¥�A^. �
��nØ5

�¯Kò3���Ö5�!¥?Ø.

�?ê���/ª�
∞
∑

n=0

an(x − a)n, (5.9)

Ù¥�¦Ú��l n = 0 m©, : a ¡�T�?ê�¥% (:). dd��, �?ê��

3¥%: x = a ?Âñ.

eéu�?ê�þãL�ª�²£C� t = x − a, ¿2ò t P� x, KÒ��±�

:�¥%��?ê
∞
∑

n=0

anxn. (5.10)

��Bå�, 3ÃÙ¦`²�, ²~æ^¥%��:� (5.10) �/ª.

N´wÑ, XJl,�eIå�Xê an ��u 0, K�?êÒ´õ�ª. Ïd�?

ê�±w¤´õ�ª���í2. ùéuCqO�5`AO�B, Ïd�?ê´O�ê

Æ¥��~^óä��.

���aAÏ�¼ê�?ê, �?ê���A:Ò´ÙÂñ�äkAÏ�/G.

UìÂñ�, �?ê�±©�na: (1) �3 x = a Âñ��?ê; (2) ??Âñ�

�?ê; (3) �3�"�ê R, ¦�� |x − a| < R �?êÂñ, � |x − a| > R �?ê

uÑ. ¡ù�ê R�T�?ê�Âñ�». òù�Vgí2�cüa, K¡1 (1) a�

?ê�Âñ�» R = 0 ��?ê, ¡1 (2) a�?ê�Âñ�» R = +∞ ��?ê.

dþ��, �?ê�Âñ�´'uÙ¥% a äké¡5�«m. é1 (1) a�?ê,

§´�¹��: a �òz«m; é1 (2) a�?ê, Âñ«mÒ´ (−∞, +∞); ,é

R��k�ê�1na�?ê5`, 3Âñ«m�à: a− R Ú a + R ?�?ê�±Â

ñ, ��±uÑ, ùp�«�U5Ñ¬Ñy. éu±�:�¥%��?ê (5.10) 5`, ±

�k�ê�Âñ�» R �Âñ��±´±e 4 ««m¥�?Û�«:

[−R, R], (−R, R), (−R, R], [−R, R).

éu¥%� a ����?ê (5.9) �´Xd, =�Âñ«m��Ý��k�ê�, �?

ê3Ùü�à:?�Âñ½uÑ�±Ñy¤k�U�|Ü.

Ïdéu“�?êÂñ«m'u¥%�é¡”�`{, A�5¿Ù¥�é¡5¿Ø

�¹«m�ü�à: 1©. 3e¡�1��!�SK¥Ò¬w��«�U�¹.

1© 3Ø���Ö¥� R��k�ê�, ò (a − R, a + R) ¡�Âñ«m. 35SK86�P�¥�´X

d, ,ù�`�?ê3Ù	uÑÒØé
. 35SK86�#�¥Kò |x − a| 6 R ¡�Âñ«m, �Øþ

�. Ïd�ÖòÌ�¦^Âñ��Vg, � R ∈ (0, +∞) �, §�±´ 4 «Âñ«m¥�?¿�«.
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5.5.1 ���???êêê���ÂÂÂñññ���OOO��� (SSSKKK 2812–2837)

ùp�¯KE,´Å:Âñ, Ïd3 §5.1 Ú §5.2 ¥��{Ñk�. ,éu�?

ê5`, �3��O�ÙÂñ�»�AÏ�{. ùÒ´�Ü–C�êúª:

R = 1

lim
n→∞

n

√

|an|
, (5.11)

Ù¥�½, �m>�þ4�� 0 �� R = +∞, �m>�þ4�� +∞ �� R = 0.

u´3õê�¹e�±��^úª (5.11) O�ÑÂñ�» R, ,�éu R ∈

(0, +∞) ��¹, K�I�?Ø�?ê3ü�à:?´ÄÂñ, ù�Ò´?Øü�ê�

?ê�ñÑ5.

|^ §5.1.3 �SK 2593 (½ §1.2.7 �SK 141), ��éuÂñ�»�O���±k

e�úª:

R = lim
n→∞

∣

∣

∣

an

an+1

∣

∣

∣
. (5.12)

,7L�Ñ: ù�úª� (5.11) ØÓ, �k�m>�4��3�§âk�. AOéu

�?êkÃ¡õ�Xê� 0 ��¹ÒØ�U��^ù�úª. duê��þ4�ok

¿Â, Ïdúª (5.11) ´ÊHk��. �,éuäN¯K5`, úª (5.12) �BuO�

��¹�´éõ�.

SSSKKK 2812 ¦�?ê

∞
∑

n=1

xn

np �Âñ�.

) 1 �â�Ü–C�êúª (5.11) ¿O�Ñ lim
n→∞

n

√
np = 1 (|^ §1.2.2 �SK

65), Ò�� R = 1. ,�éu x = 1 ��� p > 1 �Âñ, ÄKuÑ; éu x = −1 K

� p > 0 �Âñ, ÄKuÑ.

ù�Ò��� p > 1 ��Âñ�� [−1, 1], � 0 < p 6 1 ��Âñ�� [−1, 1), 

� p 6 0 ��Âñ�� (−1, 1). �

) 2 |^úª (5.12), =k

R = lim
n→∞

an

an+1

= lim
n→∞

(n + 1)p

np = 1,

Ù{Ó) 1. �

SSSKKK 2814 ¦�?ê

∞
∑

n=1

(n!)2

(2n)!
xn �Âñ�.

) 1 k^»|dúª (� §5.1.3 �·K 5.1 Úúª (5.2)) uXê an (n = 0, 1, · · · ),

��

an =
(n!)2

(2n)!
= 1

22n
·

[(2n)!!]2

(2n)!
= 1

22n
·

(2n)!!

(2n − 1)!!
∼

√
πn

22n
(n → ∞),

,�^�Ü–C�êúª (5.11) =��� R = 4. Ó�q�wÑ, � x = ±4 ��?êÏ

��ýé�uÑuÃ¡�, Ïd?êuÑ. u´�K��?ê�Âñ�� (−4, 4). �
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) 2 ^úª (5.12) =k

R = lim
n→∞

an

an+1

= lim
n→∞

(2n + 1)(2n + 2)

(n + 1)2
= 4,

éuà: x = ±4, ��'�?ê����c��'�ýé�, Òk
∣

∣

∣

4n+1an+1

4nan

∣

∣

∣ =
4(n + 1)2

(2n + 1)(2n + 2)
> 1,

��?êuÑ. �

SSSKKK 2816 ¦�?ê

∞
∑

n=1

(

1 + 1
n

)n
2

xn �Âñ�.

) ^�Ü–C�êúª (5.11), =k

R = lim
n→∞

a
−

1

n
n

= lim
n→∞

(

1 + 1
n

)

−n

= e−1.

éuà: x = e−1, ?ê�Ï��
[

(

1 + 1
n

)n

e

]n

. |^ ln x ��VúªÒ�±¦Ñ 1©

[

(

1 + 1
n

)n

e

]n

= exp
{

n
[

n ln
(

1 + 1
n

)

− 1
]}

= exp
{

n
[

n
(

1
n

−
1

2n2
+ O

(

1
n3

))

− 1
]}

= exp{− 1
2

+ o(1)} → e
−

1

2 (n → ∞),

��T?êuÑ. Ón3à: x = −e−1 ??ê�uÑ. ÏdÂñ�� (−e−1, e−1). �

) 2 �éuà: ±1/e ?�?êuÑ�Ñ,��){.

éuà:�I�y²?êÏ�Øªu 0, Ïd�±|^ §1.2.3 �SK 69, =ê�
(

1 + 1
n

)n

(n = 1, 2, · · · ) î�üN4Oªu e, ê�
(

1 + 1
n

)n+1

(n = 1, 2, · · · ) î�

üN4~ªu e, léz� n k

∣

∣

∣
an

(

1
e

)n
∣

∣

∣
=

[

(

1 + 1
n

)n

e

]n

>

[

(

1 + 1
n

)n

(

1 + 1
n

)n+1

]n

= 1
(

1 + 1
n

)n >
1
e

,

��?êuÑ. �

SSSKKK 2820 ¦�?ê

∞
∑

n=1

m(m − 1) · · · (m − n + 1)
n!

xn �Âñ�.

) e m��K�ê, K�?ê�kk���"�, =�õ�ª, ÏdÂñ�»

R = +∞. ±e�I?Ø m Ø´�K�ê��¹.

|^úª (5.12) =�¦ÑÂñ�»�

R = lim
n→∞

∣

∣

∣

an

an+1

∣

∣

∣
= lim

n→∞

∣

∣

∣

n + 1
m − n

∣

∣

∣
= 1.

1© aq�¼ê4�¯K�5SK86 §2.9 �SK 1364. §�Ñ´4�O�¥� 1∞ .�Ø½ª¯K.
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�?Ø3 x = ±1 ?�ñÑ5, |^ §5.1.4 �·K 5.3 9Ù5, Ò�±����ªX

ê an �e�ìC�ª:

an =
m(m − 1) · · · (m − n + 1)

n!
= O∗

(

1
nm+1

)

(n → ∞).

� m > 0 �, lÏ��þãìC�ª=��� x = ±1 �ü�?êþ�ýéÂñ,

� m < 0 �KØ�UýéÂñ.

q�wÑ� m 6 −1 �, ü�?ê�Ï�þØªu 0, Ïd?êuÑ.

éu{e��¹, = −1 < m < 0, l

an+1 = an ·
m − n
n + 1

��?ê

∞
∑

n=1

an���?ê, � {|an|}�î�üN4~ªu 0 �ê�, Ïd^4ÙZ]

�O{��§Âñ, �lìC�ª��§�^�Âñ, � x = −1 �?êuÑ.

�( � m��K�ê�?ê�õ�ª, éuÙ¦�¹��LXe:

m 6 −1 −1 < m < 0 m > 0

x = 1 uÑ ^�Âñ ýéÂñ

x = −1 uÑ uÑ ýéÂñ

Âñ� (−1, 1) (−1, 1] [−1, 1]
�

SSSKKK 2830 ¦�?ê

∞
∑

n=1

xn
2

2n �Âñ�.

) 1 ù´"��?ê, =Ù¥kÃ�õ�Xê�u 0, ÏdØ�U^úª (5.12)

5O�Âñ�». òd?êU���?ê�IO/ª

∞
∑

n=1

anxn, KÙ¥�Ï�Xê�

an =











1
2k

, n = k2
> 1,

0, n 6= k2.

u´�±^�Ü–C�êúª (5.11) O�Âñ�»Xe:

1
R

= lim
n→∞

n

√

|an| = lim
k→∞

(

1
2k

)

1

k2

= lim
k→∞

1
k

√
2

= 1.

q���wÑ3 x = ±1 ??êýéÂñ, ÏdÂñ�� [−1, 1]. �

) 2 òd?êw¤����¼ê�?ê

∞
∑

n=1

un(x), K�^�K��'��O{,

u´k

lim
n→∞

|un+1(x)|

|un(x)|
= lim

n→∞

|x|2n+1

2
=



















0, |x| < 1,

1
2

, |x| = 1,

+∞, |x| > 1.
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��� |x| 6 1 �?êýéÂñ, ÄKuÑ. �

) 3 Uì) 2 �g´, ��^�Ü���O{, u´k

lim
n→∞

n
√

|un(x)| = lim
n→∞

|x|n

2
=



















0, |x| < 1,

1
2

, |x| = 1,

+∞, |x| > 1.

��� |x| 6 1 �?êýéÂñ, ÄKuÑ. �

SSSKKK 2831(a) (ÊÊÊ���ddd°°°000???êêê) ¦�?ê

∞
∑

n=1

(−1)[
√

n ]

n
xn �Âñ�.

) du�?ê�Xê an �ýé�� 1/n, ��Âñ�»� R = 1, �3à: ±1

??êØ�UýéÂñ. éu x = 1, Ú^ §5.2.1 �SK 2672, ��?ê�^�Âñ.

éu x = −1, �±ò?ê©Xe [6]:
∞
∑

n=1

(−1)[
√

n](−1)n

n
=

∞
∑

k=1

1
k2

+

∞
∑

n=1,n6=k2

(−1)n+[
√

n]

n
,

ù�m>�1��?êÂñ, ¯K´XÛ?n1��?ê.

y35�y1��?ê���?ê (ë�SK 2672 ¥UìÎÒ�|Ü�{). k*

	?u n = k2 ��� n = (k + 1)2 �c�ù�|¥����ÎÒ. §�� n Xe:

k2 + 1, k2 + 2, · · · , (k + 1)2 − 1.

dù�� n û½� (−1)[
√

n] = (−1)k é¤kù
�5`´�Ó�, ,2¦þ (−1)n

��ÒC¤���
. 2�Äù�|���� n = (k + 1)2 − 1 �e�|�1��

n = (k + 1)2 + 1. du§��Ûó5�Ó, ÏdéA��ÎÒ©Od (−1)k Ú (−1)k+1

(½, u´§��ÎÒ�´���. ù�Ò��þã1��?ê���?ê.

2�Ä��K
 n = k2 ����, 1��?ê�Ï��ýé�E,î�üN4~

ªu 0, Ïdl4ÙZ]�O{��§Âñ.

Ü¿±þÒ�� x = −1 �?ê�Âñ. u´Âñ�� [−1, 1]. �

SSSKKK 2832 (���AAAÛÛÛ???êêê) ¦�?ê

1 +
α · β

1 · γ
x +

α(α + 1)β(β + 1)

1 · 2 · γ(γ + 1)
x2 + · · ·

+
α(α + 1) · · · (α + n − 1)β(β + 1) · · · (β + n − 1)

1 · 2 · · ·n · γ(γ + 1) · · · (γ + n − 1)
xn + · · ·

�Âñ�.

) �¦�?êÏ�k¿Â, γ ØU� 0 ½K�ê. qe α, β � 0 ½K�ê, K?

ê�kk���"�, ÏdØ72?Ø. ±e� α, β, γ þØ� 0 ÚK�ê.

|^úª (5.12) =�¦ÑÂñ�»�

R = lim
n→∞

∣

∣

∣

an

an+1

∣

∣

∣
= lim

n→∞

∣

∣

∣

(1 + n)(γ + n)

(α + n)(β + n)

∣

∣

∣
= 1.
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�?Ø�?ê3 x = ±1 ?�ñÑ5, òÏ�Xê an �©f©1ÓØ± n!, ,�n

g¦^ §5.1.4 �·K 5.3 9Ùúª (5.4), Ò��Xê an �e�ìC�ª:

an =
α(α + 1) · · · (α + n − 1)β(β + 1) · · · (β + n − 1)

1 · 2 · · ·n · γ(γ + 1) · · · (γ + n − 1)
= O∗

(

1
n1+γ−α−β

)

.

� γ − α − β > 0 �, lÏ��þãìC�ª��� x = ±1 �ü�?êþ�ýéÂñ,

� γ − α − β 6 0 �KØ�UýéÂñ.

q�ddwÑ� γ − α − β 6 −1 �, ü�?ê�Ï�þØªu 0, Ïd?êuÑ.

éu{e��¹, = −1 < γ − α − β 6 0, l

an+1

an

=
(α + n)(β + n)

(1 + n)(γ + n)
= 1 +

α + β − γ − 1
n

+ O
(

1
n2

)

,

��� n ¿©�� {an} ´î�üN4~ªu 0 ���ê�. du x = 1 ��?ê
∞
∑

n=1

an � n ¿©�����?ê,  x = −1 ��?ê

∞
∑

n=1

(−1)nan � n ¿©����

�?ê, ÏdcöuÑ, �ö�^�Âñ.

�( éu α, β, γ þØ�u 0 ÚK�ê��¹��LXe:

γ − α − β 6 −1 −1 < γ − α − β 6 0 γ − α − β > 0

x = 1 uÑ uÑ ýéÂñ

x = −1 uÑ ^�Âñ ýéÂñ

Âñ� (−1, 1) [−1, 1) [−1, 1]
�

5 3�{þ�K�SK 2820 �Ó. du�AÛ?ê��5, ·��´�[�

Ñ){. d	, e3�K¥� β = γ, α = −m, q��� x = −t, ¿ò t 2P� x, KÒ

��SK 2820 ¥��?ê. ÏdT?ê (=��ª?ê) ´�AÛ?ê���A~.

e¡�SK 2833–2837 ´2Â�?ê�Âñ��O�. ¤¢2Â�?ê, =´^C

þ���±C��?ê�?ê. lÑ.

5.5.2 òòò¼¼¼êêêÐÐÐmmm������???êêê I (SSSKKK 2838–2868)

�ÆS�Bå�, ò¼êÐm��?ê�SK©�ü�!. 3ù��!¥�Ä��

{� §2.10.1 ¥��VúªO�aq, òÌ��9Å�È©ÚÅ�¦��{�SK�

�e��!¥.

ùpÌ�kü«�{: ��{Úm�{.

�^��{ò�½�¼ê f(x) 3: x = a NCÐm��?ê (=�V?ê):

f(x) = f(a) + f ′(a)(x − a) +
f ′′(a)

2!
(x − a)2 + · · · +

f (n)(a)
n!

(x − a)n + · · · , (5.13)

��I�kO�Ñ f(x) 3: x = a ?�¤k��ê, ù�Ò�±�Ñ (5.13) �?ê;

ÙgI�¦ÑT?ê�Âñ�; ���I�¦ÑT?ê�Ú¼ê� f(x) �����.

~X, 3��Ö¥'u ex, sin x, cosx �A�Ä���V?êÐmªÒÑ´Xdy²�.
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,du3{��O¥I�¼ê f(x) �¤k���¼ê�L�ª, ù��éJ��,

Ïd��{  ØN´�1. ù�¡�±ëwÖ5�! §5.5.6 �`²ÚÙ¥�SK.

m�{´lA��Ä���V?êÑu, ÏL�«$���¤�¦��V?ê. �

�!�õêSKÑ�±^m�{¦).

�
¦^m�{, g,I�kA���Ä���V?ê. yò§��LXe.

I. ex = 1 + x +
x2

2!
+ · · · +

xn

n!
+ · · · (−∞ < x < +∞),

II. sin x = x −
x3

3!
+

x5

5!
+ · · · +

(−1)n−1x2n−1

(2n − 1)!
+ · · · (−∞ < x < +∞),

III. cosx = 1 −
x2

2!
+

x4

4!
+ · · · +

(−1)nx2n

(2n)!
+ · · · (−∞ < x < +∞),

IV. (1 + x)m = 1 + mx +
m(m − 1)x2

2!
+ · · ·

+
m(m − 1) · · · (m − n + 1)xn

n!
+ · · · (−1 < x < 1),

V. ln(1 + x) = x −
x2

2
+

x3

3
− · · · +

(−1)n−1xn

n
+ · · · (−1 < x 6 1),

VI. arctanx = x −
x3

3
+

x5

5
+ · · · +

(−1)n−1x2n−1

2n − 1
+ · · · (−1 6 x 6 1),

VII. arcsinx = x +
x3

6
+

3x5

40
+ · · · +

(2n − 1)!! x2n+1

(2n)!!(2n + 1)
+ · · · (−1 6 x 6 1).

(5.14)

5 úª VI Ú VII �í�� §5.5.3 �SK 2869 Ú 2870. úª IV =��ª¼ê

(1 + x)m ��V?ê, Ù¥¹këê m, e¡´A��~^��¹:

1

1 + x
= 1 − x + x2 − · · · + (−1)nxn + · · · (−1 < x < 1),

1

(1 + x)2
= 1 − 2x + 3x2 − · · · + (−1)n(n + 1)xn + · · · (−1 < x < 1),

√
1 + x = 1 +

1

2
x −

1

8
x2 + · · · + (−1)n−1 (2n − 3)!!

(2n)!!
xn + · · · (−1 6 x 6 1),

1
√

1 + x
= 1 −

1

2
x +

3

8
x2 − · · · + (−1)n

(2n − 1)!!

(2n)!!
xn + · · · (−1 < x 6 1).

(5.15)

SSSKKK 2838 U��ª x + 1 ��K�êg�Ðm¼ê f(x) = x3.

) 1 (Ð��ê�{) ò x �¤� (x + 1) − 1 �\Ò���

x3 = [(x + 1) − 1]3 = −1 + 3(x + 1) − 3(x + 1)2 + (x + 1)3. �

) 2 (��{) �¦ f(x) = x3 3: x = −1 ?��?êÐmª, k¦ f(−1) = −1,

f ′(−1) = 3, f ′′(−1) = −6, f ′′′(−1) = 6, �k f (n)(−1) = 0 (n = 4, 5, · · · ), u´Ò��

x3 = f(−1) + f ′(−1)(x + 1) +
f ′′(−1)

2!
(x + 1)2 +

f ′′′(−1)
3!

(x + 1)3

= −1 + 3(x + 1) − 3(x + 1)2 + (x + 1)3. �
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SSSKKK 2839 r¼ê f(x) = 1
a − x

(a 6= 0) U±e�ªÐm��?ê: (1) � x �

�Ðm; (2) ���ª x − b ��Ðm, d? b 6= a; (3) �
1
x

��Ðm. ¦Ñ�A�Âñ

�.

J« (1) ò¼ê��

f(x) = 1
a

·
1

1 −
x
a

;

(2) ò¼ê��

f(x) = 1
(a − b) − (x − b)

= 1
a − b

·
1

1 −
x − b
a − b

;

(3) ò¼ê��

f(x) = −
1
x

·
1

1 −
a
x

. �

ò¼êÐm��?ê�NõSK�9ü�½�õ��?ê (ë������!

§5.5.6 �SK 2897) �$�. ùpkÒü��?ê�¦Ú�¦¦È`å.

�{²å�b�§�Ñ±�:�¥%�k�Âñ�» R1 Ú R2, K��� R =

min{R1, R2}, Ò�±3«m (−R, R) SUìÅ��\�ª¦ü��?ê�Ú, d	q

�±¦§��¦È (� §5.3 'u?ê¦È�½Â), ù�ü��?ê3 x ∈ (−R, R) �

þ�ýéÂñ�¯¢å��^.

��?ê¦È�A~, éuÂñ�»� R ��?ê

∞
∑

n=0

anxn, §�²�, ±9�ê

k > 2 ��, �Ñk¿Â, Ù(JÑ´3 |x| < R SýéÂñ��?ê.

3e¡�SK 2845, 2846 ¥ò����E,�¯K. ·��?ØÙ¥�1��S

K, k�©Û, ,�Ö¿ò?ê�\?ê���·K, ���ÑÙ)�.

SSSKKK 2845 �Ñ¼ê f(x) = sin(µ arcsinx) UCþ x ��K�êg��Ðmª,

¿¦ÑÙÂñ�.

©Û eO�Ñ¼ê f(x) = sin(µ arcsinx) 3: x = 0 ?�¤k��ê�, KÒ

�±�Ñ�V?ê. ,�
(½3Âñ�þ�?êÚ´Ä�u f(x), K�I�¦Ñ

f(x) 3: x = 0 �����þ�¤k���¼ê, ÄKÒÃ{�O�Vúª�{� (ë

� §5.5.6), ù�O���5`ØN´.

lÄ�Ð�¼ê)¤Ð�¼ê�$�5w, Ø
oK$��	, �kEÜ$�. e

P y = y(x) = arcsinx, K�K� f(x) =��� f(x) = sin(µy(x)), u´Ò�3

f(x) = µy −
1
3!

µ3y3 + · · · +
(−1)n−1

(2n − 1)!
µ2n−1y2n−1 + · · ·

¥^ y = arcsinx �\��

f(x) = µ arcsinx−
1
3!

µ3(arcsinx)3+· · ·+
(−1)n−1

(2n − 1)!
µ2n−1(arcsinx)2n−1+· · · . (5.16)
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Xc¤`, Ù¥z�� (arcsinx)k (k = 1, 3, · · · ) Ñ´�?ê, ,�ò§��\=�

�� f(x) ��?êÐmª. ·�òù��$�¡�?ê�\?ê. ù´^m�{¦�

?êÐmª¥��«��{. ,§�Ün5Û3? ¤��Ðmª�Âñ�»´õ

�? ù
Ñ´I�£��¯K. �

ù�¡�á��ë� [15] �1�ò� 446 �!. e¡òÙ¥�Ì�(J����

·KÚ§�íØ, ,��ÑSK 2845 �).

···KKK 5.10 �¼ê ϕ(y) 3«m (−ρ, ρ) þ�Ðm��?ê

ϕ(y) =

∞
∑

m=0

hmym, (5.17)

Ó�¼ê y = f(x) 3«m (−R, R) þ�Ðm��?ê

y = f(x) =

∞
∑

n=0

anxn, (5.18)

� |a0| = |f(0)| < ρ, @oéuv
�� x, |f(x)| < ρ, ÏdkEÜ¼ê ϕ(f(x)), ��3

: x = 0 �NCÐm��?ê 1©.

íØ e3·K 5.10 ¥� ρ = +∞, K'u |a0| �^�´õ{�, �d��EÜ

¼ê ϕ(f(x)) ��?êÐmª3 (−R, R) þ¤á.

SSSKKK 2845 ���))) UìþãíØ, du sin y ��?êÐmª�Âñ�»� +∞,

ÏdEÜ¼ê sin(µ arcsinx) ��?êÐmª�Âñ�»� arcsinx ��?êÐmª�

Âñ�»�Ó (���!�L� (5.14) � VII), =�u 1.

{e��kü�¯K: (1) �ÑT�?ê, (2) ?Ø3à: x = ±1 ?´ÄÂñ.

�
�Ñù��?ê, �I�¦Ñ f(x) = sin(µ arcsinx) 3: x = 0 ?�¤k��

ê. (ùÒ´5SK86� §2.5 �SK 1221(b), du5ÆS�Ú6�1�þvk�Ñd

K�), e¡ò{ãÙÌ�O�L§, l�{þw� §2.5.5 �SK 1220(b) �Ó.)

é f(x) ¦�, ¦±
√

1 − x2 �2¦��� f ′′(x)(1 − x2) − xf ′(x) + µ2f(x) = 0.

,�^4ÙZ]úª¦TL�ª� n ��ê, ��2- x = 0 �\, =��3 x = 0 ?

��ê�4íúª:

f (n+2)(0) = (n2 − µ2)f (n)(0).

du f(0) = 0, f ′(0) = µ, Ò�� f(x) 3 x = 0 �¤kóê��ê� 0 (ùl f(x)�Û

¼ê=���), Ûê���ê�

f (2n−1)(0) = µ(1 − µ2) · · · [(2n − 3)2 − µ2] (n = 1, 2, · · · ).

u´Ò��Ñ¤�¦��?êÐmª:

sin(µ arcsinx) = µx +
µ(1 − µ2)

3!
x3 + · · ·

+
µ(1 − µ2) · · · [(2n − 3)2 − µ2]

(2n − 1)!
x2n−1 + · · · ,

1© T�?ê�O��{´: ò�?ê (5.18) �\ (5.17) ¥� y, ¿¦Ñ¤k [f(x)]m (m = 1, 2, · · · ) �

�?ê/ª, ,�28¿Ó�g�.
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�®�ÙÂñ�»� R = 1 1©.

���I�?Ø3à: x = ±1 ?�Ðmª´Ä¤á. ò x = 1 �\þã?ê, ¿

ò¤�ê�?ê�Ï�P� an, K��� n ¿©�� an > 0. ,�Òk

lim
n→∞

n
(

an

an+1

− 1
)

= lim
n→∞

n
( (2n)(2n + 1)

(2n − 1)2 − µ2
− 1

)

= 3
2

> 1,

^.'�O{��Âñ. u´3à: x = ±1 ?ü�?êÑ´ýéÂñ�.

du¼ê f(x) = sin(µ arcsinx) 34«m [−1, 1] �ü�à:?þüýëY, �â

C��1�½n 2©Ò��, T¼ê��?êÐmª3ùü�à:?�¤á.

u´�K��?êÐmª�Âñ�� [−1, 1]. �

SSSKKK 2847 �Ñ¼ê f(x) = xx U� x − 1 ��K�êg�Ðmª�cn�.

) (éT¼ê f(x) �©Û9Ùã�� §2.12.2 �SK 1526) e^��{, KJ±

wÑÐmª¤á���, Ïde¡�´^?ê�\?ê�m�{�.

f(x) = exp[x ln x] = exp{[1 + (x − 1)] ln[1 + (x − 1)]}

= exp{(x − 1) + 1
2

(x − 1)2 − 1
6

(x − 1)3 + O((x − 1)4)}

= 1 + [(x − 1) + 1
2

(x − 1)2 − 1
6

(x − 1)3] + 1
2

[(x − 1) + 1
2

(x − 1)2]2

+ 1
6

(x − 1)3 + O((x − 1)4)

= 1 + (x − 1) + (x − 1)2 + 1
2

(x − 1)3 + O((x − 1)4) (x → 1),

�â·K 5.10 9ÙíØ, �� f(x) ��?êÐmª3 0 < x < 2 þ¤á. �

SSSKKK 2848 �Ñ¼ê f(x) =







(1 + x)
1

x , x 6= 0,

e, x = 0
UCþ x ��K�êg�Ðm

ª�cn�.

) (V�) (T¼ê3 x 6= 0 ��ã�� §1.4.7) E,^?ê�\?ê�O��{,

�Y�

f(x) = e
(

1 −
1
2

x + 11
24

x2 −
7
16

x3 + O(x4)
)

(x → 0),

���dÐmª3 (−1, 1) þ¤á. éudÐmª�Ï�Xê���L�ª�êÆÈ�,

1 26 ò (2007), 1 3 Ï, 227–229 �. �

1© N´��y²þã�?ê�Âñ�»� 1, ,ØUddíÑ�?ê3 (−1, 1) þ�Ú¼êÒ´�k�

½� sin(µ arcsin x). �©¥�(Ø´d·K 5.10 �íØ�Ñ�.

2© �Öö�B, ùp{ãC��1�½n�SN9ÙíØ. ��?ê

∞
X

n=0

anxn �Âñ�» R��k�

ê, K�T�?êuà: x = R ?Âñ�, =3 [0, R] þ��Âñ. ÏdeP�?ê�Ú¼ê� S(x), KÒ

�íÑT¼êu: R ?�ëY, = lim
x→R−0

S(x) = S(R). 'u�à: x = −R kaq�(Ø.
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SSSKKK 2860 �Ñ¼ê f(x) = x

(1 − x)(1 − x2)
'u x ��?êÐmª.

) 1 d f �L�ª��Ù�?êÐmª¤á����U3 (−1, 1) S. |^3

(−1, 1) þ¤á�e�ü��?êÐmª:

1
1 − x

=
∞
∑

n=0

anxn, an = 1 (n = 0, 1, · · · );

1
1 − x2

=

∞
∑

n=0

bnxn, b2k = 1, b2k+1 = 0 (k = 0, 1, · · · );

ò§�3 (−1, 1) þ�¦, ¿2¦± x, �� f(x) =

∞
∑

n=0

cnxn+1, Ù¥Xê

c2k = b0 + b1 + · · · + b2k = k + 1 = 2k + 1
2

+ 1
2

,

c2k−1 = b0 + b1 + · · · + b2k−1 = k =
(2k − 1) + 1

2
, k = 0, 1, · · · ,

u´k

f(x) =

∞
∑

n=0

cnxn+1 =

∞
∑

n=0

(

n + 1
2

+
1 + (−1)n

4

)

xn+1

=

∞
∑

n=0

(

n
2

+
1 − (−1)n

4

)

xn (−1 < x < 1). �

) 2 (V�) |^Ü©©ª©) (� §3.2.1) ��

f(x) = −
1

4(1 − x)
−

1
4(1 + x)

+ 1
2(1 − x)2

,

^��ª¼ê��V?êÐmªòm>�n�©OÐm, ,�¦Ú. �

SSSKKK 2862(a) �Ñ¼ê f(x) = 1
1 + x + x2

'u x ��?êÐmª.

) (V�) ò¤��¼ê��

f(x) = (1 − x) · 1
1 − x3

= (1 − x) · (1 + x3 + · · · )

=���, ��(½Ðmª¤áu (−1, 1) þ. �

SSSKKK 2863 �Ñ¼ê f(x) = x cosα − x2

1 − 2x cosα + x2
'u x ��?êÐmª.

) 3Eê�¥�ò f(x) �L�ª¥�©1Ïª©)� (x − eiα)(x − e−iα) (ë�

§4.1.1 �SK 2192 ¥éu©1 1 − 2x cosα + x2 �AÛ©Û), ,�=�O�Xe:

f(x) = −
x
2

(

1
x − eiα

+ 1
x − e−iα

)

= x
2

(

e−iα

1 − xe−iα
+ eiα

1 − xeiα

)

= x
2

(

e−iα

∞
∑

n=0

(xe−iα)n + eiα

∞
∑

n=0

(xeiα)n

)

=

∞
∑

n=0

(

e−iα(n+1) + eiα(n+1)

2

)

xn+1 =

∞
∑

n=1

xn cosnα.
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�â |xe±iα| = |x| < 1 ��¦, q|^ cosnα � n → ∞ �Øªu 0 (ë� §5.4.5 �~K

1 ¥�y²), ��Âñ�� (−1, 1). �

SSSKKK 2864 �Ñ¼ê f(x) = x sin α

1 − 2x cosα + x2
'u x ��?êÐmª.

) (V�) aquþK=��� x sin α

1 − 2x cosα + x2
=

∞
∑

n=1

xn sin nα (|x| < 1). �

5.5.3 òòò¼¼¼êêêÐÐÐmmm������???êêê II (SSSKKK 2869–2896, 2901–2905)

Xþ��!m©¤`, 3ù��!¥�NõSK�±^Å�¦�½Å�È©�{

¦�?êÐmª, �ù¿�ýé. éNõK  �kÙ¦�{�^, AO´Ù¥�k�


K�±é{ü/¦). d	, ùpØ
�?ê�¦�SK�	�Ñy�?ê�Ø�S

K, éuÙÜn5I�?Ø.

e¡´Å�È©{�ü�;.~f: ¦���¼êÚ��u¼ê��?êÐmª.

SSSKKK 2869 kÐm¼ê f(x) = arctanx ��¼ê, ,�^Å�È©��{¦Ù�

?êÐmª. ¦?ê

∞
∑

n=1

(−1)n+1

2n − 1
�Ú.

) k�Ñ

f ′(x) = 1
1 + x2

= 1 − x2 + x4 − · · · + (−1)nx2n + · · · ,

�5¿ù�Ðmª�k����m«m (−1, 1), §�´m>��?ê�Âñ�.

�â�?ê�5�, � x ∈ (−1, 1) ��Å�È©��

f(x) = arctanx =
∫
x

0

dt

1 + t2
=

∫
x

0

(

∞
∑

n=0

(−1)nt2n

)

dt

= x −
1
3

x3 + 1
5

x5 + · · · +
(−1)n

2n + 1
x2n+1 + · · · (−1 < x < 1).

dud�?êu x = ±1 ?�4ÙZ].?ê, Ïd^C��1�½nÚ f(x) =

arctanx 3 [−1, 1] þ�ëY5, �����¼ê�þã�?êÐmª3 [−1, 1] þ¤á.

AO� x = 1 �Ò¦�

∞
∑

n=1

(−1)n−1

2n − 1
= π

4
(ë� §4.2.6 �SK 2283 � §5.6.1 �SK

2938). �

SSSKKK 2870 kÐm¼ê f(x) = arcsinx ��¼ê, ,�^Å�È©��{¦Ù�

?êÐmª.

) ^�ê� −
1
2

���ª?ê (�L� (5.15)), òÙ¥� x �� −x2, Ò���

1√
1 − x2

= 1 + 1
2

x2 + 3
8

x4 + · · · +
(2n − 1)!!

(2n)!!
x2n + · · · (−1 < x < 1).
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d»|dúª��3à: x = ±1 ?Ï� ∼
1√
πn

, Ïdü�?êþuÑ.

3 x ∈ (−1, 1) �u [0, x] þÅ�È©, Ò��

arcsinx = x + 1
6

x3 + 3
40

x5 + · · · +
(2n − 1)!!

(2n)!!(2n + 1)
x2n+1 + · · · (−1 < x < 1).

du3à: x = ±1 ??ê�Ï��O∗

(

1
n
√

n

)

, ÏdþÂñ. |^C��1�½nÚ

f(x) = arcsinx 3 [−1, 1] þëY, Ò����u¼ê�þã�?êÐmª3 [−1, 1] þ

¤á. �

5 |^ê�4� lim
n→∞

n

√
n = 1 Ú�Ü–C�êúª, Ò���?ê3Å�¦ÈÚ

Å�¦���Âñ�»ØC. ,éuà:5`, ÙÂñ�¹�UkCz. þãü�S

KÑ´Xd. dC��1�½n��, ù��Å�È©ÚÅ��©�(Ø�o(Xe

(Ù¥��Ñmà:):

···KKK 5.11 ��?ê

∞
∑

n=0

anxn �Âñ�»��k�ê R.

(1) e?ê

∞
∑

n=0

an

n + 1
Rn+1 Âñ, KÅ�È©úª

∫
x

0

∞
∑

n=0

antn dt =
∞
∑

n=0

∫
x

0

antn dt =
∞
∑

n=0

an

n + 1
xn+1, x ∈ (−R, R),

3 x = R �E,¤á;

(2) e?ê

∞
∑

n=1

nanRn−1 Âñ, KÅ�¦�úª

d
dx

∞
∑

n=0

anxn =

∞
∑

n=0

d
dx

(anxn) =

∞
∑

n=1

nanxn−1, x ∈ (−R, R),

3 x = R �E,¤á.

SSSKKK 2872 kÐm¼ê f(x) = ln(1 − 2x cosα + x2) ��¼ê, ,�^Å�È©�

�{¦Ù�?êÐmª.

J« |^ §5.5.2 �SK 2863 �ÐmªÅ�È©=�, �´��âëê α �ØÓ

�¹?Ø���Ðmª�à:�¹. �

SSSKKK 2873 |^�«�{, ¦e�¼ê��?êÐmª:

(a) f(x) = (1 + x) ln(1 + x); (b) f(x) = 1
4

ln 1 + x
1 − x

+ 1
2

arctanx;

(c) f(x) = arctan 2 − 2x
1 + 4x

; (d) f(x) = arctan 2x

2 − x2
;

(e) f(x) = x arctanx − ln
√

1 + x2; (f) f(x) = arccos(1 − 2x2);

(g) f(x) = x arcsinx +
√

1 − x2; (h) f(x) = x ln(x +
√

1 + x2) −
√

1 + x2.

J« Ø
Ù¦�{�	, ùp�z��KÑ�±�Ä^Å�È©�{. �
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SSSKKK 2874(a) |^Ðmª

f(x + h) − f(x) = hf ′(x) + h2

2!
f ′′(x) + · · · + hn

n!
f (n)(x) + · · ·

���5, ¦¼ê f(x) = ex
2

� n ��¼ê.

) �Ñ

e(x+h)
2

− ex
2

= ex
2

(e2xh+h
2

− 1)

= ex
2
[

(2xh + h2) + 1
2!

(2xh + h2)2 + · · · + 1
n!

(2xh + h2)n + · · ·
]

,

Â8m>� hn ��Xê�

ex
2
[ (2x)n

n!
+ 1

(n − 1)!
C1

n−1(2x)n−2 + 1
(n − 2)!

C2
n−2(2x)n−4 + · · ·

]

,

,�¦± n! Ò��

(ex
2

)(n) = ex
2
[

(2x)n + n(n − 1)(2x)n−2 +
n(n − 1)(n − 2)(n − 3)

2!
(2x)n−4 + · · ·

]

,

Ù¥�)ÒS��� (2x) ��ê�U~ 2 ��ü� 1 ½ 0 1©. �

5 1 �K0�
ÏL�V?ê¦¼ê�p��¼ê��«�{. ÒäN��Y

ó, K� §2.5.5 �SK 1229 k', =EÜ¼ê f(ϕ(x)) � n ��¼ê´ f (k)(ϕ(x)) (k =

1, · · · , n) ��5|Ü, Ù|ÜXê�� ϕ(x) k'. �K� ϕ(x) = x2, ùÒ)º
�K

�þã�Y�5SK86§2.5 ¥�SK 1230, 1231 ��Y��q�5{.

5 2 Uì�Ó��{, 5SK86�SK 2874(c) �¦ f(x) = arctanx �p��

¼ê. Ù�Y� §2.5.5 �SK 1218 ØÓ, �ö�µ4/ªéu,
A^ (~X�Vúª

�{��O) �U���B.

SSSKKK 2880 e·�½Â

sin x =
∞
∑

n=0

(−1)n x2n+1

(2n + 1)!
, cosx =

∞
∑

n=0

(−1)n x2n

(2n)!
,

y²:

(a) sin x cosx = 1
2

sin 2x; (b) sin2 x + cos2 x = 1.

5 �,�K�´?ê¦È�öSK, �¢Sþ�±l�K��?ê½Ây²�

�n�¼ê�¤kÙ¦ÙG�5� (~X±Ï5) Úúª. 'un�¼ê��«½Â�

{±9§��m�éX, �±ëw;Í [26] �18Ù: n�¼ê�)ÛnØ. �

SSSKKK 2881 �Ñ¼ê f(x) =
[

∞
∑

n=0

(

xn

n + 1

)]

−1

��?êÐmª¥�eZ�.

©Û �K�9é�?ê��ê. ù3^m�{¦�?êÐmª¥´~��$�

��. �dk±·K�/ª0�ù�¡���Ä�(J, ,�2�Ñ�K�).

1© ~X (ex
2

)′ = 2xex
2

, (ex
2

)′′ = (4x2 + 2)ex
2

.
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···KKK 5.12 �¼ê f(x) 3: x = 0 �C�±Ðm��?ê

∞
∑

n=0

anxn, � a0 6= 0,

KÙ�¼ê 1
f(x)

��±3 x = 0 �CÐm��?ê.

y (V�) �·K��«y{´^r?ê, � [34] �·K 14.4.4, ùpò^?ê�

\?ê�·K 5.10 �Ñy².

�dØ�� a0 = 1, �½Â g(x) = −

∞
∑

n=1

anxn, u´�ò�¼ê 1
f(x)

w¤�

ϕ(y) = 1
1 − y

Ú y = g(x) �EÜ. ù� ϕ(y) 3 (−1, 1) þ�Ðm��?ê ϕ(y) =

∞
∑

m=0

ym, ql g(x) �½Â���3 R > 0, ¦� g(x) 3 (−R, R) þ�Ðm��?ê.

du g(0) = 0, Ïd §5.5.2 �·K 5.10 ¥�^��Ü÷v, l¤��(Ø¤á. �

SSSKKK 2881 ���))) Uì?ê�\?ê�O��{k
1

f(x)
= 1

1 +
(

x
2

+ x2

3
+ x3

4
+ O(x4)

)

= 1 −
(

x
2

+ x2

3
+ x3

4

)

+
(

x
2

+ x2

3

)2

−
(

x
2

)3

+ O(x4)

= 1 −
x
2

+
(

−
1
3

+ 1
4

)

x2 +
(

−
1
4

+ 1
3

−
1
8

)

x3 + O(x4)

= 1 −
x
2

−
x2

12
−

x3

24
+ O(x4). �

SSSKKK 2890 A^�?ê$�, ¦¼ê f(x) =
(

arcsinx
x

)2

��?êÐmª.

) ¼ê f(x) 3 x = 0 ?^4�� 1 5½Â. lL�ª����¦Ñ g(x) =

(arcsinx)2 ��?êÐmª�Ø± x2 =�.

du arcsinx ��?ê�Âñ�»� 1, Ïd3 x ∈ (−1, 1) ��?ê�ýéÂñ,

l^?ê�¦Ò��½ g(x) 3 (−1, 1) þ�Ðm��?ê. ±e´äN�O�.

,¿Ø7ÏL?êg¦5¦ù��Ðmª. O� g(x) 3 x = 0 ?�¤k��ê

��{�U�N´�
. (� §5.5.2 �SK 2845 ¥�){aq.)

ò g(x) é x ¦��� g′(x) = 2 arcsinx ·
1√

1 − x2
. òTªü>²�¿U��

(1 − x2)[g′(x)]2 = 4g(x).

òdª2é x ¦�, ¿�� 2g′(x) ���

(1 − x2)g′′(x) − xg′(x) = 2.

^4ÙZ]úª¦þª� n (> 1) ��ê, ,�- x = 0 �\, ù�Ò��
 g(x) 3

x = 0 ?�p��ê�4íúª:

g(n+2)(0) = n2g(n)(0) (n > 1).

u´l g′(0) = 0 �� g(2n−1)(0) = 0 (n = 1, 2, · · · ), ql g′′(0) = 2 �� g(2n)(0) =

2[(2k − 2)!!]2. ù�Ò��Ñ g(x) ��?êÐmª
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(arcsinx)2 =
∞
∑

n=1

2[(2n − 2)!!]2

(2n)!
x2n =

∞
∑

n=0

22n+1(n!)2

(2n + 2)!
x2n+2.

Ø± x2 Ò��
(

arcsinx
x

)2

=

∞
∑

n=0

22n+1(n!)2

(2n + 2)!
x2n.

^Âñ5�O{��ù�Ðmª3 [−1, 1] þ¤á. �

SSSKKK 2891 ò¼ê f(x) = tan x UCþ x ���êg�Ðm¤�?ê, �ÑÐm

ª (Éu") �cn�.

J« �K^ tan x = sin x
cosx

Ú�?êØ{=�¦). Ù(J� §2.10.1 �SK

1386 �Ó. 3@p��Ñ
õ«O��{øë�. �

5 ±eé¼ê f(x) = tan x ��V?êÐmª��
0�. 3 §2.10.1 �SK

1382 ®²��
Ëã|ê�)¤¼ê (½¡1¼ê)

f(x) =







x
ex − 1

, x 6= 0,

1, x = 0.

§3: x = 0 ��?êÐmÒ´½ÂËã|ê�Ðmª (ë� [34] � §7.2.3):

f(x) = B0 +
B1

1!
x +

B2

2!
x2 + · · · +

Bn

n!
xn + · · · ,

Ù¥ B0 = 1, B1 = −
1
2

, B2 = 1
6

, B4 = −
1
30

, · · · . � n��u 1 �Ûê� Bn = 0. ±

eP Bn = (−1)n−1B2n, K§�Ñ´�ê, Ù¥cA��

B1 = 1
6

, B2 = 1
30

, B3 = 1
42

, B4 = 1
30

, B5 = 5
66

, B6 = 691
2730

, B7 = 7
6

.

�±y² tan x ��V?êÐmª� (ë� [34] �~K 14.4.2):

tan x =

∞
∑

n=1

Bn(22n − 1)22n

(2n)!
x2n−1

= x + 1
3

x3 + 2
15

x5 + 17
315

x7 + 62
2 835

x9 + O(x11) (x → 0),

ÙÂñ�� (− π
2

,
π
2

) 1©. �

SSSKKK 2892 ò¼ê f(x) = tanhx UCþ x ���êg�Ðm¤�?ê, �ÑÐm

ª (Éu") �cn�.

) �Kl tanhx = sinh x
coshx

Ú�?êØ{=�)û. e¡æ^,�«�{.

k�ÑV��¼ê��?êÐm���¼ê��?êÐm�m���'X

(� [5] �1��Ù). |^ §3.1.8 ¥�úª (3.9), = sinh x = i sin(−ix) Ú coshx =

cos(−ix) = cos(ix), ¿b���¼ê��?êÐmª�

1© �dI���Ëã|ê�ìCúª Bn ∼ 2(2n)!

(2π)2n
, �ë� [34] �~K 16.2.3 Úúª (16.13).
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tanx =

∞
∑

n=1

anx2n−1,

KÒk

tanhx = sinh x
coshx

=
i sin(−ix)

cos(−ix)
= i tan(−ix) = i

∞
∑

n=1

an(−ix)2n−1

= i
∞
∑

n=1

an(−1)2n−1 · i2n−1 · x2n−1 =
∞
∑

n=1

(−1)n−1anx2n−1.

u´�lSK 1386 ��Y½öþ��SK 2891 �5�Ñ�K�¦��Y:

tanhx = x −
1
3

x3 + 2
15

x5 + O(x7) (x → 0),

��� tanhx Ú tan x �ü��?êÐmªk�Ó�Âñ� (− π
2

,
π
2

). �

SSSKKK 2893 ò¼ê f(x) = cotx −
1
x

UCþ x ���êg�Ðm¤�?ê, �Ñ

Ðmª (Éu") �cn�.

J« 3 x = 0 ?�ëYòÿ�� f(0) = 0, ±e��^�?êØ{¦). ùp�

�Ñ�K��?êÐmª�I�Ëã|ê5L« (� [34] �~K 14.4.2):

cotx −
1
x

= −

∞
∑

n=1

Bn22n

(2n)!
x2n−1

= −
1
3

x −
1
45

x3 −
2

945
x5 −

1
4 725

x7 + O(x9) (x → 0). �

SSSKKK 2894 (îîî...êêê) � secx �Ðmª��±e/ª

secx =
∞
∑

n=0

En

(2n)!
x2n,

¦Ñ'uXê En �4íúª.

) òþã�?êÚ cosx ��?ê�\ sec x cosx = 1 ¥=��� E0 = 1 Ú
n

∑

k=0

C2k

2n
(−1)kEk = En − C2

2n
En−1 + C4

2n
En−2 + · · · + (−1)nE0 = 0 (n = 1, 2, · · · ).

u´�4í��cA�î.ê�

E1 = 1, E2 = 5, E3 = 61, E4 = 1 385, E5 = 50 521, · · · .

���Ñ��¼ê��?êÐmª� (� [34] � §7.2.3 Ú §14.4.3):

secx = 1 + 1
2

x2 + 5
24

x4 + 61
720

x6 + 277
8064

x8 + 50 521
3 628 800

x10 + O(x12) (x → 0). �

SSSKKK 2895 (VVV444���õõõ���ªªª���)))¤¤¤¼¼¼êêê) r¼ê

f(x) = 1√
1 − 2tx + x2

(|x| < 1)

Ðm¤�?ê.
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) |^ m = −
1
2

���ª (1 + x)
−

1

2 ��?êÐmª (� §5.5.2 �L� (5.15)),

Òk

1√
1 − y

= 1 + 1
2

y + 3
8

y2 + · · · +
(2n)!

22n(n!)2
yn + · · · (|y| < 1),

,�^ y = 2tx− x2 �\, ��� |x|2 + 2|tx| < 1 �=�^?ê�\?ê��{��'

u x ��?êÐmª, Ù¥ t�ëê.

ù�Ò�k�Ñ

f(x) = 1
√

1 − (2tx − x2)

= 1 + 1
2

(2tx − x2) + 3
8

(2tx − x2)2 + · · · +
(2n)!

22n(n!)2
(2tx − x2)n + · · · ,

,�Â8m>� xn ��Xê. ù�3þªm>U
)¤ xn ���

(2n − 2k)!

22(n−k)[(n − k)!]2
(2tx − x2)n−k (k = 0, 1, · · · , m),

Ù¥ m � n/2 ½ (n − 1)/2 ¥��ê. d��ªÐm��þª¥� xn ��Xê�

(−1)k(2n − 2k)!

2n2n−2k[(n − k)!]2
Ck

n−k
(2t)n−2k =

(−1)k(2n − 2k)!

2n(n − k)! k! (n − 2k)!
tn−2k (k = 0, 1, · · · , m),

l���

f(x) =

∞
∑

n=0

Pn(t)xn,

Ù¥�Ï�Xê Pn(t)�XeL«� n gõ�ª:

Pn(t) =
m

∑

k=0

(−1)k
(2n − 2k)!

2n(n − k)! k! (n − 2k)!
tn−2k,

Ù¥ m � n/2 Ú (n − 1)/2 ¥��ê.

��·�5y²ù���� Pn(t) Ò´3 §4.2.6 �SK 2300 (q�5SK86�

§2.5 ¥�SK 1227) ¥®�L�V4�õ�ª. �d��kO�

dn

dtn
(t2 − 1)n = dn

dtn

[

n
∑

k=0

(−1)k Ck

n
t2n−2k

]

=

m
∑

k=0

(−1)k n!
(n − k)! k!

·
(2n − 2k)!

(n − 2k)!
tn−2k,

,�2Ø± 2nn! Ò��þ¡� Pn(t). u´Òk

Pn(t) = 1
2nn!

·
dn

dtn
[(t2 − 1)n] (n = 0, 1, 2, · · · ),

Ïd�K� f(x) ¡�V4�õ�ª�)¤¼ê (½1¼ê). �

SK 2901–2905 ´^Å�È©�{¦¼ê

∫
x

0

f(t) dt ��?êÐmª.

SSSKKK 2903 ò¼ê

∫
x

0

sin t
t

dt Ðm¤�?ê.

) ùÒ´3 §4.11 �SK 2545 ¥Ñy��uÈ©¼ê Si(x), §´~���Ð�

¼ê�� (ë�TK�Nã). ,^Å�È©�{¦§��?êÐmªKÎÃ(J:
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∫
x

0

sin t
t

dt =
∫
x

0

[

∞
∑

n=0

(−1)n t2n

(2n + 1)!

]

dt =
∞
∑

n=0

(−1)n x2n+1

(2n + 1)! (2n + 1)
,

���dÐmª3 (−∞, +∞) þ¤á. �

SSSKKK 2905 ò¼ê

∫
x

0

t dt
ln(1 + t)

Ðm¤�?ê (�Ño�).

) ^�?êØ{=�ò�È¼êÐmXe:
t

ln(1 + t)
= t

t −
t2

2
+ t3

3
−

t4

4
+ O(t5)

= 1

1 −
(

t
2
−

t2

3
+ t3

4
+ O(t4)

)

= 1 +
(

t
2
−

t2

3
+ t3

4

)

+
(

t
2

−
t2

3

)2

+
(

t
2

)3

+ O(t4)

= 1 + t
2

−
t2

12
+ t3

24
+ O(t4) (t → 0).

,�Å�È©��∫
x

0

t dt
ln(1 + t)

=
∫
x

0

(

1 + t
2
−

t2

12
+ t3

24

)

dt + O(t5)

= x + x2

4
−

x3

36
+ x4

96
+ O(x5) (x → 0).

�â·K 5.12 �±��������?êÐmª3 x = 0 �,���þ¤á. �

5.5.4 ���???êêê���eeeZZZAAA^̂̂ (SSSKKK 2906–2920)

ùp�)±en�¡�SN: (1) ?ê¦Ú, (2)�©�§, (3) Eê�þ��?ê.

éuÙ¥� (2) Ú (3) ��Ñ�
`², Ø2Þ~.

(2) ´^Å�¦��{�y�½��?ê÷v,��©�§ (SK 2914–2915).

(3) ´ò�Ü–C�êúª (5.11) Ú (5.12) ^uEê�¥��?ê

∞
∑

n=0

an(z − a)2,

Ù¥ an (n = 1, 2, · · · ), z, a þ�Eê, ¦ÑÙÂñ�» R ÚÂñ� |z − a| < R (S

K 2916–2920). ùp��Ñ, eÂñ�» R ��k�ê, KÙÚ¼ê3Âñ��>.

|z − a| = R þ7½kÛ: 1©. ��ù�:éun)3¢ê�¥��?êÐm�´k�

Ï�. ~Xw±eÐmª:

1
1 + x2

=

∞
∑

n=0

(−1)nx2n = 1 − x2 + x4 − · · · + (−1)nx2n + · · · (−1 < x < 1),

�>�¼ê 1
1 + x2

3: ±1 ?ÑkéÐ�5�, ��oÂñ�»%´ 1? ò x ��E

Cþ z, KÒ��¼ê
1

1 + z2
3 ±i ?kÛ:, ÏdÙÂñ���»�U�u 1.

1© úª (5.11) Ú (5.12) �í2, Âñ��Vg9ÙA�, �)Û:�½Â��Ñò3êÆ©Û��U�

§——EC¼êØ——¥ÆS, ùpÒØõ`
.
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e¡´^Å�¦�ÚÅ�¦È�{¦,
?ê�Ú. du¦?êÚò3e¡� §5.7

¥;�ÆS, Ïdùp�´��ÐÚ�Ôö.

SSSKKK 2906 ^Å��©{O�?ê x + x3

3
+ x5

5
+ · · · �Ú.

) ÏL*	, ��Å�¦���?ê´N´¦Ú�AÛ?ê, u´�¦)Xe.

Äk(½T�?ê�Âñ�� (−1, 1), ùÒ´ÙÚ¼ê S(x) �½Â�. ,�Ò�

3 (−1, 1) Sé�?êÅ�¦���

S′(x) = 1 + x2 + x4 + · · · = 1
1 − x2

(−1 < x < 1).

q|^ S(0) = 0, Ò�ÏL¦È��

S(x) =
∫
x

0

S′(t) dt =
∫
x

0

dt

1 − t2
= 1

2
ln 1 + t

1 − t

∣

∣

∣

x

0

= 1
2

ln 1 + x
1 − x

. �

é�?ê�Å�¦��õg?1, d	3Å�¦����U���©�§ (ë�

§4.10). e¡Ò´ù����~f.

SSSKKK 2908 ^Å��©{O�?ê 1 + x2

2!
+ x4

4!
+ · · · �Ú.

) 1 Äk(½?ê�Âñ�»� +∞, u´ÙÚ¼ê S(x) 3 (−∞, +∞) þk½

Â. Å�¦���

S′(x) = x + x3

3!
+ x5

5!
+ · · · .

ùq���¯K�JÝ�Ó. ,2Å�¦��gÒuy£�
�5�?ê, �Ò´�

�
�����©�§:

S′′(x) − S(x) = 0.

éuÿ�ÆL�©�§�Öö, �^n�©{¦)Xe. kòþª¦± ex, K��

ex[S′′(x) − S(x)] = [exS′(x) − exS(x)]′ = 0,

Ïd�� ex[S′(x) − S(x)] = C, Ù¥ C ��½~ê. ò§�� S′(x) − S(x) = Ce−x,

ü>2¦± e−x, Kk

e−x[S′(x) − S(x)] = [e−xS(x)]′ = Ce−2x.

u´�� e−xS(x) = −
1
2

Ce−2x + C1, Ù¥ C1 ´q���½~ê.

ù�Ò(½ÑÚ¼ê�/ª�

S(x) = C1e
x + C2e

−x,

Ù¥®ò −
1
2

C UP� C2. |^ S(0) = 1, S′(0) = 0, =k C1 + C2 = 1, C1 − C2 = 0,

Ïd�� C1 = C2 = 1
2

. u´����Y´

S(x) = 1
2

(ex + e−x) = coshx. �

) 2 e£Áå ex ��?êÐmª, K3) 1 ¥Å�¦��� S′(x) �?êÐm

�, Ò��Ñe¡����©�§:

S′(x) + S(x) = ex.
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ò§¦± ex Ò�� [exS(x)]′ = e2x, Ïdk

exS(x) = 1
2

e2x + C,

,�ü>¦± e−x, ¿|^ S(0) = 1 =����) 1 �Ó��Y. �

SSSKKK 2909 ^Å��©{O�?ê x
1 · 2

+ x2

2 · 3
+ x3

3 · 4
+ · · · �Ú.

J« ò x ¦d?ê�Å�¦�üg=�. �

SSSKKK 2910 ^Å��©{O�?ê 1 + 1
2

x + 1 · 3
2 · 4

x2 + 1 · 3 · 5
2 · 4 · 6

x3 + · · · �Ú.

) 1 (V�) ^»|dúª��Ú¼ê S(x) �½Â�� [−1, 1), ,�Uì5SK

86�k�J«, O� (1 − x)S′(x) ��?êÐmª, =���'u S(x) ����©�

§, §ØJ¦). �

) 2 |^ (2n)!! = 2n · n! Ú

(2n − 1)!! = (−1)n · 2n ·
(

−
1
2

)

·
(

−
1
2

− 1
)

· · · · ·
(

−
1
2
− n + 1

)

,

��ù´��ª?ê (ë�L� (5.15)), u´k

S(x) = (1 − x)
−

1

2 (−1 6 x < 1). �

) 3 PÚ¼ê� S(x), x ∈ [−1, 1) (�) 1). �K�(J3uXÛ?nXê

an = (2n − 1)!!/(2n)!!. £Á §4.2.6 �úª (4.9), =�k 1©

∫ π
2

0

cos2n θ dθ =
(2n − 1)!!

(2n)!!
·

π
2

,

u´k

S(x) = 2
π

∫ π
2

0

dθ + 2
π

∫ π
2

0

x cos2 θdθ + · · · + 2
π

∫ π
2

0

xn cos2n θ dθ + · · ·

= 2
π

∫ π
2

0

(

1 + x cos2 θ + · · · + xn cos2n θ + · · ·
)

dθ.

ùp�¦Ú�È©��^S (=Å�È©) �Ün53u: ± x ∈ (−1, 1)�ëêÚ± θ

�Cþ�¼ê�?ê

1 + x cos2 θ + · · · + xn cos2n θ + · · ·

�±^ 1 + |x| + · · · + |x|n + · · · �r?ê, Ïdw,3 θ ∈ [0,
π
2

] þ��Âñ.

±e��´�:~5O� (ë� §3.4.3 m©���0�):

S(x) = 2
π

∫ π
2

0

dθ

1 − x cos2 θ
(©f©1Ó¦± sec2 θ)

= 2
π

∫ π
2

0

d(tan θ)

(1 − x) + tan2 θ

= 2
π ·

1√
1 − x

· arctan
(

tan θ√
1 − x

)∣

∣

∣

π
2

0

= 1√
1 − x

, x ∈ (−1, 1).

1© ^�È¼ê� sin2n θ �úª��±, �´due¡ò���� t = tan θ, ÏdØX^ cos2n θ ��È

¼ê��B�:.
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��|^C��1�½n, du
1√

1 − x
u: x = −1 ?mýëY, ÏdÚ¼ê S(x) �

þãL�ª3 [−1, 1) þ¤á. �

SSSKKK 2911 ^Å�È©{O�?ê x + 2x2 + 3x3 + · · · �Ú.

J« Äk(½?ê�Âñ�� (−1, 1), =ÙÚ¼ê S(x) �½Â�. ,�òTÚ

¼ê�� S(x) = xg(x), ¦ g(x). �

5.5.5 ���???êêê333CCCqqqOOO���¥¥¥���AAA^̂̂ (SSSKKK 2921–2935)

^?ê�Ü©Ú5O�?êÚ�Cq�, ùp�Ì�(JÒ´{��O¯K. ù3

§5.1.7 Ú §5.2.2 ¥Ñ®�L. cö´��?ê�{��O, �ö�SK 2703(a) Ú (b) K

´CÒ?ê�{��O. 3§��¦)¥0�
�±¦^�Ì��{.

Ù¥AO�£�SK 2703(a), =éu4ÙZ].?ê�{��O. 3@p®²

y², ?ê�ceZ��Ú�?êÚ�� (={�), Ùýé�Ø�Lï��1���

ýé�, �äk�Ó�ÎÒ. äN5`, éu÷v bn ↓ 0 �?ê

∞
∑

n=1

(−1)n−1bn, Òk

|Rn| 6 bn+1, ½ö�O(�:, X5SK863 §5.2 �có¥¤�Ñ, k

Rn = θn(−1)nbn+1,

Ù¥ 0 6 θn 6 1.

ù�{ü�{��O�¦^4ÙZ].?ê�CqO��5é���B. 3��

!�Nõ�?ê�CqO�¥Ñò|^ù�:. ,X §5.2.2 ¤«, 34ÙZ].?ê

�^�Âñ��¹e 1©, Ü©Ú�Âñ�U�~�ú. SK 2703(a) Ú (b) Ò´Xd. �


Ø��u 10−6, I�O�?ê�c 106 ��Ú. ù3¢S¦^þvkd�. 3e¡Ò

¬��ù��¯K.

��!�SKküa, 1�a�SK 2921–2931, Ù¥�)ê e Ú�±Ç π �Cq

O��. lK.5w, ù
SK� §2.10.3 ¥^�Vúª�CqO��SK 1396 �vk

«O. 1�a´È©�CqO�, Ù¥�¯K� §4.11 �Ó, �´�!¤^�óäÌ�´

�?ê.

SSSKKK 2921 |^Úî��ªúªCq/O� 3
√

9, ¿��O���Ðmª�cn�

��Ø�.

) |^
3
√

8 = 2, Òk

3
√

9 = 2
(

1 + 1
8

)

1

3

= 2
[

1 + 1
3

·
1
8

+ 1
2!

·
1
3
·
(

−
2
3

)

·
1
82

+ 1
3!

·
1
3
·
(

−
2
3

)

·
(

−
5
3

)

·
1
83

+ · · ·
]

= 2
(

1 + 1
3 · 8

−
1

32 · 82
+ 5

34 · 83
− · · ·

)

.

1©4ÙZ].?ê��U´ýéÂñ�.
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dul1��å���ª?ê�4ÙZ]. (ë� §5.5.1 �SK 2820), ÏdØ�Ø�

L1o��ýé�, ��ÙÓÒ, =k

0 < 2R3 <
2 · 5

34 · 83
≈ 0.000 241.

O�cn��Ú��
3
√

9 ≈ 2
[

1 + 1
24

−
1

576

]

≈ 2.079 861,

��k

2.079 861 <
3
√

9 < 2.080 102,

Ïd·�� 3
√

9 ≈ 2.080, Ù¥�êiÑ´O(�.

^O�ì�±��
3
√

9 ≈ 2.080 084, ��þã©Û´�(�. �

5 �Ke^ §2.10 ��VúªO�, ¿^.�KF.{��OØ�, K�±��

�Ó�(J. ë� §2.10.3 �SK 1396(a) é 3
√

30 �CqO�9Ù.5.

SSSKKK 2925 |^·��Ðmª, O� tan 9◦ °(� 10−3.

) 1 9◦ UlÝ�� π/20. e|^ tan x ��?êÐmª, Kk

tan π
20

= π
20

+ 1
3
·
( π

20

)3

+ 2
15

·
( π

20

)5

+ · · · .

l §5.5.3 �SK 2891 �5��ù´��?ê, �¿Ø��Ù��´ÄüN4~ 1©, Ïd

±eò|^ §2.10 ��Vúª (Ø´^�V?ê) 5�OØ�. u´k

tan π
20

= π
20

+ 1
3
·
( π

20

)3

+ R4,

�Ñ{� R4 �.�KF./ª:

R4 =
tan(5)(θx)

5!
· x5 ·

( π
20

)5

,

Ù¥ 0 < θ < 1, x = π/20.

|^ §2.10.1 �SK 1386 �) 3, ®k

tan(5) x = 88 sec4 x tan2 x + 16 sec6 x + 16 sec2 x tan4 x,

du tan x Ú sec x 3 [0, π/2) þþ�î�üN4O, Ø�� x = 30◦ 5�Oþª, =�

�§Ø�L 22 (��°(��OØ�L 20). u´Òk

0 < R4 <
22
5!

·
( π

20

)5

≈ 1.8 × 10−5.

l�þ�.5 (�Øî��{) �Ó, =���ü�=�. u´O���

tan π
20

≈
π
20

+ 1
3

·
( π

20

)3

≈ 0.158 372.

1© 3U
î�y²��?ê�XêüN4~�, Kl1n�å�{���OXe:

R4 6
2
15

“ π
20

”

5
h

1 +
“ π

20

”

2

+
“ π

20

”

4

+ · · ·
i

= 2
15

“ π
20

”

5

· 1

1 −
“ π

20

”

2
≈ 1.3 × 10−5,

=®��u 10−3. Ïd��¦cü��Ú. ,ù�){�î�z´(J�, �,3SK 2891 �5�Ñ


tan x �����?êÐmª, �=¦^Ëã|ê�ìCúª��Uy²3 n ¿©��XêüN4~.



328 1ÊÙ ?ê

òd(J�^O�ì¦�� tan π
20

≈ 0.158 384 �'�, ��®��Ð (éuù���

Ý���1��Ò�±��Ø���u 10−3 �Cq� 0.157). �

) 2 |^ tan x = sin x
cosx

, �� |x| < 1 �, ©f©1�Ðmªþ�4ÙZ].?

ê, Ò�±�Ñ�K�,��){.

éu©f©1þ�Ø�K�, �±|^
∣

∣

∣

x + ∆x
y + ∆y

−
x
y

∣

∣

∣
=

|y∆x − x∆y|

|y(y + ∆y)|
6

|∆x| + |∆y|

|y(y + ∆y)|
, (5.19)

Ù¥|^
 |x| < 1 Ú |y| < 1, ùé�K´¤á�.

éu©f sin π
20

= π
20

−
1
6
·
( π

20

)3

+ · · · , �1��
π
20

≈ 0.157 08, ÙØ� |∆x|

Ø�L1���ýé� 1
6

·
( π

20

)3

≈ 6.46 × 10−4.

éu©1 cos π
20

, �cü��Ú 1 −
1
2

( π
20

)2

≈ 0.987 663, ÙØ� |∆y| Ø�L1

n��ýé� 1
24

·
( π

24

)4

≈ 2.54 × 10−5. ��� ∆y > 0. u´�±�Ok

0.987 663 < cos π
20

< 0.987 688.

|^úª (5.19) Ò��ÙØ�®�u 10−3, u´�O���

tan π
20

≈

π
20

1 −
1
2

·
( π

20

)2
≈ 0.159 041. �

SSSKKK 2930 |^�ª

π
4

= 4 arctan 1
5

− arctan 1
239

,

O�ê π, °(� 10−9.

5 1 ùÒ´Í¶�r�úª, §3�±ÇO��{¤þåL��^. du

arctanx ��VÐmª3 0 < x < 1 ��4ÙZ].?ê, Ïdúª¥�ü�ÑØJ�

�ÙCqO�¥�Ø�. ù�¡�±ë�3 [15] �1�ò� 410 �!, Ù¥^ù�úª

UìØ��u 10−7 ��¦�
O�.

5 2 ùp�ér�úª�í���:`².

P� A = arctan 1
5

, K^üg��¼ê���úª, =���

tan 4A = 120
119

.

ùL²� 4A ' 45◦ Ñ���:. 2O�

tan
( π

4
− 4A

)

= 1 − tan 4A
1 + tan 4A

= −
1

239

Ò��Ñr�úª. aq�úª, =^ü�½n������|ÜO� π �úªkÃ¡

õ� [4]. Ù¥�{ü��UÒ´ π
4

= arctan 1
2

+ arctan 1
3

, �§éu�±Ç�CqO

��ÇØp.
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SSSKKK 2931 |^úª

ln(n + 1) = lnn + 2
[

1
2n + 1

+ 1
3(2n + 1)3

+ · · ·
]

,

¦ ln 2 Ú ln 3, °(� 10−5.

5 |^e��V?êÐmª (ë� §5.5.4 �SK 2906)

ln 1 + x
1 − x

= 2
(

x + x3

3
+ x5

5
+ · · ·

)

,

^ x = 1
2n + 1

�\Ò��K��úª. duù´XêüN4~���?ê, ÏdØ�

�OØJ.

±e�SK 2932–2935 Ñ´½È©�CqO�, �� §4.11 ¥�g´ØÓ, ùp�

óä´�?ê. §�`:��´Ø7O�k'�¼ê�, ¦+O�þ�U�Ø�. �,

�?ê�{¿Ø�½' §4.11 ��«�{½Ù¦ê�È©�{�Ð.

äN5`, Xc¡ §5.5.3 ¥�SK 2901–2905 @�, kò�È¼ê��?êÐm,

,�ÏLÅ�È©��^uÈ©CqO���?ê. ù��Ø��O�þ¡�SK

2921–2931���Ó.

3SK 2932 ¥k 12 ��K, þ�½È©O�, ·��wÙ¥��~f.

SSSKKK 2932(h) ò�È¼êÐm¤?ê, O�È©
∫
1

0

dx√
1 + x4

, °(� 0.001.

) XSK 2895 @�^ m = −
1
2

���ª (1 + x)
−

1

2 ��?êÐmª¿3 [0, 1]

þÅ�È©, Ò��
∫
1

0

dx√
1 + x4

=
∫
1

0

(

1 +
∞
∑

n=1

(−1)n
(2n − 1)!!

(2n)!!
x4n

)

dx

=
(

x +

∞
∑

n=1

(−1)n
(2n − 1)!!

(2n)!!
·

x4n+1

4n + 1

)
∣

∣

∣

1

0

= 1 +

∞
∑

n=1

(−1)n
(2n − 1)!!

(2n)!!
·

1
4n + 1

.

éu�����4ÙZ].?ê?1{��O, ¿|^»|dúª (5.2) (�·K

5.1), Òk

|Rn| 6
(2n − 1)!!

(2n)!!
·

1
4n + 1

∼
1

4n
√

πn
(n → ∞).

Uì°Ý 0.001 ��¦, ^m>�ìC�ª�O������ n = 28, ^Ï��O(ú

ªK�� n = 27, �OØ� 1©. o�I�O���õ���ÚâU÷v�¦. ùL²þ

ã^�Âñ?ê�Âñ�Ý�ú, ØU÷v¢SO��I�.

��kü��{�±)û¯K. 1���{Ò´ZyØ^�?êÐm��{5O

��K�È©. ~X, ^ §4.11 ¥��Ô�úª (="ÊÜúª), ��� n = 4, Ò�±

1© �,ù
Ñ�´�y��°Ý�¦é n ��O. 3®��Y�, �±uy^ n = 18 ®²���¦.
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¦ÑÈ©�Cq�� 0.927 159, ^ Mathematica ¦Ñ�´ 0.927 037, Ïd®²��


�¦. e^ n = 2, K�� 0.931, Ø��� 4 × 10−3.

1���{Ò´^,«\�Âñ��{. ~X, ;�^u4ÙZ].?ê�\�Â

ñ�î.�{, � [5] � §24. ùplÑ. �

SSSKKK 2933 ¦�ã�u� y = sin x (0 6 x 6 π) �l�, °(� 0.01.

5 l §4.6 �SK 2453 ��ù��u��¶ a =
√

2, á�¶ b = 1 �ý���±

�, Ïd�e�K�5��Ó.

ée¡üK��Ñ)º, ¿�Ñ�k=
�{�^.

SSSKKK 2934 ý���¶� a = 1 9 b = 1
2

, ¦ý��l�, ¿°(� 0.01.

5 ùÒ´�O�È©

s = 4
∫ π

2

0

√

1 − 0.75 sin2 xdx.

Ù¥ 0.75 = k2, k =

√
a2 − b2

a
´ý��l%Ç. �K�±^��ª��V?êÐmª

��± sin x�Cþ��?ê, ÏLÅ�È©��ê�?ê, ,��OØ�Ø�L 0.01

�I�O�õ��. ,ë� §4.11 �SK Ò�±��ùpkNõÙ¦�{�øÀJ.

~X|^Ø�ª�O

π(a + b) 6 s 6 π
√

2a2 + 2b2,

é�K��O�Ñü>��, 2�§��²þ�, Ò�� 4.839. ò§��O(�

s ≈ 4.844 22 '�, ��®÷v 0.01 �°Ý�¦
.

5.5.6 ÖÖÖ555 (SSSKKK 2897–2900)

3ù��!¥?n�!��
nØ5�r�SK, Ù¥k�´#�¥O\�.

3ù)äNSK�c, ��O�ó�, kESA�k'�Vg¯K.

(1) �?ê��V?ê´�o'X?

e f(x) u: x = a ?k?¿��ê, K¡?ê
∞
∑

n=0

f (n)(a)
n!

(x − a)n

�¼ê f(x) 3: a ?��V?ê. w,, �V?ê´�?ê.

��, e�½�?ê

∞
∑

n=0

an(x − a)n, �3: a ����� Oδ(a) (δ > 0) þÂñ,

K3��Ö¥Ñ|^�?ê�Å�¦�5�y², ÙÚ¼ê S(x) 3: x = a ?��ê

f (n)(a) = ann! (n = 0, 1, · · · ). ÏdÂñ�»�u 0 (�)��Ã¡�) ��?ê´�V

?ê, ½ö�(�/`, ´ÙÚ¼ê3¥%?��V?ê.
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,3Ø�Ör¥�Ñ
e�(Ø�y², ?Û�½��?ê, =¦�Âñu¥%

��: (=Âñ�»�u 0), ��½´,�¼ê��V?ê (~X� [34] �·K 14.4.2).

u´�±3ù��2��¿Âþ`, �?ê��½´�V?ê, ò¼êÐm��?

ê=´Ðm��V?ê.

(2) �Vúª��V?ê�«O.

éì §2.10 m©�Ñ��Vúª�L���!�L� (5.14) Ú (5.15), =�wÑü

ö�ØÓ.

Äk, �Vúª´��õ�ª (¡��Võ�ª) ���{��Ú, �kk��; 

�V?ê´Ã¡?ê, =Ã���Ú (3TÐ�kk���"Xê�K�õ�ª).

Ùg, e¼ê f(x) 3: x = a ?k�� n ���ê, =��ÑÙ�Vúª. =¦

f(x) 3T:�k���ê, �kÃ¡�Oþúª:

f(x) = f(a) + f ′(a)(x − a) + o(x − a) (x → a).

� f(x) 3«m (a, x) (Ù¥#N x < a) þ���Kkk�Oþúª:

f(x) = f(a) + f ′(a + θ(x − a))(x − a).

§�©O´�$����æì.{�Ú�.�KF.{���Vúª.

,, ��Ñ f(x) 3: a ?��V?ê, Ò7L�¦ f 3T:k¤k���ê.

2lúªk����5w, e f 3: a ����� Oδ(a) Sk n ��¼ê, KÙ

�Vúª3d��S=¤á, =¦ù���é�, $� δ = +∞ ��±. ,, =¦ f

3 (−∞, +∞) S??Ã�g��, �ØU�yÙ�V?êk�Âñ�», �3k�Â

ñ�»�, ÙÂñ�� f �½Â��m�vkÊ·�éX. ~X f(x) = 1
1 + x2

3:

x = 0 ��V?ê�Âñ�� (−1, 1),  f %3 (−∞, +∞) S??Ã�g��. (3c

¡®²�Ñ, ù�¯K�k�Eê�þïÄâU�Ù.)

(3) �Vúª��V?ê�éX.

e¼ê f 3: x = aÃ�g��, KXc¤ãÒ�±�Ñ�V?ê

f(x) = f(a) + f ′(a)(x − a) +
f ′′(a)

2!
(x − a)2 + · · · +

f (n)(a)
n!

(x − a)n + · · · .

,§��´��/ªPÒ. =�±eA�¯K)û�âU��ù��V?êk�o

^?.

(a) ù�?ê�Âñ� I ´�o? (eÙÂñ�»� 0, KÂñ� I = {a}, ù�?ê

vk�o^?.) ù�¯K�±^�Ü–C�êúª½Ù¦úª5)û.

(b) ePþã�V?ê3Âñ�þ�Ú¼ê� S(x), K����¯KÒ´: ´Ä

3 I þ¤á S(x) = f(x)? �k3d�ª¤á�, ·�âU` f(x) �Ðm��?ê.

ù�¡�;.�~Ò´3 §2.5.5 �SK 1225 ¥�¼ê:

f(x) =







e
−

1

x2 , x 6= 0,

0, x = 0.

du3 x = 0 ?T¼ê�3Ã���ê, ��Ñ�u 0, Ïd f(x) 3: x = 0 �,�
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3�V?ê, �äkÃ¡��Âñ�». �´Ù?êÚ S(x) ≡ 0, Ïd3 x 6= 0 ��V

?ê�Ú S(x) � f(x) ÎÃ'X.

XJòù�¼ê¦±?¿~ê�\�Ù¦�±3 x = 0 �,���SÐm��?

ê�¼êþ�, KÒ�±��, �3Ã¡õ�¼ê, §��gC��V?êØ
3 x = 0

:?���	, vk?Û'X.

)û¯K (b) ����{Ò´|^ §2.10 ¥��Vúª�{� Rn(x). e f u: a

Ã�g��, Kéz�� n Ñ¤á

f(x) = f(a) + f ′(a)(x − a) +
f ′′(a)

2!
(x − a)2 + · · · +

f (n)(a)
n!

(x − a)n + Rn(x).

ù�Ø´/ªPÒ. é?Û x 6= a, eþãúªéd x Ú¤k n k¿Â, �k

lim
n→∞

Rn(x) = 0,

K3ù��: x ?, ¼ê� f(x) Ò�Ù�V?ê3T:�?êÚ��, �Ò´`3T

: f �Ðm��V?ê.

Xc¡�Nõ~f¤«, {� Rn(x) �?n  ��(J. ùp�æì{���v

^, ��Ñ.�KF.{� (½öÙ¦a.�{�) K�¦Ñ¼ê f �¤k��¼ê,

ù  �Ø�. Ïdù«“��{”k����Ø�, 3�õê�¹e·�Ñ´�6u

m�{5)û¼ê��V?êÐm¯K.

ùpAO�±£� §5.5.2 �SK 2845, =Ðm¼ê f(x) = sin(µ arcsinx), Ú §5.5.3

�SK 2890, =Ðm¼ê f(x) =
(

arcsinx
x

)2

. Ù¥|^,
nØ5�·K�y§�

��V?êÐmª¤á, ,�KÏLp��êO��Ñ¤�¦��V?ê. ù�Q;�


{�?Ø, q;�
m�{¥�U�E,O�.

����±�Ñ, C��1�½n3)ûÂñ�à:?�Ðm¯KAO�B, Ù`

:Ò´Ï�l?êÂñÒ¦�Ðmª¤á, ùéuÂñ��S:´ØU¤á�.

e¡�ÑA�y²K�)�. Ù¥kA��Ñ
�y¼êU
Ðm��V?ê�

N\^�.

SSSKKK 2897 e?ê

∞
∑

n=0

anxn kÂñ�» R1, ?ê

∞
∑

n=0

bnxn kÂñ�» R2, K

?ê

(a)
∞
∑

n=0

(an ± bn)xn; (b)
∞
∑

n=0

anbnxn

�Âñ�» R ´N��?

) (a) � Rmin = min{R1, R2}, K� |x| < Rmin �ü�?êÑÂñ, ÏdÅ��

\½�~���?ê

∞
∑

n=0

(an ± bn)xn �Âñ. dd=���§��Âñ�» R ÷ve

�Ø�ª:

R > Rmin = min{R1, R2}.
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?�Ú��±¯: þãØ�ª´Ä¤á�Ò?

e R1 6= R2, K(¢Xd. ^�y{. Ø�� 0 6 R1 < R2, = Rmin = R1, ��
∞
∑

n=0

(an + bn)xn �Âñ�» R > R1, ù���: x ÷v R1 < |x| < min{R, R2}, l

¦�

∞
∑

n=0

anxn uÑ, Ó�

∞
∑

n=0

bnxn Ú

∞
∑

n=0

(an + bn)xn ÑÂñ. ,ù�l

∞
∑

n=0

anxn =
∞
∑

n=0

[(an + bn) − bn]xn =
∞
∑

n=0

(an + bn)xn −

∞
∑

n=0

bnxn

���>��?ê�Âñ, ÚÑgñ.

éu?ê

∞
∑

n=0

(an − bn)xn �?Ø´aq�, lÑ.

,� R1 = R2 �, R > Rmin (¢�Uu). ��²��~fÒ´ an + bn =

0 (n = 0, 1, 2, · · · ). Ù¦�²��~f�ØJÞÑ.

(b) ^�Ü–C�êúª, ¿Ú^ §1.2.6 �SK 132(b), =k

lim
n→∞

|anbn| 6 lim
n→∞

|an| · lim
n→∞

|bn|,

u´Ò��?ê

∞
∑

n=0

anbnxn �Âñ�» R ÷vØ�ª

1
R

6
1

R1

·
1

R2

,

u´�� R > R1R2.

N´w�ùpÑyî�Ø�Ò´�U�. ~X�k a2n−1 = 0 (n = 1, 2, · · · ),

b2n = 0 (n = 0, 1, 2, · · · ), KÒ�� anbn = 0 (n = 0, 1, · · · ). ÏdÃØ�5� R1, R2 X

Û, o¬�� R = +∞.

X [35] �N¹ A ¤«, duSK 132(b) �þ4�Ø�ª7L3m>Ø´ 0 · ∞ �

âU¤á, Ïd�¬Ñy��E,��¹. ~X�

an = Cn

nn , bn = nnp, n = 1, 2, · · · ,

Ù¥� C > 0, p > 0, K R1 = +∞, R2 = 0. du anbn = [Cn(p−1)]n (n = 1, 2, · · · ), �

��·�� C Ú p, Ò�±¦�Âñ�» R ��?Û�K¢êÚ +∞. �

SSSKKK 2899.1 y²: e f(x) =

∞
∑

n=0

anxn � |n!an| < M (n = 1, 2, · · · ), Ù¥ M �

~ê, K: (1) f(x) 3?�: a ?Ã¡g��; (2) eãÐmª¤á:

f(x) =

∞
∑

n=0

f (n)(a)
n!

(x − a)n (|x| < +∞).

) 1 (1) |^^� |an| <
M
n!

Ú
n

√
n! ∼ n

e
(� §1.2.7 �SK 142 ½ö^dA�ú

ª), =�ÏL�Ü–C�êúªíÑ�?ê

∞
∑

n=0

anxn �Âñ�»� R = +∞. d�?

ê�Å���5�Ò�� f(x) 3 (−∞, +∞) þÃ�g��.
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(2) ^ x = (x − a) + a �\ f(x) ��?êÐmª¥Ò��± a�¥%�Ðmª:

f(x) =

∞
∑

n=0

an[(x − a) + a]n =

∞
∑

n=0

an

n
∑

k=0

Ck

n
an−k(x − a)k

=

∞
∑

k=0

(

∞
∑

n=k

Ck

n
an an−k

)

(x − a)k.

�â�?êÐmÒ´�V?êÐm, y. 1©. �

5 �K� (2) �í2������¹, =eé,� R > 0, f(x) =
∞
∑

n=0

anxn 3

(−R, R) þ¤á, Kéz��: a ∈ (−R, R), �±y²3 |x − a| < R − |a| þ¤á

f(x) =

∞
∑

n=0

f (n)(a)
n!

(x − a)n.

e f(x) u,:���¥�Ðm��V?ê, K¡ f(x) uT:)Û. u´®²y²,

3Ðmª¤á���S (ÃØd��kõ�) f(x) ??)Û.

) 2 éu (2) ��±��y²Xe.

�Ñ f(x) 3: a ��Vúª, éÙ{� Rn(x) ^.�KF.�{�/ª:

f(x) =

n
∑

k=0

f (k)(a)
k!

(x − a)k +
f (n+1)(ξ)

(n + 1)!
(x − a)n+1.

Ù¥ ξ 3 x Ú a �m.

�
�O{�, é f(x) 3: a ��V?ê3 (−R, R) SÅ�¦���

f (k)(x) =

∞
∑

n=k

an · n(n − 1) · · · (n − k + 1)xn−k,

,��±�â^� |n!an| 6 M �O��'u¤k�K�ê k�����O

|f (k)(x)| 6

∞
∑

n=k

M
(n − k)!

|x|n−k = M

∞
∑

n=0

|x|n

n!
= Me|x|.

u´Òk{��O:

|Rn(x)| =
∣

∣

∣

f (n+1)(ξ)

(n + 1)!
(x − a)n+1

∣

∣

∣
6

M e|a|+|x| · |x − a|n+1

(n + 1)!
,

��éuz�� x Ñk lim
n→∞

Rn(x) = 0 (|^ §1.2.2 �SK 61). ù�ÒØ=y²


f(x) 3: a �Ðm��V?ê, �T?ê�Âñ�»�´ +∞. �

SSSKKK 2899.3 (ËËË ��� ddd """ ½½½ nnn)
2© � f(x) ∈ C(∞)[−1, 1], � � x ∈ [−1, 1] �

f (n)(x) > 0 (n = 0, 1, 2, · · · ). y²: ¼ê f(x) 3«m (−1, 1) S�Ðm��?ê

f(x) =

∞
∑

n=0

anxn.

1© ØJ��é f(x) ��?êÐmªÅ�¦��� f(k)(a) =
∞

X

n=k

Ck

n
an an−k , �´ù�ÚO��±

Ø7�.
2© ë�{IêÆ�r�1 90 ò (1983), 130–131 �.
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) �Ñ f(x) ��Vúª

f(x) = f(0) + f ′(0)x +
f ′′(0)

2!
x2 + · · · +

f (n)(0)
n!

xn + Rn(x),

Ù¥�{� Rn(x) k�«ØÓ�/ª. 3 §2.10 ¥®²Ñy�æì.{�Ú.�KF.

{�. ,é�K5`, ·��I���kå�È©.{�.

�d�I�5¿l{��½ÂÒk R
(k)
n (0) = 0 (k = 1, 2, · · · , n) Ú R

(n+1)
n (x) =

f (n+1)(x), ,�Xe©ÜÈ©=���:

Rn(x) = f(x) −

n
∑

k=0

f (k)(0)
k!

xk =
∫
x

0

R′

n
(t) dt

= (t − x)R′

n
(t)

∣

∣

∣

x

0

+
∫
x

0

R′′

n
(t)(x − t) dt =

∫
x

0

R′′

n
(t)(x − t) dt

= 1
2

∫
x

0

R′′′

n
(t)(x − t)2 dt = · · · = 1

n!

∫
x

0

R(n+1)
n

(t)(x − t)n dt

= 1
n!

∫
x

0

f (n+1)(t)(x − t)n dt.

3���È©ª¥��� t = ux, � t l 0 � x �, u l 0 � 1, =�È©.{��:

Rn(x) = xn+1

n!

∫
1

0

f (n+1)(ux)(1 − u)n du.

dK�^���z�� f (n)(x) (n = 0, 1, · · · ) Ñ´üN4O¼ê, ÏdÒk

0 6 Rn(x) 6
xn+1

n!

∫
1

0

f (n+1)(u)(1 − u)n du = xn+1Rn(1).

ql

f(1) =

n
∑

k=0

f (k)(0)
k!

+ Rn(1)

Ú¤k� f (k)(0) > 0 (k = 0, 1, · · · , n) �íÑ 0 6 Rn(1) 6 f(1).

ù���Ò��

0 6 Rn(x) 6 xn+1f(1),

Ïd3 x ∈ [0, 1) �k lim
n→∞

Rn(x) = 0. ù=L² f(x) 3 [0, 1) þ�Ðm��?ê

∞
∑

n=0

f (n)(0)
n!

xn. |^�?êÂñ��é¡5, ù�Ðmª3 (−1, 1) þ¤á. �

5 3È©.{�¥ØÑyJ±�O�“¥�” (ξ ½ θ). e^.�KF.{�, K

k 0 < θ < 1, ¦�

Rn(x) =
f (n+1)(θx)

(n + 1)!
xn+1.

,Ù¥� θ � x k', Ïdl±þ�{�L�ªJ±íÑ Rn(x) 6 xn+1Rn(1).

SSSKKK 2900 y²: e: 1) an > 0, 2) �3 lim
x→R−0

∞
∑

n=0

anxn = S, K

∞
∑

n=0

anRn = S.

) dK¿��, �?ê

∞
∑

n=0

anxn ��3«m (−R, R) þÂñ. ò?ê�Ú¼ê

P� S(x). eT�?ê�Âñ�»�u R, K S(x) u: x = R ?ëY, Ø72?Ø.
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eT�?ê�Âñ�»TÐÒ´K�� R, �?êu: x = R ?Âñ, KlC

��1�½n��, �?ê3 [0, R] þ��Âñ, Ïd S(x) u: R ?�ëY, =k

S(R) = lim
x→R−0

S(x), Ïd(Ø¤á. u´±e��y²T�?ê3 x = R ?Âñ.

lXê�K�^� (1) ��, S(x) 3«m [0, R) þî�üN4O. u´l^� (2)

��, 3«m [0, R) þ¤áØ�ª S(x) 6 S.

l^� (1) q��éz� x ∈ [0, R), Ü©ÚS� Sn(x) 'u n�üN4O, ÏdÒ

��éuz��K�ê n Úz� x ∈ [0, R) ¤áØ�ª

Sn(x) = a0 + a1x + · · · + anxn
6 S(x) 6 S.

3þãØ�ª¥- x → R − 0, Ò��

Sn(R) = a0 + a1R + · · · + anRn
6 S.

,�|^Ü©Úê� Sn(R) 'u n üN4O, Ò��?êu: x = R ?Âñ. �

5 ùp�9�C��1�½n�(Øk'��¯K, =�Ú¼ê S(x) u: R ?

k�ý4��, �?êu: x = R ?´Ä�½Âñ?

d�K��, ��?ê�¤kXê�K�, þã�¯K��Y´�½�.

,3vkN\^��, þã�¯K��Y�±´Ä½�. ~Xe��~��AÛ

?êÒ´Xd. ��¡3 (−1, 1) þk

1
1 + x

= 1 − x + x2 − · · · + (−1)nxn + · · · ,

Ó��k lim
x→1−0

1
1 + x

= 1
2

, ,þã?ê3 x = 1 ?uÑ 1©.

éuþã¯K®²��Nõ(J, Ú¡�>Ë½n, Ù¥�{ü���� [34] �·

K 14.3.4.

1© k��´, XJ�ÄuÑ?ê3,
A½¿Âe�Ú, ~X Cesàro Ú, Kþã?ê3 x = 1 ?�Ú(

¢�
1
2

. 'uù�¡�SN�±ë� [34] � §13.5.2 �1�|ë�K 18–22, §14.5.2 �1�|ë�K 10, Ú

§15.2.3 � Fourier ?ê� Cesàro Ú. 3�Ö� §5.11.2 �SK 3134 =´uÑ?ê� Ceaàro ¦Ú���

�A^.
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§5.6 FFFppp���???êêê (SSSKKK 2936–2985)

SSSNNN{{{000 �!�SKÌ�´ò±Ï¼êÐm�Fp�?ê�O�K, d	�k

'uFp�Xê�¡��
nØK.

3 [15] �1nò¥���üÙÑ´�z�Fp�?ê� (=P�¥È��nòn

©þ). ����{á�0�K�� [34] �1�ÊÙ.

3g,.¥kNõ¥y±Ï5�y�. ±Ï¼êÒ´£ã±Ïy��êÆVg, 

Fp�?êK´ïÄ±Ï¼ê��Ä�óä. ÙÄ�g�Ò´ò±Ï¼ê©)�k�

�½Ã�õ��u¼êÚ{u¼ê�Ú. ±±Ï 2π ��¹�~, ùÒ´�ò±Ï� 2π
�¼ê©)�e�n�?ê�Ú 1©:

a0

2
+

∞
∑

n=1

(an cosnx + bn sinnx).

�ì3�
A^+� (~X(Æ!1ÆÚ>Æ�) ¥�S., �ò n = 1 � a1 cosx +

b1 sin x ¡��g�Å (§�±�� A cos(t + ϕ)), ò n = 2 � a2 cos 2x + b2 sin 2x ¡�

�g�Å��. 3>Æ¥q~ò1��
a0

2
¡��6�.

ù��©)´Ä�U? XJ�U, Ù¥�Xê an (n > 0) Ú bn (n > 1) XÛO�?

ùÒ´Fp�?ênØ¥�Ä�¯K.

3�SK�ckESA�Ä�Vg. �{²å�, ±e²~±±Ï 2π �Fp�?

ê�Ì, ,Ù¥�SNéu���±Ï� 2l (l > 0) �Fp�?ê�¤á.

Fp�?ê´3 §5.5 ��?ê���,�a��¼ê�?ê, §kNõ��?

êØÓ�ÕA5�. l��þw, ù5gun�¼êX

{1, cosx, sin x, · · · , cosnx, sin nx, · · · } (5.20)

���5. ùp���´�TX¥?Ûü�¼ê�¦È3«m [−π, π] (½Ù¦�Ý�

2π �?¿«m) þ�È©�u 0:∫π

−π
sin nx cosmxdx = 1

2

∫π

−π
[sin(n − m)x + sin(n + m)x] dx = 0;

∫π

−π
cosnx cosmxdx = 1

2

∫π

−π
[cos(n − m)x + sin(n + m)x] dx = πδnm;

∫π

−π
sin nx sin mxdx = 1

2

∫π

−π
[cos(n − m)x − sin(n + m)x] dx = πδnm,

Ù¥^
�ÛS�ÎÒ δnm =







0, n 6= m,

1, n = m.

3Fp�?ênØ¥�~^��;^PÒ ∼. Uì½Â: 3úª

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sinnx) (5.21)

1© UìS.òÙ¥�~ê���
a0

2
, ù¦�úª (5.22) é an (n = 0, 1, · · · ) äkÚ��/ª.
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¥, §�w�·�m>´�>�¼ê f(x) �Fp�?ê, = a0, an, bn (n = 1, 2, · · · ) ´

Uìî.–Fp�úª

an = 1
π

∫π

−π
f(x) cos nxdx (n > 0),

bn = 1
π

∫π

−π
f(x) sin nxdx (n > 1)

(5.22)

O����ü�ê�. �um>�?ê�Âñ�´�o, ±93Âñ�:?Ù?êÚ´

Ä�u f 3T:�� (=¼ê f 3T:´Ä�Ðm¤Fp�?ê), ÑI�,1ïÄ.

X��Ö¤«, úª (5.22) �êÆí�ïá3ü�“XJ”�Ä:�þ: (1) XJ®

¤áe��ª 1©

f(x) =
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),

(2) XJm>�?ê3 [−π, π] þ��Âñ (�Ò´3 (−∞, +∞) þ��Âñ). ù�

ÙÚ¼ê f(x) ??ëY, ��±3 [−π, π] þÅ�È©, �3¦± cos ix ½ sin ix

(i = 1, 2, · · · ) ���Ó��±Å�È© 2©. ù��O�ÒJø
î.–Fp�Xê�ú

ª (5.22).

Fp�?ê�½Â�: Xêdî.–Fp�úª (5.22) L«�n�?ê¡� f(x) �

Fp�?ê, ¿P� (5.21). ùp®²�m
þãü�“XJ”.

,, £�±þí�, K¢Sþ®²y²
e�(Ø:

···KKK 5.13 3 (−∞, +∞) þ��Âñ�n�?ê

a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx)

7½´ÙÚ¼ê�Fp�?ê 3©.

N´wÑ, dun�?ê�z��Ñ´±Ï 2π �±Ï¼ê, Ïd3 (−∞, +∞) þ

��Âñ�du3?Û���Ý 2π �«mþ��Âñ. ql¼ê�?ê�nØ��,

XJn�?ê�Ú¼êkØëY:, KÒØ�U÷vþã��Âñ�^�.

5.6.1 FFFppp���???êêê���OOO��� (SSSKKK 2936–2974)

SSSKKK 2936 ò¼ê f(x) = sin4 x Ðm¤Fp�?ê.

) 1 �BuÈ©, �kò sin4 x Ðm���¼ê��êÚ (~X� §3.4.1 �SK

1991 �) 2):

1© ùpÛ¹ f(x) ´±Ï 2π �±Ï¼ê.

2© ��^�Ü��ÂñOKÒ�y², eò38Ü X þ��Âñ�?ê�z��¦±3 X þ�,�k

.¼ê, K¤���?êE,3 X þ��Âñ.

3© ùpJ�ÐÆö5¿, ��?êÚ�V?ê��Ó'X (� §5.5.6 � (1)) ØÓ, �3Ø´Fp�?ê�

n�?ê. ë� [34] � §15.2.6 ¥�~K 15.2.4 ��?Ø±9·K 15.2.11.
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sin4 x = 1
4

(1 − cos 2x)2 = 1
4

(1 − 2 cos 2x + cos2 2x)

= 1
4

−
1
2

cos 2x + 1
8

(1 + cos 4x) = 3
8
−

1
2

cos 2x + 1
8

cos 4x.

,�^î.–Fp�úª (5.22) O� f(x) �Fp�Xê. |^��'XÒk

a0 = 1
π

∫π

−π
f(x) dx = 3

4
,

a2 = 1
π

∫π

−π
f(x) cos 2xdx = −

1
2

,

a4 = 1
π

∫π

−π
f(x) cos 4xdx = 1

8
.

¤kÙ¦�Fp�XêÑ�u 0. u´=�� f(x) �Fp�?êÐmª�:

f(x) = sin4 x = 3
8
−

1
2

cos 2x + 1
8

cos 4x. �

) 2 (V�) X·K 5.13 ¤«, 3ò f(x) = sin4 x Ðm���¼ê��êÚ�, d

u§�kk��, Ïd��?ê7½��Âñ, lÒ�±�½§Ò´ f(x) = sin4 x �

Fp�?ê. �

SSSKKK 2937 n�õ�ª

Pn(x) =

n
∑

i=0

(αi cos ix + βi sin ix)

�Fp�?ê´N��?

) 1 (��O�) ùÒ´^î.–Fp�úª (5.22) O� Pn(x) �Fp�Xê. ,

·�Ø�ò§w¤���X{�O�¯K. 5¿� Pn(x) Ò´��X (5.20) ¥�c

(2n + 1) ����5|Ü, Ïd�±l��'X5n)e¡�O�.

ÄkO�Fp�Xê a0 Xe:

a0 = 1
π

∫π

−π
Pn(x) dx = 1

π

∫π

−π

[

n
∑

i=0

(αi cos ix + βi sin ix)
]

= 2α0.

ù�(J�,�±Å�È©��, �·��±ò§)º¤�3��X (5.20) ¥�1�

�� (=ð�u 1 �~�¼ê) �¤kÙ¦����5¤�.

aq/�O�Ù¦Fp�Xê ak, bk (k > 1) Xe:

ak = 1
π

∫π

−π
Pn(x) cos kxdx =







αk, k 6 n,

0, k > n;

bk = 1
π

∫π

−π
Pn(x) sin kxdx =







βk, k 6 n,

0, k > n,

Ù¥� k > n � ak = bk = 0 Ò5gu cos kx Ú sinkx � Pn(x) ¥�z�Ñ��¤�.

l±þO��� Pn(x) �Fp�?êÒ´§g�:
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Pn(x) ∼
a0

2
+

∞
∑

k=1

(ak cos kx + bk sin kx)

= α0 +

n
∑

k=1

(αk cos kx + βk sin kx) = Pn(x). �

) 2 ��·K 5.13 ù���5½n�AÏ�¹, du�K�n�õ�ª Pn(x) �

kk��, Ïd3 (−∞, +∞) þ���Âñ^�¤á, l Pn(x) Ò´g��Fp�

?ê. �[�:5`, Pn(x) ¥�~ê� α0 Ò´Fp�?ê�~ê�
a0

2
,  αi Ú βi

(i = 1, 2, · · · , n) Ò´Fp�Xê ai Ú bi (i = 1, 2, · · · , n). Ó�¤keI�u n �Fp

�XêÑ´ 0. Ïd Pn(x) Ò´g��Fp�Xê. �

SSSKKK 2938 ò¼ê f(x) = sgn x (−π < x < π) Ðm¤Fp�?ê. ±Ñ¼ê�ã

�9ÙFp�?ê�eZÜ©Ú�ã�.

|^Ðmª¦4ÙZ]?ê

∞
∑

n=1

(−1)n−1

2n − 1
�Ú.

) du3«m (−π, π) þ sgnx ´Û¼ê, Ïd¤k� an = 0 (n = 0, 1, · · · ). ,

�é n = 1, 2, · · · �O���

bn = 2
π

∫π

0

f(x) sin nxdx = 2
π

(

−
1
n

cosnx
)
∣

∣

∣

π

0

= 2
nπ [1 − (−1)n] =







0, n �óê,

4
nπ , n �Ûê.

du f(x) 3ØëY: x = 0 ?÷v

f(0) =
f(−0) + f(+0)

2
,

�3ëY:?�ÛÜ~�, Ïd f(x) 3 (−π, π) þ??�Ðm�ÙFp�?ê:

sgnx = 4
π

∞
∑

n=1

1
2n − 1

sin(2n − 1)x (−π < x < π). (5.23)

3e¡�Nã 1 ¥�Ñ
co�Ü©Ú¼ê Sn(x) (n = 1, 2, 3, 4) �ã�, l1��©

ãm©, ^ü^J��L«þg�Ü©Ú¼ê�#O\�?ê��ã�.

3Nã 2 ¥, ^J��Ñ
 f(x) = sgnx (−π < x < π), q^J���Ñ
cÊ

�Ü©Ú¼ê Sn(x) (n = 1, 2, · · · , 5) �ã�, ^oç��Ñ
 S6(x).

^ x = π
2

�\Ðmª (5.23), du

sin
[

(2n − 1) π
2

]

= sin
(

nπ −
π
2

)

= (−1)n−1,

u´Ò¦Ñ
4ÙZ]?ê�Ú (®�u §4.2.6 �SK 2283 Ú §5.5.3 �SK 2869):
∞
∑

n=1

(−1)n−1

2n − 1
= π

4
. �

5 du¼ê f(x) = sgnx 9Ù±ÏòÿkØëY:, Ïd¦+ f(x) = sgnx �F

p�?ê3 (−π, π) þ??Âñ, ,�½Ø��Âñ. Ø=Xd, lNã 2 ¥��±Ð



§5.6 Fp�?ê (SK 2936–2985) 341

x

y

O π

−π

1

−1

(a) S1(x) = π
4

· sin x

x

y

O π

−π

1

−1

(b) S2(x) = S1(x) + π
4

·

sin 3x

3

x

y

O π

−π

1

−1

(c) S3(x) = S2(x) + π
4

·

sin 5x

5

x

y

O π

−π

1

−1

(d) S4(x) = S3(x) + π
4

·

sin 7x

7

SK 2938 �Nã 1

x

y

O π

−π

1

−1

b

SK 2938 �Nã 2

ÚwÑFp�?ê3Ú¼êØëY:NC�3Ùdy�. éu�K5`, =Ø=k (£

� §5.4.2 �SK 2741)

lim
n→∞

{

sup
−π<x<π

|f(x) − Sn(x)|
}

6= 0,

�k

lim
n→∞

{

sup
−π<x<π

|f(x) − Sn(x)|
}

= 2
π

∫π

0

sinx
x

dx − 1 ≈ 0.178,

Ù¥�4��´3Ùdy�¥�Ê·~ê. 'u3Ùdy��{�0�� [34] �~K

15.2.1, ��[�©Û� [15] �1nò� 700–701 �!.

SSSKKK 2939 3«m (0, 2l) Sò¼ê f(x) =







A, 0 < x < l,

0, l < x < 2l
Ðm¤Fp�?ê,

Ù¥ A �~ê.
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) (m�{) �O��^î.–Fp�úª (5.22) O�Xê, �±^m�{O�,

=|^SK 2938 �®�Ðmª5���K�O��(J.

du¤¦�Fp�?êk±Ï 2l, Ïdeò f(x) 3 (−l, 0) þ½Â� f(x) ≡ 0, 

3 (−l, l) þòÙÐm, K¤��Fp�?ê�Ó.

éXù�� f(x) � sgn x �ã�, Ò�±uy�K�¼ê� sgnx �'X�

f(x) = A
2

(1 + sgn πx
l

) (−l < x < l, x 6= 0),

l��¤��Fp�?êÐmª:

f(x) = A
2

(

1 + 4
π

∞
∑

n=1

sin(2n − 1) πx
l

2n − 1

)

= A
2

+ 2A
π

∞
∑

n=1

sin(2n − 1) πx
l

2n− 1
(0 < x < 2l). �

5 3�!�SK¥Ì�´O�Fp�?ê. ,ù¿��´^î.–Fp�úª

�È©O�. �X�V?êÐmª¥�m�{@�, ��±^m�{¦Fp�?ê. ù

3 [36] � §18.2 �öSK 1 ¥Ò�±w�. �,�dI���A���Ä��Fp�Ð

mª, ~XØ
 SK 2938 	, e¡�SK 2940–2941 �Ðmª�´Ä��. d	��±

¦^Å�È©��{. ùÒ´�K0�m�{�8�.

SSSKKK 2940 3«m (−π, π) Sò¼ê f(x) = x Ðm¤Fp�?ê.

) du3«m (−π, π) þ x ´Û¼ê, Ïd¤k� an = 0 (n = 0, 1, · · · ). ,�é

n = 1, 2, · · · �^©ÜÈ©{O���

bn = 2
π

∫π

0

x sin nxdx = −
2
nπ x cosnx

∣

∣

∣

π

0

+ 2
nπ

∫π

0

cosnxdx = (−1)n−1 2
n

,

u´��3 (−π, π) þ�Fp�Ðmª

x = 2

∞
∑

n=1

(−1)n−1

n
sin nx (−π < x < π). � (5.24)

SSSKKK 2941 3«m (0, 2π) Sò¼ê f(x) = π − x
2

Ðm¤Fp�?ê.

) 1 (��{) eUìî.–Fp�úª (5.22) O�Fp�Xê, K��òTúª

¥�È©«mU� [0, 2π] =�.

,|^e��Ä�~���O�þ (��^ §4.2.5 �é¡5���Ó�(J).

du¢Sþ�é�´±Ï 2π �±Ï¼ê, Ïdéu (0, 2π) þ�½�¼ê f(x), �

ò§�±Ï 2π �±Ïòÿ, Ø�EP� f(x), ,��Ù3 (−π, π) þ�Ü©5O�Ù

Fp�Xê. Ò�K� f(x) ó, 3±Ï 2π �±Ïòÿ��¤�Û¼ê, Ïd¤k�

an = 0 (n = 0, 1, · · · ). {e��´�O��u�c�Xê:

bn = 2
π

∫π

0

π − x
2

sin nxdx =
∫π

0

sin nxdx + 1
nπ · x cosnx

∣

∣

∣

π

0

−
1
nπ

∫π

0

cosnxdx

= −
1
n

cosnx

∣

∣

∣

π

0

+ 1
n

· (−1)n = 1
n

.
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u´Ò��¤�¦�Fp�?êÐmª:

π − x
2

=
∞
∑

n=1

sinnx
n

(0 < x < 2π). � (5.25)

5 m>�?ê3c¡®õg�L, AO´3 §5.4.5 �~K 1 ¥, |^iùÚn

(·K 5.9) ¦Ñ
§�Ú, ¿|^ù�Ú (�Ò´ (5.25)) ¦Ñ
nl�¯K�).

) 2 (m�{) e|^SK 2940 �(J (5.24), KÒØ7#O��K�Fp�X

ê. '�üK�¼êÒ���K� f(x) �@p� x (−π < x < π) kXe'X:

f(x) = −
1
2

(x − π) (0 < x < 2π),

ÏdÒ�±l (5.24) ��

π − x
2

= −
1
2
· 2

∞
∑

n=1

(−1)n−1

n
sin n(x − π) =

∞
∑

n=1

sin nx
n

(0 < x < 2π). �

SSSKKK 2942 3«m (−π, π) Sò¼ê f(x) = |x| Ðm¤Fp�?ê.

) (m�{) |^ (|x|)′ = sgnx (x 6= 0), �K�Ðmª�l (5.23) �Fp�?ê

ÐmªÅ�È©��. ù�kk

|x| =
∫
x

0

sgn t dt =
∫
x

0

[

4
π

∞
∑

n=1

1
2n − 1

sin(2n − 1)t
]

dt

= 4
π

∞
∑

n=1

1
2n − 1

∫
x

0

sin(2n − 1)t dt = −
4
π

∞
∑

n=0

1
(2n− 1)2

cos(2n − 1)t
∣

∣

∣

t=x

t=0

= −
4
π

∞
∑

n=1

1
(2n − 1)2

cos(2n − 1)x + 4
π

∞
∑

n=1

1
(2n − 1)2

(−π < x < π).

þªm>1��´��~ê, Ïd�±lFp�Xê a0 �O���, =k

4
π

∞
∑

n=1

1
(2n − 1)2

= 1
2

·
1
π

∫π

−π
|x| dx = 1

π

∫π

0

xdx = π
2

.

u´Ò��¤��Fp�?êÐmª:

|x| = π
2

−
4
π

∞
∑

n=1

1
(2n − 1)2

cos(2n − 1)x (−π < x < π).

�Ó��¦Ñ

∞
∑

n=1

1
(2n − 1)2

= π2

8
. � (5.26)

5 �K^��{�´N´�. d	, |^ (5.26) Òk

S =

∞
∑

n=1

1
n2

=

∞
∑

n=1

1
(2n − 1)2

+

∞
∑

n=1

1
(2n)2

= π2

8
+ 1

4
S = 4

3
·

π2

8
= π2

6
,

l�Ñ
nl�¯K�,��){ (ë� §5.1.7 �SK 2655(a)).
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SSSKKK 2953 ò f(x) = arcsin(sin x) Ðm¤Fp�?ê.

J« 5¿ù� f(x) ´±Ï 2π �±Ï¼ê, ��©ã�5¼ê (ç¸Å), Ùã�

�1�þN¹��SK 318. �k� |x| 6
π
2

�âk arcsin(sin x) = x. �

SSSKKK 2955 ò f(x) = x − [x] Ðm¤Fp�?ê.

J« 5¿ù� f(x) ´±Ï¼ê, ïÆk�ÑÙã�, (½±Ï�2�O�. �±

ë� §1.7.2 �SK 685 (����ê¼ê [x]) �Nã. �

SSSKKK 2956 ò f(x) = (x) Ðm¤Fp�?ê, Ù¥ (x) ´ x ��§��C��ê

�ål.

J« ïÆ�Ñã�¿(½±Ï�2O�. �ë�1�þN¹��SK 362(e). �

SSSKKK 2959 ò±Ï¼ê f(x) =
∞
∑

n=1

αn sin nx
sin x

(|α| < 1) Ðm¤Fp�?ê.

) 1 (©Û{) k*	^¼ê�?ê½Â�¼ê f(x) �Âñ�Ú��Âñ�.

du3 sin x �": kπ (k ∈ Z) ?, sin nx
sin x

�34�, =�ëYòÿ, ÏdT?ê

�Ï�½Â�� (−∞, +∞).

¯K�'�´?nÏf sin nx
sin x

. |^ §4.2.6 �SK 2291 �) 3, Ké n = 1, 2, · · ·

ke�ð�ª:

sin(2n − 1)x
sin x

= 1 + 2[cos 2x + cos 4x + · · · + cos(2n − 2)x],

sin(2n)x
sinx

= 2[cosx + cos 3x + · · · + cos(2n − 1)x].

(5.27)

dd��¤áØ�ª
∣

∣

∣

sin nx
sin x

∣

∣

∣
6 n.

u´�±^

∞
∑

n=1

n|α|n �r?ê, ��K�¥½Â f(x) �¼ê�?ê3 (−∞, +∞) þ

ýéÂñÚ��Âñ (ë� §5.4.3).

±e^ (5.27) �\?êÏ����O�. �{²å�, ��Ñc¡�eZ�=�w

ÑÙ��5ÆXe:

f(x) = α + α2 · (2 cosx) + α3 · (1 + 2 cos 2x)

+ α4 · (2 cosx + 2 cos 3x) + α5 · (1 + 2 cos 2x + 2 cos 4x) + · · ·

= (α + α3 + α5 + · · · ) + 2 cosx(α2 + α4 + · · · ) + 2 cos 2x(α3 + α5 + · · · ) + · · ·

= α

1 − α2
+ 2 cosx

α2

1 − α2
+ 2 cos 2x

α3

1 − α2
+ · · ·

= α

1 − α2

(

1 + 2

∞
∑

n=1

αn cosnx
)

.
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d |α| < 1 �������n�?ê3 (−∞, +∞) þ��Âñ, Ïdl·K 5.13 ��§

Ò´ f(x) �Fp�?ê.

,þãO�3î�5þ�3Øv, =I�éÃ�õ�¦Ú, Ù¥�z��q´

��Ã¡?ê 1©.

�´ f(x) �þã�ª´N´�����. kò (1 − α2) ¦± f(x) ��

(1 − α2)f(x) =

∞
∑

n=1

αn sinnx
sin x

−

∞
∑

n=1

αn+2 sin nx
sin x

= α + α2 · 2 cosx +

∞
∑

n=3

αn ·
sin nx − sin(n − 2)x

sin x

= α + α2 · 2 cosx +

∞
∑

n=3

αn · 2 cos(n − 1)x = α + 2α

∞
∑

n=1

αn cosnx,

,�ü>Ø± (1 − α2) =�. dd��±þ�(Ø¤á, =3K¥^Ã¡?ê½Â�¼

ê f(x) �k,��L�ª, �öÒ´§�Fp�?êÐmª. �

) 2 (V�) X) 1 m©¤ã, ^u½Â f(x) �Ã¡?ê'u α ∈ (−∞, +∞) �

�Âñ, �ó¼ê, �3¦± cos ix (i = 1, 2, · · · ) �E,3T«mþ��Âñ, ù�Ò

�±ÏLÅ�È©�{^î.–Fp�úª (5.22) O�ÙFp�Xê an (n = 0, 1, · · · ).

ùp�±ë� §4.2.6 �SK 2291 �O�(J. �

SSSKKK 2961 ò¼ê f(x) = x2 Ðm¤Fp�?ê: (a) 3«m (−π, π) SU{uÐ

m; (b) 3«m (0, π) U�uÐm; (c) 3«m (0, 2π) SÐm. ±Ñ¼ê�ã�9�/

(a), (b), (c) �Fp�?ê�Ú�ã�.

|^ù
Ðmª, ¦e�?ê�Ú:
∞
∑

n=1

1
n2

,

∞
∑

n=1

(−1)n+1

n2
,

∞
∑

n=1

1
(2n − 1)2

.

) (�é (a) �Ñ�[)�)

(a) du x2 �ó¼ê, Ïd��3 (−π, π) þO� f(x) = x2 �Fp�Xê

an (n = 0, 1, · · · ) =�.

O�

a0 = 2
π

∫π

0

x2 dx = 2π2

3
,

an = 2
π

∫π

0

x2 cosnxdx = 2
π

(

x2

n
sin nx + 2x

n2
cosnx −

2
n3

sin nx
)∣

∣

∣

π

0

=
4(−1)n

n2

(ùp�±|^ §3.5.1 �SK 2067 Jø�úª). u´��

1© ùp�î�z´�±���. ¯K´kü�eI�ê� amn = cmnαn cos mx �¦Ú¯K, Ù¥Xê

c0n = 1 (n > 1), cmn = 2 (m > 1, n > 1). eUì αn Â8Óa��, �kk�õ� (��êÃþ.), Ò

��¼ê f(x) ��k�Ã¡?êL�ª. eUì cos mx Â8Óa�, KzgÑkÃ¡õ�, ��I�^A

Û?ê¦Úúª, ù�Ò�� f(x) �,�«L�ª, =ÙFp�?êÐmª. |^�?ê��S¦Ú½n,

¿|^ |α| < 1 Ò�±¦�þã){î�z. ùp�nØÄ:� [15] 1�ò� §11.5.
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x2 = π2

3
+

∞
∑

n=1

4(−1)n

n2
cosnx (−π < x < π).

duþãÐmª3 x = π �E,¤á, ^ x = π �\, Òk

π2 = π2

3
+ 4

∞
∑

n=1

1
n2

,

u´=���

∞
∑

n=1

1
n2

= π2

6
, =nl�¯K�) (� §5.4.5 �~K 2).

3Nã¥�Ñ
 f(x) �ã�±9ÙFp�?êÚ�ã�, �ö´3 (−∞, +∞) þ

�±Ï 2π �±ÏëY¼ê. �

x

y

O π−π

π2

x

y

O π 2π 3π−π−2π−3π

π2

SK 2961(a) �Nã

5 �K��±|^ f(x) = x (−π < x < π) �Fp�Ðmª (� (5.24)), ,��

ìSK 2942 ^Å�È©�{¦).

(b) (J«) Q,3 (0, π) þ� x2 �Ðm¤��u?ê, Kù�?ê�Ú¼ê7½

´Û¼ê. ÏdA�ò (0, π) þ� x2 UìÛ¼êòÿ� (−π, 0) þ�?1O�.

3Nã��©ã¥�Ñ
3 (0, π) þ� f(x) = x2 ²LÛòÿ��¼êã�, m

©ãK´ÙFp�?êÚ�ã�, �ö´3 (−∞, +∞) þ�±Ï 2π �±Ï¼ê. ùp

�5¿, 3: (2k − 1)π (k ∈ Z) þ�?êÚ�u 0. �

x

y

O π−π

π2

x

y

O π 2π 3π−π−2π−3π
b bbb

π2

−π2

SK 2961(b) �Nã

(c) (J«) ù��Ú¼ê´ (0, 2π) þ� x2 Uì±Ï 2π òÿ���±Ï¼ê. Ï

d�K��Y� (a) Ú (b) ÑØÓ.

3Nã��©ã¥�Ñ
3 (0, 2π) þ� f(x) = x2 �ã�, m©ãK´ÙFp

�?êÚ�ã�, �ö´3 (−∞, +∞) þ�±Ï 2π �±Ï¼ê. ùp�5¿, 3:

2kπ (k ∈ Z) þ�?êÚ�u 2π2. �

5 dd��, 3 (0, π) þ�¼ê y = x2 Ó�kõ�?êÐmª. ��, ^Fp�

?ê��±òõ�ØÓ�¼ê^Ó��?êLÑ, �ØL3ØÓ�«mþL«ØÓ�

¼ê. ùÒL², 3¼êVg¥��Ä����¿Ø´§�L�ª.



§5.6 Fp�?ê (SK 2936–2985) 347

x

y

O π 2π

4π2

x

y

O π 2π 3π−π−2π−3π

bbb

2π2

4π2

SK 2961(c) �Nã

SSSKKK 2963 �Ñ¼ê f(x) =







1, |x| < α,

0, α < |x| < π
�oäÊìÅ�ª 1©. |^oä

ÊìÅ�ª, ¦e�?ê�Ú:
∞
∑

n=1

sin2 nα

n2
9

∞
∑

n=1

cos2 nα

n2
.

) du f(x) ´ó¼ê, Ïd��Uìî.–Fp�úª (5.22) O� an (n =

0, 1, · · · ):

a0 = 2
π

∫π

0

f(x) dx = 2
π

∫
α

0

dx = 2α
π ,

an = 2
π

∫π

0

f(x) cosnxdx = 2
π

∫
α

0

cosnxdx = 2 sinnα
nπ (n = 1, 2, · · · ).

u´��

1
2

(

2α
π

)2

+
∞
∑

n=1

(

2 sinnα
nπ

)2

= 2
π

∫π

0

f2(x) dx = 2α
π .

ù�Òk
∞
∑

n=1

sin2 nα

n2
= 1

2
α(π − α),

∞
∑

n=1

cos2 nα

n2
=

∞
∑

n=1

1
n2

−

∞
∑

n=1

sin2 nα

n2
= π2

6
−

1
2

πα + 1
2

α2. �

î.úª

cosx = 1
2

(eix + e−ix), sin x = 1
2i

(eix − e−ix)

3ÐmFp�?ê�O�¥�²~k^. e�K=´ù�¡�~f.

1© oäÊìÅ�ª
a2

0

2
+

∞
X

n=1

(a2

n
+ b2

n
) = 1

l

∫
l

−l

f2(x) dx 3={�I�êÆ©z¥��¡�øl�

��ª (ë� [34] §15.2.4).
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SSSKKK 2966 ¦
q sin x

1 − 2q cosx + q2
(|q| < 1) �Fp�?êÐmª.

) ^î.úª�\=k (ë� §5.5.2 �SK 2863 �)):

q sin x

1 − 2q cosx + q2
= 1

2i
·

q(eix − e−ix)

1 − q(eix + e−ix) + q2
= 1

2i

(

1
1 − eixq

−
1

1 − e−ixq

)

= 1
2i

(

∞
∑

n=0

(eixq)n −

∞
∑

n=0

(e−ixq)n

)

=

∞
∑

n=1

qn ·
einx − e−inx

2i
=

∞
∑

n=1

qn sin nx.

ùp�^� |q| < 1 �y
þãO��Ün5, Ó�q�y���n�?ê3«m

(−∞, +∞) þ��Âñ, Ïd=�ÙÚ¼ê�Fp�?ê. �

5 �K�(J®�u §5.5.2 �SK 2864, �´3@p´�?êÐmª, 3ùp

´Fp�?êÐmª. ù�c¡�SK 2959 aq.

SSSKKK 2969 ¦ ln(1 − 2q cosx + q2) (|q| < 1) �Fp�?êÐmª.

) 1 ^î.úª=k

ln(1 − 2q cosx + q2) = ln(1 − qeix) + ln(1 − qe−ix)

= −

∞
∑

n=1

1
n

qneinx −

∞
∑

n=1

1
n

qne−inx = −2
∞
∑

n=1

qn

n
cosnx.

ùp�^� |q| < 1 �y
þãO��Ün5, Ó�q�y
���n�?êu

(−∞, +∞) þ��Âñ, Ïd´ÙÚ¼ê�Fp�?ê. �

) 2 (V�) du

d
dx

[ln(1 − 2q cosx + q2)] =
2q sinx

1 − 2q cosx + q2
,

Ïd�±éSK 2966 �Ðmª^Å�È©{��¤��(J. �

SSSKKK 2970 ¦Ã.±Ï¼ê f(x) = ln
∣

∣

∣
sin x

2

∣

∣

∣
�Fp�?êÐmª.

) 1 f(x) 3: 0 ?ÛÜÃ., ~K, ´±Ï 2π �ó¼ê. ^ §4.4.1 �SK 2353(a)

�î.È©, =�¦ÑFp�Xê a0 Xe:

a0 = 2
π

∫π

0

ln sin x
2

dx = 4
π

∫ π
2

0

ln sin t dt = −
4
π ·

π
2

ln 2 = −2 ln 2.

,�2O�Ù{�XêXe:

an = 2
π

∫π

0

ln sin x
2

· cosnxdx

= 2
nπ

(

sinnx · ln sin x
2

)∣

∣

∣

π

+0

−
2
nπ

∫π

0

sin nx ·
cos x

2

2 sin x
2

dx

= −
1

2nπ

∫π

0

sin
(

n + 1
2

)

x + sin
(

n −
1
2

)

x

sin x
2

dx

= −
1
nπ

∫ π
2

0

sin(2n + 1)t + sin(2n − 1)t
sin t

dt = −
1
n

.
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ùp���Ú|^
 §4.2.6 �SK 2291 �

∫π

0

sin(2n + 1)t
sin t

dt = π, qduTÈ©��

È¼ê3 [0, π] þ'u x = π
2

�ó¼ê, Ïd��
∫ π

2

0

sin(2n + 1)t
sin t

dt = π
2

.

u´Ò��¤��Ðmª:

ln
∣

∣

∣
sin x

2

∣

∣

∣
= − ln 2 −

∞
∑

n=1

cosnx
n

(−π < x < π, x 6= 0). �

) 2 ^î.úªÒk

ln
∣

∣

∣
sin x

2

∣

∣

∣
= ln

∣

∣

∣

e
ix

2 − e
−

ix

2

2i

∣

∣

∣
= − ln 2 + ln |1 − eix|

= − ln 2 + Re[ ln(1 − eix)] = − ln 2 + Re
(

−

∞
∑

n=1

einx

n

)

= − ln 2 −

∞
∑

n=1

cosnx
n

. �

5 ùp^�ECþ z �Eéê¼ê, §´õ�¼ê, 3 ln(1− eix) ¥�ÙÌ{, ù

�¡�½Â�ë� [7] � §1.3.

5.6.2 FFFppp���XXXêêê������


555��� (SSSKKK 2975–2985)

^î.–Fp�úª (5.22) ½Â�Fp�XêäkNõÕA�5�. ��!�SK

��9�é¡5�k'��
Ä�5�, k'ìC5��5��ë� [34] � §15.1.2 Ú

§15.1.3.

SSSKKK 2975 A�XÛr�½3«m
(

0,
π
2

)

S��È¼ê f(x) òÿ�«m (−π, π)

S, ¦�§Ðm¤Fp�?ê�äk±e/ª:

f(x) =
∞
∑

n=1

an cos(2n − 1)x (−π < x < π)?

) Q,3Fp�?ê¥ØÑy�u�, Ïdòÿ��¼ê7�ó¼ê, ùû½


l (0, π) � (−π, 0) �óòÿ. {e�¯K´XÛl
(

0,
π
2

)

òÿ�
( π

2
, π

)

, âU¦�

e�È©� 0: ∫π

0

f(x) cos(2nx) dx = 0.

X §4.2.5 �·K 4.8 ¤«, ù��¦�È¼ê f(x) cos(2nx) 'u: x = π
2

�Û=�.

du

cos(2n(π − x)) = cos(2nx),

Ïd�I�¦�òÿ�� f(x) 3 (0, π) þ÷v f(π − x) = −f(x), ùÒû½
l
(

0,
π
2

)

�
( π

2
, π

)

�òÿ�{�½Â

f(x) = −f(π − x)
( π

2
< x < π

)

,

,�2^ f(x) = f(−x) (−π < x < 0) �óòÿ=�. �
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SSSKKK 2984 ®�±Ï� 2π ��È¼ê f(x) �Fp�Xê an, bn (n = 0, 1, 2, · · · ),

ÁO�d$�âÅ¼ê

fh(x) = 1
2h

∫
x+h

x−h

f(ξ) dξ

�Fp�Xê An, Bn (n = 0, 1, 2, · · · ).

) 1 |^Å�È©�{, l

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx)

=��� ∫
x

0

f(t) dt =
a0x
2

+

∞
∑

n=1

(

an

n
sin nx −

bn

n
cosnx

)

+

∞
∑

n=1

bn

n
,

u´Òk

fh(x) =
a0

2
+

∞
∑

n=1

an

2nh
[sin n(x + h) − sin n(x − h)]

+

∞
∑

n=1

bn

2nh
[cosn(x − h) − cosn(x + h)]

=
a0

2
+

∞
∑

n=1

(

an sin nh
nh

cosnx +
bn sin nh

nh
sin nx

)

,

����

A0 = a0, An =
an sin nh

nh
, Bn =

bn sinnh
nh

(n = 1, 2, · · · ). �

) 2 �±ld$�âÅ¼ê�½ÂÑu��^î.–Fp�úªO�T¼ê�F

p�Xê, �´ù�I�|^õ�È©Æ¥��gÈ©�^S��½n.

�ÑO� A0 �úª:

A0 = 1
π

∫π

−π
fh(x) dx = 1

2hπ

∫π

−π
dx

∫
x+h

x−h

f(ξ) dξ,

,�3S�È©¥�Cþ�� ξ − x = t, ��

A0 = 1
2hπ

∫π

−π
dx

∫
h

−h

f(x + t) dt.

��È©^S, ¿|^±Ï¼ê3�Ý���±Ï�«mþ�È©ØC5 (� §4.2.5 �

SK 2265), Ò���

A0 = 1
2hπ

∫
h

−h

dt

∫π

−π
f(x + t) dx = 1

2hπ

∫
h

−h

dt

∫π+t

−π+t

f(u) du

= 1
2hπ

∫
h

−h

dt

∫π

−π
f(u) du = 1

2h

∫
h

−h

a0 dt = a0.

aq/�±O���
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An = 1
2hπ

∫π

−π
cosnxdx

∫
x+h

x−h

f(ξ) dξ = 1
2hπ

∫π

−π
cosnxdx

∫
h

−h

f(x + t) dt

= 1
2hπ

∫
h

−h

dt

∫π

−π
f(x + t) cosnxdx = 1

2hπ

∫
h

−h

dt

∫π+t

−π+t

f(u) cosn(u − t) du

= 1
2hπ

∫
h

−h

dt

∫π

−π
f(u)(cosnu cosnt + sinnu sinnt) du

=
an

2h

∫
h

−h

cosnt dt =
an sin nh

hn
(n = 1, 2, · · · ),

Ú

Bn =
bn sin nh

nh
(n = 1, 2, · · · ). �

SSSKKK 2985 � f(x) ´± 2π �±Ï�ëY¼ê,  an, bn (n = 0, 1, 2, · · · ) �ÙF

p�Xê. ¦òÈ¼ê

F (x) = 1
π

∫π

−π
f(t)f(x + t) dt

�Fp�Xê An, Bn (n = 0, 1, 2, · · · ).

|^¤��(J, íÑoäÊìÅ�ª.

) 1 ^î.–Fp�úª��O�Fp�Xê. |^Cþ��Ú±Ï¼ê3±Ï

�Ý�«mþ�È©ØC5, Òk

F (−x) = 1
π

∫π

−π
f(t)f(−x + t) dt = 1

π

∫π−x

−π−x

f(x + u)f(u) du = F (x),

�� F (x) �ó¼ê. Ïd��O� An (n = 0, 1, · · · ).

le¡�O���, ùp�I�|^�gÈ©�^S��½n.

A0 = 1
π

∫π

−π
F (x) dx = 1

π2

∫π

−π
dx

∫π

−π
f(t)f(x + t) dt

= 1
π2

∫π

−π
f(t) dt

∫π

−π
f(x + t) dx = a2

0,

An = 1
π

∫π

−π
F (x) cos nxdx = 1

π2

∫π

−π
cosnxdx

∫π

−π
f(t)f(x + t) dt

= 1
π2

∫π

−π
f(t) dt

∫π

−π
f(x + t) cosnxdx

= 1
π

∫π

−π
f(t)(an cosnt + bn sin nt) dt

= a2
n

+ b2
n

(n = 1, 2, · · · ).

u´Ò��

F (x) ∼
a2
0

2
+

∞
∑

n=1

(a2
n

+ b2
n
) cosnx.

|^ (����Ö¥þk�) �l�Ø�ªÒ��þãFp�?ê��Âñ, ld·

K 5.13 Ò��¤áFp�?ê�Ðmª

F (x) =
a2
0

2
+

∞
∑

n=1

(a2
n

+ b2
n
) cosnx.
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����^ x = 0 �\Ò��¤��oäÊìÅ�ª:

1
π

∫π

−π
f2(x) dx =

a2
0

2
+

∞
∑

n=1

(a2
n

+ b2
n
). �

) 2 ��O� F (x). 3

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx)

¥ò x U� t, ¦± f(x + t). du f �±Ï 2π �ëY¼ê, Ïd¤��?êE�Å�

È©, ù�Ò��

F (x) = 1
π

∫π

−π
f(t)f(x + t) dt

=
a0

2π

∫π

−π
f(x + t) dt + 1

π

∞
∑

n=1

∫π

−π
(an cosnt + bn sinnt)f(x + t) dt.

�Cþ�� x + t = u, ¿|^±Ï¼ê3�Ý���±Ï�«mþ�È©ØC5, Òk

F (x) =
a0

2
· a0 + 1

π

∞
∑

n=1

∫π

−π
[an cosn(u − x) + bn sin n(u − x)]f(u) du

=
a2
0

2
+

∞
∑

n=1

[an(an cosnx + bn sin nx) + bn(bn cosnx − an sin nx)]

=
a2
0

2
+

∞
∑

n=1

(a2
n

+ b2
n
) cosnx.

du f(x) �ëY±Ï¼ê, Ïdl�l�Ø�ª��þãn�?ê��Âñ, ld

·K 5.13 ��ùÒ´ F (x) �Fp�?ê. u´��

A0 = a2
0, An = a2

n
+ b2

n
, Bn = 0 (n = 1, 2, · · · ).

q3 F (x) �Ðmª¥- x = 0 �\, Ò��¤�y²�oäÊìÅ�ª. �

5 �K�´3 f(x) �ëY¼ê�^�e�Ñ
ù��ª�y². ¢Sþ��

f(x) 3 [−π, π] þ�ÈÚ²��È (ùp��È#N�2Â�È), oäÊìÅ�ªÒ¤

á. ù��y²�±ë� [34] ¥é·K 15.2.5 �`².
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§5.7 ???êêê¦¦¦ÚÚÚ{{{ (SSSKKK 2986–3033)

SSSNNN{{{000 �!�SKUì¤^�Ì��{©�nÜ©. 31��!¥�?ê¦

Ú���±ÏL����{Ú�ê$���, 1��!¥�?ê¦ÚKÌ��6uÅ

��©ÚÅ�È©�©Û�{. n�?ê¦ÚkÙg��A:, ��1n�!.

l�Ùm©, §5.1 �SK 2546–2552 Òk?ê¦Ú�SN. 3 §5.1.1 ¥éSK 2548

Ú 2552 ÞÑ��«){��þ�Ò´�!�¦^�Ì��{.

ü«��Ä��¦Ú{�: (1) ����{ (�¡�ë£��{), � §1.2.1 �SK

56 9Ù5 (=¦

∞
∑

n=1

1
n(n + 1)

); (2) AÛ?ê¦Úúª9ÙC., � §1.2.1 �SK 55

(=¦

∞
∑

n=1

2n − 1
2n ). ¢Sþ3 §5.1.7 �?ê{��O¥¤^��Ò´ùü«�{.

�e5A�J��´, l §1.2.3 �ê e �?êÐmª (�SK 72) å, �) §1.5.7 �

4 �SK 611(b) Jø� ex �?êÐmª, ��3�Ùc¡��?ê (=�V?ê) ÚF

p�?ê�ü!¥¤Jø�Nõy¤�?êÐmª, §��Ñ´�!SK¥�±¦^

�óä. ~Xnl�¯K, =¦?ê

∞
∑

n=1

1
n2

�Ú, 3c¡®õg)Ñ.

Ød�	, Ò´|^¼ê�?ê�Å��©ÚÅ�È©��{. duùü«$�é

u�?êAO�B, Ïdk�éuê�?ê�±Ú\Cþ, ¦§¤��?ê�¦Ú. ù

Ò´?ê¦Ú{¥�C���{. §3 §5.1.1 �SK 2548 �) 3 ¥®²Ñy. 3�!

�1��!¥òkù�¡��õSK.

5.7.1 ???êêê¦¦¦ÚÚÚ{{{ I (SSSKKK 2986–3005, 3030–3033)

SK 2986–2994 ¥õê�p���ê���ê?ê (ë� [19] �1�n!), 3¦Ú

�����{²~k�.

SSSKKK 2987 ¦?ê
1

1 · 2 · 3
+ 1

2 · 3 · 4
+ 1

3 · 4 · 5
+ · · · �Ú.

) 1 |^

1
n(n + 1)(n + 2)

= 1
2

[

1
n(n + 1)

−
1

(n + 1)(n + 2)

]

(n = 1, 2, · · · ),

Ò�±¦�T?êÜ©Ú�µ4/ª, ,��4�=�. ò?êÚP� S, ÙÜ©Úê

�P� Sn (n = 1, 2, · · · ), Òk

S = lim
n→∞

Sn = lim
n→∞

n
∑

k=1

1
k(k + 1)(k + 2)

= lim
n→∞

1
2

n
∑

k=1

[

1
k(k + 1)

−
1

(k + 1)(k + 2)

]

= 1
2

lim
n→∞

(

1
1 · 2

−
1

(n + 1)(n + 2)

)

= 1
4

. �
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) 2 (V�) XJ|^kn¼ê�Ü©©ª©) (� §3.2), KÒk�½�©)�{

�^. é�KÒ���

1
n(n + 1)(n + 2)

= 1
2n

−
1

n + 1
+ 1

2(n + 2)
,

�´±e�O��7') 1 �{ü. �

) 3 ^C���{, Ú\�?ê
∞
∑

n=1

xn+2

n(n + 1)(n + 2)
,

¿PÙÚ� S(x), K3 (−1, 1) S�Å�¦�ng��

S′′′(x) =

∞
∑

n=1

xn−1 = 1
1 − x

,

,��ÏLng¦È�� S(x) (−1 < x < 1). |^�?êÂñ, ÏdÙÚ=´

S = lim
x→1−0

S(x) = S(1). �,ù��{é�K5`kà/^Ú�v, O�þ�'±þ

ü�){�. lÑ. �

SSSKKK 2996 ¦?ê

∞
∑

n=0

2n(n + 1)
n!

�Ú.

) P?êÚ� S, |^¼ê ex ��V?êÐmª (� §5.5.2 �L� (5.14)), Òk

S =

∞
∑

n=1

2n

(n − 1)!
+

∞
∑

n=0

2n

n!
= 2

∞
∑

n=0

2n

n!
+

∞
∑

n=0

2n

n!
= 3e2. �

SSSKKK 2998 ¦?ê

∞
∑

n=1

1
n2(n + 1)2(n + 2)2

�Ú.

) O�¼ê 1
x2(x + 1)2(x + 2)2

�Ü©©ª©). ù�k�½ª:

1
x2(x + 1)2(x + 2)2

= A

x2
+ B

(x + 1)2
+ C

(x + 2)2
+ a

x
+ b

x + 1
+ c

x + 2
.

|^ §3.2.1 �SK 1874 �) 3 ¥��{, ü>¦± x2 ���

1
(x + 1)2(x + 2)2

= A + ax + x2

(

B

(x + 1)2
+ C

(x + 2)2
+ b

x + 1
+ c

x + 2

)

.

3þª¥- x → 0 �� A = 1/4. qòTªü>¦��2- x → 0, �� a = −3/4.

^Ó���{�� B = 1, b = 0, C = 1/4, c = 3/4.

u´Ò��?êÏ��e�©):
1

n2(n + 1)2(n + 2)2
= 1

4n2
+ 1

(n + 1)2
+ 1

4(n + 2)2
−

3
2

·
1

n(n + 2)
.

,�écn��¦Ú|^nl�¯K��Y, é1o��¦Ú^����{, Ò��

S = 1
4

·
π2

6
+

( π2

6
− 1

)

+ 1
4

( π2

6
− 1 −

1
4

)

−
3
4

(

1 + 1
2

)

= π2

4
−

39
16

. �
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SSSKKK 3001 � P (x) = a0 + a1x + · · · + amxm, ¦?ê

∞
∑

n=1

P (n)
n!

xn �Ú.

) P (n) ´ n � m gõ�ª. �K��:´ò§=���¦õ�ª. |^5SK

86�SK 5 (Ù)� §1.1.6) ¥�PÒ (3Ù¥� h = 1), P

x[n] = x(x − 1) · · · (x − n + 1),

K�^êÆ8B{y² P (n) �©)Xe:

P (n) = b0 + b1n
[1] + b2n

[2] + · · · + bmn[m].

P?ê�Ú� S(x), ,�Òk

S(x) =

∞
∑

n=0

P (n)
n!

xn − a0 =

∞
∑

n=0

b0 + b1n
[1] + b2n

[2] + · · · + bmn[m]

n!
xn − a0

= b0

∞
∑

n=0

xn

n!
+ b1x

∞
∑

n=0

xn

n!
+ · · · + bmxm

∞
∑

n=0

xn

n!
− a0

= (b0 + b1x + · · · + bmxm)ex − a0. �

5 ùp{�/J�edA�ê. 3 P (n) = nm �ü�ª��¹, ò©)ª

xm =

{

m

m

}

x[m] +

{

m

m − 1

}

x[m−1] + · · · +

{

m

1

}

x[1] +

{

m

0

}

x[0]

¥�Xê
{

m

k

}

(k = 0, 1, · · · , m) ¡�1�adA�ê. 3 [21] � 66–69 �kdA�ê

�L�Ú0�, d	��ë� [28] �1 1 � §4.3 ¥k'dA�ê�SK.

SSSKKK 3030 ¦?ê 1!
x + 1

+ 2!
(x + 1)(x + 2)

+ 3!
(x + 1)(x + 2)(x + 3)

+ · · · �Ú.

) 1 ?ê3 x �K�ê�Ã½Â. � x = 1 �Ï��
1

n + 1
, ?êuÑ. � x 6= 1

�?êÏ� un(x) �c���mk'Xª

un(x)(x + n) = nun−1(x) (- u0 = 1),

Ïd�±��

un(x) = 1
x − 1

[nun−1(x) − (n + 1)un(x)],

ù�Ò�±������Ü©Ú�µ4/ª:

Sn(x) = 1
x − 1

(

1 −
(n + 1)!

(x + 1)(x + 2) · · · (x + n)

)

.

Ú^ §5.1.4 �·K 5.3 � (5.4), Ò��þª)ÒS�1��ke�ìC5�:

(n + 1)!

(x + 1)(x + 2) · · · (x + n)
= O∗

(

1
nx−1

)

(n → ∞),

Ïd� x > 1 ��K�?êÂñ, ?êÚ� 1/(x − 1), � x 6 1 �?êuÑ. �

) 2 Ø^·K 5.3 ��)û. |^ x = 1 ��?êuÑ, ^'��O{=���

x < 1 (�) x < 0 �Ø´K�ê�) �?êuÑ.

éu x > 1, 3��Ü©Ú�µ4/ª�, �±l §1.1.1 �SK 6 �Ëã|Ø�ª

��
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(n + 1)!

(x + 1)(x + 2) · · · (x + n)
= 1

(

1 + x − 1
2

)

·
(

1 + x − 1
3

)

· · · · ·
(

1 + x − 1
n + 1

)

6
1

(x − 1)
(

1
2

+ 1
3

+ · · · + 1
n + 1

) ,

��þª� n → ∞ ��4�� 0, Ïd�� Sn(x) → 1
x − 1

(n → ∞). �

SSSKKK 3031 3 x > 0, an > 0 (n = 1, 2, · · · ), �?ê

∞
∑

n=1

1
an

uÑ�^�e, ¦?

ê
a1

a2 + x
+

a1

a2 + x
·

a2

a3 + x
+ · · · �Ú.

) 1 Ï� un(x) ���Xe:

un(x) =
a1a2 · · · an

(a2 + x)(a3 + x) · · · (an+1 + x)
=

a1 · · · an(an+1 + x − an+1)

x(a2 + x) · · · (an+1 + x)

=
a1 · · · an

x(a2 + x) · · · (an + x)
−

a1 · · · an+1

x(a2 + x) · · · (an+1 + x)
,

Ïd?ê�Ü©Ú3�����¤�

Sn(x) =
a1

x

(

1 −
a2 · · ·an+1

(a2 + x) · · · (an+1 + x)

)

.

ò)ÒS�1����¦È/ª:

Pn =

n+1
∏

k=2

ak

ak + x
,

Kl x > 0 Ú an > 0 (n = 1, 2, · · · ) ��z��Ïfþ�u 1. ±eI��Äü«�¹.

(1) ê� {an} ��Ã¡�þ (~X an = n), K3�éê�k

ln
(

ak

ak + x

)

= ln
(

1 −
x

ak + x

)

∼ −
x
ak

(k → ∞),

Ïdl^�

∞
∑

n=1

1
an

= +∞ ��k lim
n→∞

ln Pn = −∞, lk lim
n→∞

Pn = 0.

(2) ê� {an} ��k��f� {apn
} k.. � M > 0 ¦�éz� n k apn

< M ,

KÒk

apn

apn
+ x

<
M

M + x
< 1.

u´3 n → ∞ �3¦È Pn ¥ÒkÃ¡õ��u
M

M + x
�Ïf, Ù¦Ïf���

u 1, Ïd�k lim
n→∞

Pn = 0.

ù�Òy²
�K�?êÚ´
a1

x
. �

) 2 [6] y²) 1 ¥� Pn → 0 (n → ∞) k��Ð�{, =´|^ §1.1.1 �SK 6

�Ëã|Ø�ª.

du^� x > 0, an > 0 (n = 1, 2, · · · ), Ïdk

Pn =
(

1

1 + x
a2

)

· · ·
(

1

1 + x
an+1

)

6
1

1 + x
(

1
a2

+ · · · + 1
an+1

) ,
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ld^�

∞
∑

n=1

1
an

= +∞ Ò�íÑ Pn → 0 (n → ∞). �

��!���ü�SK 3032–3033 ^����{�N´)û, lÑ.

5.7.2 ???êêê¦¦¦ÚÚÚ{{{ II (SSSKKK 3006–3017, 3028–3029)

SSSKKK 3006 |^Å��©{¦?ê

∞
∑

n=1

xn

n
�Ú.

) k(½T�?ê�Âñ�» R = 1, Âñ�� [−1, 1). PÙÚ¼ê� S(x), K

Uì�?ê�5�, 3«m (−1, 1) S�Å�¦���

S′(x) =
∞
∑

n=1

xn−1 = 1
1 − x

(−1 < x < 1).

u´3 x ∈ (−1, 1) ��|^ S(0) = 0 È©��

S(x) =
∫
x

0

S′(t) dt =
∫
x

0

dt
1 − t

= − ln(1 − x) (−1 < x < 1).

|^C��1�½nÚ ln(1 − x) 3: x = −1 ?mýëY, Ïdk S(−1) = − ln 2, u

´Ú¼ê S(x) = − ln(1 − x) 3Ù½Â�þþ¤á. �

SSSKKK 3009 ^Å��©{¦?ê

∞
∑

n=1

a(a + d) · · · [a + (n − 1)d]
d · 2d · · · · · nd

xn (d > 0) �Ú.

J«: ^ 1 − x �¦?ê��ê.

) (V�) 5¿ù�?ê´ §5.5.1 �SK 2820 (��ª?ê) �A~. ¢Sþ��

3T?ê¥� m = −a/d, qò x �� −x, Ò�±���K�?ê. ±eUJ«=��

� S′(x) ÷v�{ü��©�§. l§ØJ¦Ñ S(x) (ùp�±ë� §4.10 ¥�SK�

){). |^SK 2820 ¥(½�Âñ�Ò�±�����Y. �

SSSKKK 3011 |^Å�È©{¦?ê

∞
∑

n=1

n2xn−1 �Ú.

) k(½?ê�Âñ�» R = 1, Âñ�� (−1, 1). P?êÚ� S(x), K�±3

(−1, 1) þéT�?êÅ�È©��
∫
x

0

S(t) dt =
∞
∑

n=1

∫
x

0

n2tn−1 dt =
∞
∑

n=1

nxn = x

∞
∑

n=1

nxn−1.

du3 (−1, 1) Sk

(

1
1 − x

)

′

= 1
(1 − x)2

=
(

∞
∑

n=0

xn

)

′

=
∞
∑

n=1

nxn−1,

ÏdÒk ∫
x

0

S(t) dt = x

(1 − x)2
.
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��ü>¦�Ò��

S(x) =
(

x

(1 − x)2

)

′

= 1
(1 − x)2

+ 2x

(1 − x)3
= 1 + x

(1 − x)3
(−1 < x < 1). �

SSSKKK 3014 |^C���{¦?ê 1 −
1
4

+ 1
7

−
1
10

+ · · · �Ú.

) C���{3��þ´�«i\{. �
¦K¥���ê�?ê�Ú, ·�=

�¦�����?ê

x −
x4

4
+ x7

7
−

x10

10
+ · · · =

∞
∑

n=0

(−1)n x3n+1

3n + 1

�Ú. duT�?ê�Âñ�» R = 1, ÙÚ¼ê S(x) 3«m (−1, 1] þk½Â. Ïd

S(1) Ò´�K�¦�?êÚ.

ØJw�, duò��AÏ¯Ki\��?ê¦Ú¯K�¥, Ò�±¦^��?ê

�5�k'�Nõ©Ûóä. é�K5`, 3 (−1, 1) Séþã�?êÅ�¦���

S′(x) =

∞
∑

n=0

(−1)nx3n = 1
1 + x3

.

|^C��1�½n, qÏ�È©'uCÄÈ©��ëY5, Ïd��Òò�K�ê�

?ê¦Ú¯K8(���½È©O� (Ù¥�O�L§ë� §3.2.1 �SK 1881):

S(1) =
∫
1

0

dx

1 + x3
=

(

1
6

ln
∣

∣

∣

(x + 1)2

x2 − x + 1

∣

∣

∣
+ 1√

3
arctan 2x − 1√

3

)∣

∣

∣

1

0

= 1
3

ln 2 + π
3
√

3
. �

SSSKKK 3017 |^C���{¦?ê 1 + 1
2

·
1
3

+ 1 · 3
2 · 4

·
1
5

+ · · · �Ú.

) �Ä�?ê

x + 1
2

·
x3

3
+ 1 · 3

2 · 4
·

x5

5
+ · · · +

(2n − 1)!!

(2n)!!
·

x2n+1

2n + 1
+ · · · .

|^ §5.5.1 �SK 2814 ¥�aq�{, =�¦�T�?ê�Âñ�» R = 1, Âñ��

[−1, 1]. PÚ¼ê� S(x), K�¦ S(1).

éþã�?ê3 (−1, 1) SÅ�¦���

S′(x) = 1 + 1
2

x2 + 1 · 3
2 · 4

x4 + · · · +
(2n − 1)!!

(2n)!!
x2n + · · · .

|^ (2n)!! = 2n · n! Ú

(2n − 1)!! = (−1)n · 2n ·
(

−
1
2

)

·
(

−
1
2

− 1
)

· · · · ·
(

−
1
2
− n + 1

)

,

��ù´��ª?ê (ë�L� (5.15)), u´k

S′(x) = (1 − x2)
−

1

2 = 1√
1 − x2

.

du S(0) = 0, u´Ò��¤¦�?êÚ�
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S(1) =
∫
1

0

dx√
1 − x2

= arcsinx

∣

∣

∣

1

0

= π
2

. �

5 XJwÑþã){�m©�Ñ��?êÒ´ arcsinx ��V?êÐmª, K^

x = 1 �\=�.

SSSKKK 3028 ¦?ê

∞
∑

n=1

[(n − 1)!]2

(2n)!
(2x)2n �Ú.

) 1 PÏ�� un(x), K�¦Ñ

lim
n→∞

un+1(x)

un(x)
= lim

n→∞

(2nx)2

(2n + 1)(2n + 2)
= x2,

Ïdl�K���O{��� |x| < 1 �?êÂñ, � |x| > 1 �?êuÑ. éu

x = ±1 K�±^»|dúª��

un(±1) =
[(n − 1)!]2

(2n)!
22n =

4[(2n− 2)!!]2

(2n)!!(2n − 1)!!

=
(2n)!!

n2(2n − 1)!!
= O∗

(

1

n
3

2

)

(n → ∞),

l��?ê3 x = ±1 ?þÂñ.

òÚ¼êP� S(x) (x ∈ [−1, 1]), 3 (−1, 1) SÅ�¦�üg, ��

S′(x) = 2

∞
∑

n=1

[(n − 1)!]2

(2n − 1)!
(2x)2n−1, S′′(x) = 4

∞
∑

n=1

[(n − 1)!]2

(2n − 2)!
(2x)2n−2,

u´�O���

(1 − x2)S′′(x) − xS′(x) = 4 + 4

∞
∑

n=1

[n!]2

(2n)!
(2x)2n −

∞
∑

n=1

[(n − 1)!]2

(2n − 2)!
(2x)2n

−

∞
∑

n=1

[(n − 1)!]2

(2n − 1)!
(2x)2n

= 4 +

∞
∑

n=1

[(n − 1)!]2

(2n)!
(2x)2n · [4n2 − 2n(2n − 1) − 2n] = 4.

ùL²Ú¼ê S(x) (|x| < 1) ÷v�©�§

(1 − x2)S′′(x) − xS′(x) = 4.

ü>Ø±
√

1 − x2 �=�n�©�

[
√

1 − x2S′(x)]′ = 4(arcsinx)′,

|^ S′(0) = 0, È©��

S′(x) = 4√
1 − x2

arcsinx.

2|^ S(0) = 0, =�È©�� S(x) = 2(arcsinx)2 (−1 < x < 1). |^�?êu

x = ±1 ?Âñ, =��þãL�ª3 [−1, 1] þ¤á. �

) 2 - y = 2x, �y² |y| < 2 �?êÂñ. P?êÚ� f(y), K3 (−2, 2) SÅ

�¦���
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f ′(y) =

∞
∑

n=1

[(n − 1)!]2

(2n − 1)!
y2n−1.

,�|^ (� §4.2.6 �SK 2299)

[(n − 1)!]2

(2n − 1)!
=

∫
1

0

tn−1(1 − t)n−1 dt,

Ò�±¢�±e�Å�È©:

f ′(y) =

∞
∑

n=1

y2n−1

∫
1

0

tn−1(1 − t)n−1 dt = y

∫
1

0

∞
∑

n=0

tn(1 − t)ny2n dt,

Ù¥�Cþ� t ∈ [0, 1], y ∈ (−2, 2) �ëê. du3 t ∈ [0, 1] þ 0 6 t(1 − t)y2 < 1, Ï

dþãÅ�È©´Ün�. u´Ò�±UYO���

f ′(y) = y

∫
1

0

dt

1 − t(1 − t)y2
= 1

y

∫
1

0

dt
(

t −
1
2

)2

+
(

1
y2

−
1
4

)

=
2

√

4 − y2
arctan

y(2t − 1)
√

4 − y2

∣

∣

∣

t=1

t=0

=
4

√

4 − y2
arctan

y
√

4 − y2
=

4
√

4 − y2
arcsin

y

2
.

|^ f(0) = 0 Ò�È©�� f(y) = 2[arcsin(y/2)]2. ^ y = 2x �\, ¿|^�K�?

ê3 x = ±1 �Âñ, Ïd?êÚ� 2(arcsinx)2, x ∈ [−1, 1]. �

5 ) 2 �g´5guéî.È©�
). SK 2299 ��Y�: B(m, n) =∫
1

0

xm−1(1 − x)n−1 dx =
(m − 1)!(n − 1)!

(m + n − 1)!
, §Ò´éXüaî.È©�úª (�5SK

86� §7.4)

B(x, y) =
Γ(x)Γ(y)

Γ(x + y)
3 x, y ���ê m, n ��A~.

SSSKKK 3029 ¦?ê

∞
∑

n=0

(n!)2

(2n)!
xn �Ú.

) 1 �K�?ê®�u §5.5.1 �SK 2814, ÙÂñ�� (−4, 4).

éu 0 6 x < 4, ��� x = 4t2, ¿P?êÚ� F (t) (|t| < 1), Kk

F (t) = 1 +

∞
∑

n=1

(n!)2 · 22n

(2n)!
t2n.

ù��O���

(1 − t2)F (t) = 1 +
∞
∑

n=1

(n!)2 · 22n

(2n)!
t2n −

∞
∑

n=1

[(n − 1)!]2 · 22n−2

[2(n − 1)]!
t2n

= 1 +

∞
∑

n=1

[(n − 1)!]2 · 22n−2

[2(n − 1)]!
·
(

4n2

(2n − 1)(2n)
− 1

)

t2n

= 1 +

∞
∑

n=1

[(n − 1)!]2 · 22n−2

(2n − 1)!
t2n = 1 + t

4

[

∞
∑

n=1

[(n − 1)!]2

(2n)!
(2t)2n

]

′

.

|^SK 3028 ��Y, Òk
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F (t) = 1
1 − t2

(

1 + t
4
· [2(arcsin t)2]′

)

= 1
1 − t2

(

1 + t√
1 − t2

arcsin t
)

.

u´� 0 6 x < 4 �?êÚ�

S(x) = 4
4 − x

+
4
√

x

(4 − x)
3

2

arcsin

√
x

2
, x ∈ [0, 4).

éu −4 < x < 0 �^aq��{¦). �ùp·�0��«E�{, §�±l

0 6 x < 4 �þã(J���Ñ −4 < x < 0 ���Y.

ùÒ´òc¡�$�±9SK 3028 ¥�$�Ñw¤�'uECþ�$�. ,�X

§4.8 �SK 2490 �5¤`, k

−i arcsin(ix) = ln(x +
√

1 + x2).

u´Òk3 −4 < x < 0 ��?êÚ� 1©

S(x) = 4
4 − x

+
4i
√
−x

(4 − x)
3

2

arcsin
i
√
−x

2

= 4
4 − x

−
4
√
−x

(4 − x)
3

2

ln
(

√
−x

2
+

√
4 − x

2

)

, x ∈ (−4, 0). �

) 2 dSK 3028 ��Y (½ §5.5.3 �SK 2890) ��
∞
∑

n=0

(n!)2 · 22n+1

(2n + 2)!
x2n+2 = (arcsinx)2 (−1 6 x 6 1).

,�3 (−1, 1) SÅ�¦�üg, ��
∞
∑

n=0

(n!)2 · 22n+1

(2n)!
x2n =

(

2 arcsinx√
1 − x2

)

′

= 2
1 − x2

+ 2x arcsinx

(1 − x2)
3

2

.

3�ªü>��Ïf 2, ¿- 4x2 = t, qò t P� x, Ò��) 1 ¥ 0 6 x < 4 ��Y.

éu −4 < x < 0 ��) 1 Ó�¦). �

) 3 (V�) ù��{�`:´ØI�|^SK 3028 ��Y, �O���E,.

éu x > 0, - x = 4t2, PÚ¼ê� F (t). ,�ò§Å�¦�üg, ��� F (t) ¤

÷v����©�§�

(1 − t2)F ′′(t) − 5tF ′(t) − 4F (t) = 0.

,�¦Ù÷vÐ©^� F (0) = 1, F ′(0) = 0 �). éu x < 0 ��^aq��{¦)

(d){� [6]). �

1© �?ê�Ú¼ê3 x > 0 Ú x < 0 �kL¡þ��ØÓ�L�ª��¹´~��. ����²��~

f´�?ê x + x2

3
+ · · · + xn

2n − 1
+ · · · , ÙÚ¼ê�

S(x) =

8

>

<

>

:

1
2

√
x ln

1 +
√

x

1 −
√

x
, x ∈ [0, 1),

−
√
−x arctan

√
−x, x ∈ [−1, 0).
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5.7.3 nnn���???êêê¦¦¦ÚÚÚ{{{ (SSSKKK 3018–3027)

ùp�SKØ
^cü��!��{�	, �kü��{�±�Ä: (1) §5.6 �F

p�?ênØ��{, (2) ^î.úª?\Eê�¥�O�.

1��SK 3018 ¥�?ê3c¡®õg�� (~X §5.2.1 �SK 2696(a) Ú §5.4.3

�SK 2775). 3 §5.4.5 �~K 1 ¥�
?ØÙÚ¼ê���5®²¦Ñ
§�Ú¼ê,

Ù¥�Ì�óä´iùÚn (=T�!�·K 5.9). 3 §5.6.1 �SK 2941 ¥Ky²


T?ê´ÙÚ¼ê�Fp�?ê.

SSSKKK 3018 ¦n�?ê

∞
∑

n=1

sin nx
n

�Ú.

) 1 ^C���{, �Ä'ugCþ α ��?ê

S(α) =

∞
∑

n=1

sinnx
n

· αn,

Ù¥ x �ëê, du?ê'u x �±Ï 2π �Û¼ê, Ïd��3 0 < x < π þ=�.

®� α = 1 �?êÂñ, Ïd��3 −1 < α < 1 þ¦Ñ S(α) �2�Ù4�

S(1 − 0) =���¤��?êÚ S(1).

òþªé α ∈ (−1, 1) ¦���

S′(α) =
∞
∑

n=1

αn−1 sin nx = Im
∞
∑

n=1

αn−1einx

= Im eix

1 − αeix
= sinx

1 − 2α cosx + α2
.

3 §5.5.2 �SK 2864 Ú §5.6.1 �SK§ 2966 ®²��Lù�(J.

2|^ S(0) = 0, u´k

S(1) = sin x

∫
1

0

dα

1 − 2α cosx + α2
= sin x

∫
1

0

d(α − cosx)

(α − cosx)2 + sin2 x

= arctan
(

α − cosx
sinx

)
∣

∣

∣

α=1

α=0

= arctan
(

tan x
2

)

+ arctan
[

tan
( π

2
− x

)]

= x
2

+ π
2

− x = π − x
2

,

ù3 0 < x < π �¤á. |^?ê�z��
sinnx

n
(n = 1, 2, · · · ) 3«m [0, 2π] þ'u

Ù¥: π þ�Û¼ê, ��þãÚ¼ê�L�ª
π − x

2
3 0 < x < 2π þ¤á. �

) 2 e|^ECþ z �Eéê¼ê (� §5.6.1 �SK 2970 �) 2), KÒk (ë�

§5.7.2 �SK 3006 9Ù5)

ln(1 − z) = −

∞
∑

n=1

zn

n
(|z| 6 1, z 6= 1).

u´�Xe¦) (Ù¥ 0 < x < 2π):
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∞
∑

n=1

sin nx
n

= Im

∞
∑

n=1

einx

n
= Im{− ln(1 − eix)}

= Im{− ln[(1 − cosx) − i sin x]} = Im
{

− ln
[√

2 − 2 cosx · e
i arctan

− sin x

1−cos x
]}

= arctan sin x
1 − cosx

= arctan
(

cot x
2

)

= arctan
[

tan
( π

2
−

x
2

)]

= π
2

−
x
2

. �

SSSKKK 3022 ¦n�?ê

∞
∑

n=1

sin(2n − 1)x
2n − 1

�Ú.

) Ø
^SK 3018 �aq){�	, ��±^TSK�(J5¦�K�?êÚ.

du?ê�Ú¼ê´±Ï 2π �Û¼ê, Ïd±e��Ä 0 < x < π. |^
∞
∑

n=1

sin(2n − 1)x
2n − 1

=

∞
∑

n=1

sin x
n

−

∞
∑

n=1

sin(2nx)
2n

= π − x
2

−
1
2

·
π − 2x

2
= π

4
.

��3 (−π, π) þ�K�?êÚ�
π
4

· sgnx. �

SSSKKK 3026 ¦n�?ê

∞
∑

n=0

cosnx
n!

�Ú.

) ùp|^EgCþ�¼ê eiz �Ðmª´�B�. u´Òk
∞
∑

n=0

cosnx
n!

= Re
(

∞
∑

n=0

einx

n!

)

= Re
(

ee
ix)

= Re
(

ecos x+i sin x
)

= ecos x cos(sin x). �

SSSKKK 3027 xÑ�

∞
∑

n=1

sin nx · sin ny

n2
= 0.

) (J«) ¦Ñ?êÚ�ÒØJ�ã. ^n�¼ê�ÈzÚ�úªk
∞
∑

n=1

sin nx · sin ny

n2
= 1

2

∞
∑

n=1

cosn(x − y) − cosn(x + y)

n2
,

u´¯K8(�¦e�?ê�Ú:
∞
∑

n=1

cosnt

n2
.

ù�±|^Fp�?ê�Å�È©�{lSK 3018 �?êÐmª��. �
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§5.8 |||^̂̂???êêê¦¦¦½½½ÈÈÈ©©© (SSSKKK 3034–3050)

SSSNNN{{{000 Ø
A^¼ê�?ê�Å�È©½n�	, éu2ÂÈ©�?êO�

�{I�?ØÙÜn5. 31��!¥?nÈ©«mk.�SK, 31��!¥K0

�ü�óä, §��±Ú�?nÈ©«mk.ÚÃ.�SK. �����!K(ÜSK

3050 0�ìC?ê�Ä�Vg.

5.8.1 ||| ^̂̂ ???êêê¦¦¦½½½ÈÈÈ©©© I (SSSKKK 3034–3038, 3041–3044, 3046–

3049)

SSSKKK 3034 |^�È¼ê�?êÐmªO�

∫
1

0

ln 1
1 − x

dx.

) ù´��2ÂÈ©, x = 1 �Û:. du lnx ��¼ê�¦Ñ (� §3.1.6 �SK

1791), Ïd�Uì2ÂÈ©½Ây²TÈ©Âñ.

|^éê¼ê ln(1 + x) ��?êÐmªÒ�ò�È¼êÐmXe:

ln 1
1 − x

= x + x2

2
+ · · · + xn

n
+ · · · ,

���T�?ê3 [0, 1) þÂñ, Ïd3T«mS�4«mþ��Âñ, �du3 x = 1

?uÑ, Ïd3 [0, 1) þØ��Âñ. u´ØU��^Å�È©{O��K�È©.

òÈ©CþUP� t, éu x ∈ (0, 1), 3«m [0, x] þ�±Å�È©��
∫
x

0

ln 1
1 − t

dt =
∫
x

0

∞
∑

n=1

tn

n
dt =

∞
∑

n=1

∫
x

0

tn

n
dt =

∞
∑

n=1

xn+1

n(n + 1)
.

- x → 1 − 0, 3�>ÒUì2ÂÈ©�½Â��
∫
1

0

ln 1
1 − t

dt, 3m>KlT�?

êu x = 1 �Âñ, �lC��1�½n��4� x → 1 − 0 �±�?ê¦Ú�$��

�^S (½ö^ §5.5.3 �·K 5.11 � (1)), l��@3 §1.2.1 �SK 56 ®�L�?

ê, u´Òk ∫
1

0

ln 1
1 − x

dx =

∞
∑

n=1

1
n(n + 1)

= 1. �

SK 3035–3036 ´~ÂÈ©�?êO�, ^�?ê�Å�¦È=�)û. lÑ.

SSSKKK 3037 |^�È¼ê�?êÐmªO�

∫
1

0

xp−1 ln(1 − xq) dx (p > 0, q > 0).

) ù´�Ukü�Û: x = 0 Ú x = 1 �2ÂÈ©.

k^�� xq = t ±{z¯K. ù�Òk x = t
1

q , dx = 1
q

t
1

q
−1

dt, u´��È©

1
q

∫
1

0

tp
′
−1 ln(1 − t) dt,

Ù¥�ëê p′ =
p

q
> 0.

d ln(1 − t) ∼ −t (t → +0) �� t = 0 Ø´Û:, u´�k t = 1 ´Û:.
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^SK 3034 �)¥�aq�{, � 0 < t < 1, ò�È¼ê�1��Ïf ln(1 − t)

Ðm, ¿3 [0, x] (0 < x < 1) þ�Å�È©O���

1
q

∫
x

0

tp
′
−1 ln(1 − t) dt = −

1
q

∫
x

0

∞
∑

n=1

tn+p
′
−1

n
dt

= −
1
q

∞
∑

n=1

∫
x

0

tn+p
′
−1

n
dt = −

1
q

∞
∑

n=1

xn+p
′

n(n + p′)
,

Ù¥Å�È©�Ün5�|^�?ê

∞
∑

n=1

tn−1

n
3«m [0, x] (0 < x < 1) þ��Âñ,

Ïdz��¦±3 [0, 1] þ�k.¼ê tp
′

�E,3 [0, x] þ��Âñ.

du3 0 < x < 1 ����ª�?êkr?ê

∞
∑

n=1

1
n2

, ÏdT?ê3 x ∈ [0, 1] þ

��Âñ. u´ x → 1 − 0 ��?ê¦Ú��^S, 3�>Ò��¤¦�È©. u´

����Y�
∫
1

0

xp−1 ln(1 − xq) dx = −

∞
∑

n=1

1
n(qn + p)

. �

SSSKKK 3038 |^�È¼ê�?êÐmªO�

∫
1

0

lnx · ln(1 − x) dx.

) du ln(1 − x) ∼ −x (x → 0) Ú x lnx → 0 (x → +0), x = 0 Ø´Û:. Ó�

�� x = 1 �Ø´Û:. u´�K�È©�~ÂÈ©.

ò1��Ïf ln(1 − x) Ðm��?ê, ù�Ò��

∫
1

0

lnx · ln(1 − x) dx = −

∫
1

0

∞
∑

n=1

xn lnx
n

dx.

ò¼ê xn lnx 3 x = 0 ?UìëYòÿ�� 0, ,�3 [0, 1] þ¦Ù�ýé�����

�. l (xn lnx)′ = nxn−1 lnx + xn−1 = 0 �¦ÑÙ���:� x0 = e
−

1

n , ����

−
e−1

n
. u´þãÈ©Òe�¼ê�?êÒ±

e−1

n2
�r?ê, l�y
�±Å�È

©O�Xe (Ù¥|^
 §4.2.6 �SK 2286 ��Y):
∫
1

0

lnx · ln(1 − x) dx = −

∞
∑

n=1

∫
1

0

xn lnx
n

dx

=

∞
∑

n=1

1
n(n + 1)2

=

∞
∑

n=1

(

1
n(n + 1)

−
1

(n + 1)2

)

= 1 −
( π2

6
− 1

)

= 2 −
π2

6
. �

SSSKKK 3044 y²

∫
1

0

dx
xx =

∞
∑

n=1

1
nn .

) (V�) du lim
x→+0

xx = 1 (� §2.9.2 �SK 1342), �>�È©�~ÂÈ©.

ò�È¼ê�� x−x = e−x ln x, ,�Ðm, ù�Ò��
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1
xx =

∞
∑

n=0

(−1)n

n!
(x lnx)n.

±e��{�SK 3038 A����Ó, ùp��Ñ���O�L§:
∫
1

0

dx
xx =

∫
1

0

∞
∑

n=0

(−1)n

n!
(x lnx)n dx =

∞
∑

n=0

(−1)n

n!

∫
1

0

(x lnx)n dx

=

∞
∑

n=0

(−1)n

n!
·

(−1)nn!

(n + 1)n+1
=

∞
∑

n=1

1
nn . �

SSSKKK 3046 y²

∫
2π

0

ecos x cos(sin x) cos nxdx = π
n!

(n = 0, 1, 2, · · · ).

) ^î.úªk

ee
ix

= ecos x+i sin x = ecos x cos(sin x) + iecos x sin(sin x),

ÏdÒk ∫
2π

0

ecos x cos(sin x) cos nxdx = Re
∫
2π

0

ee
ix

cosnxdx.

m>È©��È¼ê�ÐmXe:

ee
ix

cosnx =

∞
∑

k=0

eikx

k!
cosnx =

∞
∑

k=0

cosnx ·
cos kx + i sin kx

k!
.

u´��m>?ê�z���¢ÜÚJÜ��¤���ü�?ê3 [0, 2π] þÑ

´��Âñ�. ù�Ò�XeÅ�È©, Ù¥�|^
3 [0, 2π] þ�n�¼êX

{1, cosx, sin x, · · · , cosnx, sin nx, · · · } ���5:
∫
2π

0

ecos x cos(sin x) cosnxdx = Re
∫
2π

0

cosnx

∞
∑

k=0

cos kx + i sinkx
k!

dx

= 1
n!

∫
2π

0

cos2 nxdx = π
n!

. �

SSSKKK 3049 (ÑÑÑtttÈÈÈ©©©) ¦

∫π

0

ln(1 − 2α cosx + α2) dx.

) éu |α| < 1 ��¹, 3 §5.6.1 �SK 2969 ®²¦Ñ
�È¼ê�Fp�?ê

Ðmª:

ln(1 − 2α cosx + α2) = −2

∞
∑

n=1

αn

n
cosnx,

|^Fp�?ê�Å�È©�{, §Ø�¦?ê3È©«mþ���Âñ5, duéz

� n k

∫π

0

cosnxdx = 0, lÒ��

∫π

0

ln(1 − 2α cosx + α2) dx = 0.

éu |α| = 1, ù��È©�2ÂÈ©. lSK 2970 (±9SK 2971) ���3

|α| = 1 �þã?êE,´Fp�?ê, ÏdÓ��Å�È©��È©� 0 �(J 1©.

1© |α| = 1 ��È©�^ §4.4.1 �SK 2353(a) �î.È©��.
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éu |α| > 1, �l |α| < 1 �þã(JíÑ��∫π

0

ln(1 − 2α cosx + α2) dx =
∫π

0

[

2 ln |α| + ln
(

1 −
2 cosx

α
+ 1

α2

)

]

dx

= 2π ln |α|. �

5 ÑtÈ©kõ«O��{. §4.1.1 �SK 2192 �Ñ^iùÈ©ÚO�ÑtÈ

©�{. 3 [15] �1�ò¥�Ñ
ÑtÈ©� 4 «O��{, ©O�Ù 307 �!� 4),

314 �!� 14), 440 �!� 11), 511 �!� 7). q� êÆÈ� 1 22 ò (2003) 1 3 Ï,

278–281 �.

5.8.2 |||^̂̂???êêê¦¦¦½½½ÈÈÈ©©© II (SSSKKK 3039–3040, 3045)

3þ��!¥^?ê¦È©�SKÑáuÈ©«m�k.��¹. éuÈ©«m

Ã.��¹, =¦¼ê�?ê3T«mþ��Âñ, ��5`�ØUÅ�È©. Ïd·

�òk0�3ù�¡�ü���5óä, ,�?n��!IK¥�Ñ�A�SK.

��±�Ñ, þ��!¥�9k.«mþ�2ÂÈ©�SK��±^ùü�óä

Ú�)û.

�{²å�, �?Ø3È©«m [a, b] þ=k��Û: b ��¹, Ù¥ b �±�k�

ê, ��±´ +∞.

···KKK 5.14 ��K��¼ê�?ê

∞
∑

n=1

un(x) �z��3 [a, b) þ�È, ?ê�Ú

¼ê� S(x) (a 6 x < b), �éz� c ∈ (a, b), S(x) 3«m [a, c] þ~Â�È, K±eÅ

�È©$� ∫
b

a

S(x) dx =

∞
∑

n=1

∫
b

a

un(x) dx (5.28)

3�>½m>�k�ê�¤á.

y ©ü:5y.

(1) � (5.28) ��>�k�ê, =Ú¼ê S(x) 3 [a, b) þ�È.

ù�� (5.28) =´

lim
n→∞

n
∑

k=1

∫
b

a

uk(x) dx =
∫
b

a

S(x) dx ⇐⇒ lim
n→∞

∫
b

a

Rn(x) dx = 0,

Ù¥{� Rn(x) =

∞
∑

k=n+1

uk(x) (n = 1, 2, · · · ). Ïd¯K8(�é?ê{��È©�O.

éu c ∈ (a, b), |^?ê���K5, k

0 6

∫
b

a

Rn(x) dx =
∫
c

a

Rn(x) dx +
∫
b

c

Rn(x) dx 6

∫
c

a

Rn(x) dx +
∫
b

c

S(x) dx.

du S(x) 3 [a, b) þ�È, éu�½�?¿ ε > 0, �3 c ∈ (a, b), ¦�þªm>�1�

��u ε/2.
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�½ù� c, l 0 6 Rn(x) 6 S(x) Ú S(x) u [a, c] þ~Â�È, ��3 [a, c] þ

Rn(x) éu¤k� n ��k., l�±^C�L.½n (� §5.4.5 �·K 5.8) íÑk

lim
n→∞

∫
c

a

Rn(x) dx = 0.

ÏdéÓ�� ε, �3 N , � n > N �, ¤á 0 6

∫
c

a

Rn(x) dx <
ε
2

. u´Ò¤á

0 6

∫
b

a

Rn(x) dx < ε. ù�Òy²
 (5.28) ¤á.

(2) � (5.28) �m>�k�ê, =m>�?êÂñ. PÙÚ� U , Kl (1) ��, �

I�y² S(x) 3 [a, b) þ�ÈÒ�y�ª¤á.

?� c ∈ (a, b), Kk

∫
c

a

n
∑

k=1

uk(x) dx =

n
∑

k=1

∫
c

a

uk(x) dx 6 U.

Ï S(x) u [a, c] þk., Ïd�2^C�L.½n, - n → ∞, Ò��

0 6

∫
c

a

S(x) dx 6 U.

duù�Ø�ªéz�� c ∈ (a, b) ¤á, �È¼êS(x) �K, Ïd=�íÑ S(x) 3

[a, b) þ�È. u´l (1) =� (5.28) ¤á. �

5 eb� un(x) (n = 1, 2, · · · ) Ú S(x) 3 [a, b) þëY, K=�íÑ?ê3

[a, c] ⊂ [a, b) þ��Âñ (3õê��Ö¥¡�)Z½n), ù��Ø7^C�L.½n.

|^?ê�ÙÜ©Úê��'X, Ò�±l·K 5.14 ��'u¼êS��e�(

Ø. y²lÑ.

íØ �'u n �üN�¼êS� {fn(x)} �z��3 [a, b) þ�È, Ù4�¼ê

� F (x) (a 6 x < b), �éz� c ∈ (a, b), F (x) 3«m [a, c] þ~Â�È, K±e'u

n → ∞ �4�ÚÈ©$��^S��∫
b

a

F (x) dx = lim
n→∞

∫
b

a

fn(x) dx

3�>½m>�k�ê�¤á.

e (5.28) k�>Ø´k�ê, KÒ�� +∞ = +∞. Ïd·��±`, éÓÒ?ê

(½üN¼êS�) 5`, Å�È©��ª (5.28) (½4��È©��^S) Ã^�¤á.

,éu���¼ê�?ê, �
�y (5.28) ¤áKI�,\^�. e¡´²~k

^���óä. Ù¥� F (x) ¡���¼ê.

···KKK 5.15 (������ÂÂÂñññ½½½nnn) �¼ê�?ê

∞
∑

n=1

un(x) �z��3 [a, b) þ�È, ?

ê�Ú¼ê� S(x) (a 6 x < b), �éz� c ∈ (a, b), S(x) 3«m [a, c] ⊂ [a, b) þ~Â

�È, qe�3u«m [a, b) þ��È¼ê F (x), ¦�3«m [a, b) þ�Ü©Ú¼êS

� Sn(x) (n = 1, 2, · · · ) ¤áØ�ª |Sn(x)| 6 F (x), K¤á±eÅ�È©�ª:
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∫
b

a

S(x) dx =

∞
∑

n=1

∫
b

a

un(x) dx. (5.29)

y l^���3 [a, b) þ¤á |S(x)| 6 F (x), Ïd S(x) 3 [a, b) þ�È. u´k
∣

∣

∣

∫
b

a

[Sn(x) − S(x)] dx

∣

∣

∣
6

∣

∣

∣

∫
c

a

[Sn(x) − S(x)] dx

∣

∣

∣
+

∣

∣

∣

∫
b

c

[Sn(x) − S(x)] dx

∣

∣

∣

6

∣

∣

∣

∫
c

a

[Sn(x) − S(x)] dx

∣

∣

∣
+ 2

∫
b

c

F (x) dx.

l F (x) u [a, b) þ�È, é�½�?¿� ε > 0, �3 c ∈ (a, b), ¦�þª1���u

ε/2. ,��½ù� c, éþª�1��^C�L.½n=�. ±elÑ. �

5 e¼ê�?ê�ýé�?ê

∞
∑

n=1

|un(x)| 3 [a, b) þÂñ, �ÙÚ¼ê3 [a, b)

þ�È, KÒ�±ò§^����¼ê, l (5.29) ¤á.

�·K 5.14 ���±��·K 5.15 3¼êS�þ�íØ, lÑ.

SSSKKK 3039 |^�È¼ê�?êÐmªO�

∫
+∞

0

xdx

e2πx − 1
.

) �È¼êÐm��

x

e2πx − 1
= xe−2πx

1 − e−2πx

= xe−2πx(1 + e−2πx + · · · + e−2nπx + · · · ),

Ù¥z��u 0. q�^ §4.4 ��O{��K��2ÂÈ©Âñ, Ïd^·K 5.14 =�

�Å�È©O�. ù�Òk∫
+∞

0

xdx

e2πx − 1
=

∞
∑

n=1

∫
+∞

0

xe−2nπx dx

=

∞
∑

n=1

[

−
xe−2πnx

2πn

∣

∣

∣

+∞

0

+ 1
2πn

∫
+∞

0

e−2πnx dx
]

= 1
4π2

∞
∑

n=1

1
n2

= 1
4π2

·
π2

6
= 1

24
. �

e¡üK��È¼ê�?êÐmªØ´ÓÒ?ê, ù�I�^·K 5.15, Ù¥��

�¼ê�±ë�T·K�5.

SSSKKK 3040 |^�È¼ê�?êÐmªO�

∫
+∞

0

xdx
ex + 1

.

SSSKKK 3045 y²:
∫
+∞

0

e−x
2

sin axdx = 1
2

∞
∑

n=0

(−1)nn!

(2n + 1)!
a2n+1.

5.8.3 ÖÖÖ555 (SSSKKK 3050)

e¡k�ÑSK 3050 �)�, ,�`²��o�;��dK�áù��!.
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SSSKKK 3050 y²úª:∫
+∞

0

e−x

a + x
dx = 1

a
−

1!
a2

+ 2!
a3

− · · · + (−1)n−1 (n − 1)!
an + (−1)n θnn!

an+1
,

Ù¥ a > 0 � 0 < θn < 1. euTúª¥�ü�5L«È©∫
+∞

0

e−x

100 + x
dx,

Ù°(§ÝXÛ?

) é2ÂÈ©�©ÜÈ©Òk∫
+∞

0

e−x

a + x
dx = −

e−x

a + x

∣

∣

∣

+∞

0

−

∫
+∞

0

e−x

(a + x)2
dx

= 1
a

+ e−x

(a + x)2

∣

∣

∣

+∞

0

+ 2
∫
+∞

0

e−x

(a + x)3
dx

= 1
a

−
1!
a2

+ 2
∫
+∞

0

e−x

(a + x)3
dx.

^êÆ8B{�±y²éz� n ¤á±eúª:∫
+∞

0

e−x

a + x
dx = 1

a
−

1!
a2

+ 2!
a3

− · · · + (−1)n−1 (n − 1)!
an

+ (−1)nn!
∫
+∞

0

e−x

(a + x)n+1
dx.

duþª�����È©÷vØ�ª

0 <

∫
+∞

0

e−x

(a + x)n+1
dx <

∫
+∞

0

e−x

an+1
dx = 1

an+1
,

Ïd�3 0 < θn < 1, ¦�úª������L«¤� (−1)n θnn!
an+1

.

éu a = 100, �úªm>�cü���È©�Cq�, Kk

0 <

∫
+∞

0

e−x

100 + x
dx = 1

102
−

1
104

+
2θ2

106
,

ÏdØ�Ø�L 2 × 10−6. �

5 ^ Mathematica ^��O�Ñ

∫
+∞

0

e−x

100 + x
dx ≈ 0.009 901 942, �ü��

��Cq�� 0.009 9, ��Ø��� 1.9 × 10−6, (¢ÎÜþã�O.

y3£�SK 3050 �þã){, Ó���!�Ù¦¤kSK�'�, �±wÑk

²w�ØÓ.

Äk, SK 3050 Ø�´^?ê5O�È©, �´�Ñ
CqO�; Ùg, Ðmª

m>�´ §2.9 @���.�KF.{���Vúª, Ø´Ã¡?ê; 2g, XJòm

>U��Ã¡?ê, K¬���o? §´Ä´È©���Ã¡?êÐmª?

lþã�����¯Km©. XJòSK¥�úªm>������K, U��

��Ã¡?ê, KÒ��∫
+∞

0

e−x

a + x
dx = 1

a
−

1!
a2

+ 2!
a3

− · · · + (−1)n−1 (n − 1)!
an + · · · ,

Ù¥ a > 0. ¢Sþ��ò�È¼ê�Ïf 1
a + x

Ðm��?ê, ¦± e−x 2Å�È©

Ò�±��þªm>�?ê. N´wÑ, ÃØ a > 0 ��o�, ?ê�Ï�� n → ∞ �
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Ø´Ã¡�þ, Ïdù�?ê7½uÑ. u´��þãÅ�È©$�´vk�â�, �

�����ª�´�Ø�, lþªm>�?ê�´��/ªPÒ.

u´·�w�, 3SK 3050 ���K¥, ·�¢Sþ´^��uÑ?ê�cü�

5éu�>�È©�CqO�, ��Jq��Ø�. ù�Ñ
�Ù'uÃ¡?ênØ

���. §k�o�â?

ùp�±�5SK86� 2003 c��Só�éX. ù�Só´RpÛ;��ù�

#����, Ù¥k�?J�
©Û¥�ìC�{, ¿F"3êÆ©Û�SK8¥k

¤�N. SK 3050 �,¿�´�#�O\�, �§T|Ò´ìC�{���~f.

e¡��Ñ^u�x x → +∞ ��¼ê f(x) �ìC5��ìC�?ê�½Â.

�Äe�?ê

A0 +
A1

x
+

A2

x2
+ · · · +

An

xn +
An+1

xn+1
+ · · · ,

Ù¥#N� x �½�T?êuÑ.

XJ�½ n �¤áe��ª:

f(x) −
(

A0 +
A1

x
+

A2

x2
+ · · · +

An

xn

)

= o
(

1
xn

)

(x → +∞),

Kòù�ìC'XªP�

f(x) ∼ A0 +
A1

x
+

A2

x2
+ · · · +

An

xn (x → +∞).

½Â XJéz����ê n ¤áþãìC'Xª, KP�

f(x) ∼ A0 +
A1

x
+

A2

x2
+ · · · +

An

xn + · · · (x → +∞),

¡m>�?ê�¼ê f(x) � x → +∞ ��ìC�?ê, ¿¡þã'Xª� f(x) �ì

C�?êÐmª.

5 ØJ^�V?ênØy², XJþã/ª�?ê� x ¿©��(¢Âñu,

�¼ê f(x), Kù�?ê�½Ò´ÙÚ¼ê f(x) �ìC�?êÐmª. ,½Â¥¿

Ø�¦T�?êÂñ. ÏdìC�?êÐmª´�?êÐmª��«í2.

y3£�SK 3050, Ò�±wÑ, òëê a ��gCþ, K�ªm>U��Ã¡?

ê��Ò´�>È© (± a �ëCþ) �ìC?êÐmª. ù���ÒUìþã½ÂA

�U� ∼ 1©. SK 3050 L², uÑ�ìC?êE,�U^uCqO�.

3 §5.10.2 � 2 ò3?Ø�¦�dA�úª�, 2g¦^ìC?ê�Vg.

'uìC�{�á�éõ, ùp�ÞÑ±eü«��Ö. ��{²�0�´ [15] �

1954 c��¥È��1�ò� 502–503 ü��!, Ù¥�1��~fÒ´SK 3050 ¥

�ìC?êÐm. 3TÖ�#�¥òùü��!*¿� §12.6. 3RpÛ�êÆ©Û�

á [36] �1�ò¥, ��1�ÊÙ (TÖ����Ù) Ò´^u0�ìCÐm, Ù¥��

¹
3ù�¡��Ä��.Ê.d�{. Í¶êÆ[��#xâÅÚCì��éT�

ákép�µd, ìC�{Ã¦´TÖ�AÚ��.

1© ùp�PÒ ∼ � §1.6 (�l §1.5.4 å®2�¦^) ¥�^{��. ¢Sþ·�3c¡®õg¦^“ìC

5�”Ú“ìC�ª”�`{.
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§5.9 ÃÃÃ¡¡¡¦¦¦ÈÈÈ (SSSKKK 3051–3110)

SSSNNN{{{000 �!©�±eA�Ü©: 1��!´�
��{ü�Ã¡¦È���

O�, 1��!Ì�?ØÃ¡¦È�ñÑ5�½, Ù¥�)ýéÂñÚ^�Âñ, 1n

�!K�¹
Ã¡¦È��
nØ�¡�A^¯K, �����!é³ê¼ê�Ã¡

¦È½Â�È©½Â��d5�Ö¿.

duØ´z����ÖÑkÃ¡¦È�0�, ùpéuÃ¡¦È�Ä�Vg��


`². I�?�Úá���w [5, 15, 20] ¥�k'Ü©.

XÓÃ¡?ê´k���\¦Ú�í2,Ã¡¦È´k���¦¦È�í2. �²

��~fÒ´ lim
n→∞

an, =z���uÓ��ê a �Ã¡¦È.

¢Sþ, @35SK86§1.2 �ê��SK¥, ÒÓ�Ñy
Ã¡?ê�Ã¡¦È

�~f. äN5`, 3 §1.2 ¥�SK 57, 78–80 (Ù¥SK 80 � §1.2.4) 1©, 3 §1.5 ¥�

SK 629–630 (�e¡�SK 3058, 3056) �Ñ´Ã¡¦È�~f.

3ÆSÃ¡?ê�·���, z�ê��4�¯KÑ�=��Ã¡?ê¦Ú. �d

�q, ê��4���=��Ã¡¦È�¦È¯K. �´ùp�¦ê�¥Ø¹k 0.

äN5`, �ê� {xn} �z��Ø�u 0, òÏ���¦È/ª:

xn = x1 ·
x2

x1

·
x3

x2

· · · · ·
xn

xn−1

(n = 1, 2, · · · ),

,�P p1 = x1, pn =
xn

xn−1

(n = 2, 3, · · · ), KÒk xn = p1 · p2 · · · · · pn. �¦Ú�{ 

PÒ
∑

aq, 3p�êÆ¥²~òþã¦ÈP�

n
∏

k=1

pk.

l�!� §5.9.4 ¥�Ã¡¦È�õ�A^¢~��, þã=�, =òê�4�=�

�Ã¡¦È, =´Ã¡¦ÈA^¥�Ä��{.

y3Ú\Ã¡¦È���PÒ.

ê� {pn} �Ã¡¦ÈP�

∞
∏

n=1

pn. òTê��c n ��¦È Pn =

n
∏

k=1

pk (n =

1, 2, · · · ) ¡�TÃ¡¦È�Ü©¦È (ê�). e�34� lim
n→∞

Pn = P , KÒ½ÂÃ¡

¦È�¿Â�
∞
∏

n=1

pn

def
= lim

N→∞

N
∏

n=1

pn = P,

¿¡TÃ¡¦È�È� P . ��, 3Ü©¦Èê� {Pn} uÑ�, KÃ¡¦È

∞
∏

n=1

pn �

´��/ªPÒ.

dd��, Ã¡¦È�½Â�Ã¡?ê�½ÂA���²1.

1© SK 57 ´¦ lim
n→∞

(
√

2
4
√

2
8
√

2 · · · 2
n√

2), SK 78 ´¦ lim
n→∞

10
1

· 11
3

· · · · · n + 9
2n − 1

, SK 79 ´¦

lim
n→∞

“

1 − 1
2

”“

1 − 1
4

”

· · ·
“

1 − 1
2n

”

, SK 80 ´¦ lim
n→∞

“

1 + 1
2

”“

1 + 1
4

”

· · ·
“

1 + 1
2n

”

.



§5.9 Ã¡¦È (SK 3051–3110) 373

e¡´üö�m�ü:�O, Ù¥�1 (2) :´éÃ¡¦ÈñÑ5�Ö¿½Â.

(1) 3�¤Ã¡¦È�ê� {pn} ¥��Ñy�� 0, KUìþã½ÂÒ¬��Ã¡

¦È

∞
∏

n=1

pn = 0, ù�Ã¡?ê�?Û���O�ÑØ�UK�?ê�ñÑ5ØÓ.

u´38�, �ïÄ {pn} �Ã¡¦È

∞
∏

n=1

pn �, ��ob½z�� pn ÑØ�u 0.

(2) 3Ã¡¦È�ÂñÚuÑ�½Â¥�k�Ã¡?êØÓ�?, =�k�Ü©¦

È�4� lim
n→∞

Pn 6= 0 �, ·�â¡Ã¡¦È

∞
∏

n=1

pn Âñ, ÄKÒ¡TÃ¡¦ÈuÑ.

u´3uÑ�Ã¡¦È¥�¹
 lim
n→∞

Pn = 0 ��«AÏ�¹, ¿òù��Ã¡¦

È¡�“uÑu 0”.

ÐÆö�Uú�ù��ÂñÚuÑ�½ÂØ�Ün. ¯¢þò lim
n→∞

Pn = 0 lÂñ

¥«©Ñ5¿ò§8\uÑ�,´<��. �´±��±w�, ù��½Â¬3éõ�

¡�5�B, lÒÅì¬S.uù��½Â.

5¿: duþãÂñ�uÑ�½Â, 3uÑ�Ã¡¦È¥·�  �'%§´Äu

Ñu 0, Ï�ù´k¿Â�. ,��¡, Âñ�Ã¡¦È�È7½´Ø�u 0 ���ê,

ù3NõA^¥�´��.

5SK86u�!�SK�cÞÑ
ü���Ã¡¦È, ùÒ´�u¼êÚ{

u¼ê�e�Ã¡¦ÈÐmª:

(1) sin x = x

∞
∏

n=1

(

1 −
x2

n2π2

)

(−∞ < x < +∞),

(2) cosx =

∞
∏

n=1

[

1 −
4x2

(2n − 1)2π2

]

(−∞ < x < +∞).

(5.30)

3Ðmª (1) ¥^ x = π
2

�\Ò��»|dúª

π
2

=

∞
∏

n=1

2n
2n − 1

·
2n

2n + 1
,

X §5.1.3 �·K 5.1 �5¤«, ù«/ª�@p� (5.2) �d.

3 (5.30) ¥�ùü�úªék^, �´§��y²ØN´, Ù¥ (1) �y²� [34]

�~K 13.4.3, ��[�Qã� [15] �1�ò� 408 �!. �Ñúª (2) ��{��´

|^ cosx = sin
( π

2
− x

)

lúª (1) ��, Ù¥��^»|dúª. (ïÆÖöò§�

�öSK5�.)

5.9.1 ���


{{{üüü���ÃÃÃ¡¡¡¦¦¦ÈÈÈOOO��� (SSSKKK 3051–3064)

ù
'�{ü�SK��:´k�U¦ÑÜ©¦È�µ4/ª, ,��4�. ¤^

�E|��aquÃ¡?êO�¥�����{ (=ë£��{), =òÏ� pn �·�

�Ïª©), ¦�3Ü©¦È¥�±é�K�þ�¥mÏª, l��{ü�µ4/ª.

ùp�,�U^�Nõ�êE|Ún�ð�ª.
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SSSKKK 3051 y²

∞
∏

n=2

(

1 −
1
n2

)

= 1
2

.

) O�Ü©¦È

Pn =

n
∏

k=2

(

1 −
1
k2

)

= 1 · 3
22

·
2 · 4
32

· · · · ·
(n − 1)(n + 1)

n2
= n + 1

2 · n
,

��k Pn →
1
2

. �

SSSKKK 3052 y²

∞
∏

n=2

(

n3 − 1
n3 + 1

)

= 2
3

.

) O�Ü©¦È (n > 2)

Pn =

n
∏

k=2

(

k3 − 1
k3 + 1

)

=

n
∏

k=2

[ (k − 1)(k2 + k + 1)

(k + 1)(k2 − k + 1)

]

=
n

∏

k=2

(

k − 1
k + 1

)

·

n
∏

k=2

(

k2 + k + 1
k2 − k + 1

)

,

3Ù¥|^ k2 − k + 1 = (k − 1)2 + (k − 1) + 1 =�ë£����

Pn = 2
n(n + 1)

·
n2 + n + 1

3
→

2
3

. �

SSSKKK 3055 y²

∞
∏

n=1

cos π
2n+1

= 2
π .

J« �K�e��SK 3056 �A~. �

SSSKKK 3056 y²

∞
∏

n=1

cos x
2n = sin x

x
.

J« éÜ©¦È Pn ¦± 2n sin x
2n òÙ{z�n��4�=�. �K®�u

5SK86� §1.5 �SK 630, ¤^�n�ð�ªq�u §2.1.4 �SK 1026. �

SSSKKK 3058 y²

∞
∏

n=0

(

1 + x2
n)

= 1
1 − x

(|x| < 1).

J« éÜ©¦È Pn ¦± 1− x òÙ{z, ,��4�=�. �K®Ñy35SK

86� §1.5 �SK 629 ¥. �

SSSKKK 3059 (������úúúªªª) y² π
2

= 2√
2

·
2

√

2 +
√

2
·

2
√

2 +
√

2 +
√

2

· · · · .

J« ¦È���©13 §1.2.4 �SK 81 �?ÑyL. |^TK) 4 ¥��{, l

cos π
4

=

√
2

2
m©, =�wÑ¯K®=z�SK 3055, §q´SK 3056 �A~. �
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5 �K�úª´d��u 1593 cuy�, §´êÆ¤þÑy�1��Ã¡¦È.

�daq��kc¡®õg^��»|dúª (5.2), §´�È©�k°���»|d

u 1655 cuy�. §�T|Ñ´�±Ç�Ã¡¦ÈÐmª. ùü�úª�uy�LX

<a©z¥éê π �@£�#�ã�m©. édk,��Öö�±ë��ÊÖÔ [4].

SSSKKK 3060 y²

∞
∏

n=1

(

3n
3n− 1

·
3n

3n + 1

)

= 2π
3
√

3
.

) �c¡l (5.30) íÑ»|dúªaq, |^Ù¥�u¼ê�Ã¡¦ÈÐmª

(1), - x = π
3

�\, Ò���K�Ã¡¦È�

∞
∏

n=1

(

3n
3n − 1

·
3n

3n + 1

)

= x
sin x

∣

∣

∣

x=π/3

= 2π
3
√

3
. �

SSSKKK 3064 y²Ã¡¦È

∞
∏

n=1

a
(−1)

n

n (a > 0) �Âñ5¿¦ÑÙ�.

) �ÑÙÜ©¦È

Pn = a
−1+

1

2
−···+

(−1)
n

n ,

,�|^ §5.2.1 �SK 2661, Ò�� lim
n→∞

Pn = a− ln 2. �

5.9.2 ÃÃÃ¡¡¡¦¦¦ÈÈÈ���ñññÑÑÑ555���OOO (SSSKKK 3065–3099)

�Ã¡?êaq, �3�þJ±��O��Ã¡¦È. Ïd��5`�½Ã¡¦È

�ñÑ5´1���¯K. 3Âñ�, =¦¦ØÑ§�È, ����±�CqO�.

duÃ¡?ê�¡®²k¿©uÐ�ñÑ5�O{, Ïd3ý�õê�¹, ·�o

´ÏLéÃ¡¦È�éêò§=��Ã¡?ê5?n. �,ù�k�Ã¡¦È�Ï

��u 0 âk�U�Ùéê. ·�=òw�, ù�Ün��¦´�U÷v�.

� {Pn} ´Ã¡¦È

∞
∏

n=1

pn �Ü©¦Èê�, K3TÃ¡¦ÈÂñ�, Uì½Âk

lim
n→∞

Pn = P 6= 0. u´Ò�±íÑ

lim
n→∞

pn = lim
n→∞

Pn

Pn−1

= 1.

ù�Ò®y², Âñ�Ã¡¦È�Ï� pn 7½Âñu 1 1©. (ÐÆö�±òd�Âñ�

Ã¡?ê�Ï�7½Âñu 0 �é'.)

dd��, éuÂñ�Ã¡¦È5`, � n ¿©��, ÙÏ�7½�u 0. ��, Ø

÷vù��¦�Ã¡¦È7½uÑ, l®Ø72�Ä.

1© ùp®²�±w�, ò lim
n→∞

Pn = 0 ��¹üØ3ÂñVg�	�Ün5. ¢Sþ, éuùauÑu 0

�Ã¡¦È5`, ÙÏ�w,Ø�½¬ªu 1. ~X, d pn ≡ 1
2

|¤�Ã¡¦ÈÒ´Xd.
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��Bå�, 38�eÃÙ¦`²�, ²~òÏ��� pn = 1 + αn (n = 1, 2, · · · ),

Ù¥ob�^� αn 6= −1 (n = 1, 2, · · · ) ¤á. d±þØy��, éÂñ�Ã¡¦È5

`, 7k αn → 0, l� n ¿©��, �7k |αn| < 1.

u´Ò��éXÃ¡¦È�ñÑ5�Ã¡?ê�ñÑ5���5�d'X:
∞
∏

n=1

(1 + αn) Âñ ⇐⇒

∞
∑

n=1

ln(1 + αn) Âñ,

Ù¥ém>b�^� 1 + αn > 0 éz� n ÷v, ÄK�±b�d^�é�u�u,�

n0 � n ÷v, òm>�¦ÚU�l n = n0 m©, ù�þã�d'XE,¤á.

Uì §5.1 Ú §5.2 �g´, ·�k�Ä {αn} �ÓÒ��¹. ù�þªm>�

Ã¡?ê´ÓÒ?ê, ½��� n ¿©��ÓÒ, Ïd�±^�dþ�O{. l

αn → 0 (n → ∞) =k ln(1 + αn) ∼ αn (n → ∞), ÏdÒ��e¡�1���O{, §

3�Kþ)û
 {αn} ÓÒ��¹.

Ã¡¦ÈÂñ5�O{ I �ê� αn (n = 1, 2, · · · ) � n ¿©��ÓÒ, K
∞
∏

n=1

(1 + αn) Âñ ⇐⇒

∞
∑

n=1

αn Âñ,

AO�

∞
∑

n=1

αn = −∞ �, Ã¡¦È

∞
∏

n=1

(1 + αn) uÑu 0.

éuê� αn (n = 1, 2, · · · ) �ÓÒ��¹, ·���Ñ~^���¿©5�O{.

Ã¡¦ÈÂñ5�O{ II �?ê

∞
∑

n=1

αn Âñ, K

∞
∏

n=1

(1 + αn) Âñ ⇐⇒

∞
∑

n=1

α2
n

Âñ,

���öuÑ�, Ã¡¦È

∞
∏

n=1

(1 + αn) uÑu 0.

y |^ αn → 0 (n → ∞) Ú�Vúª ln(1 + x) = x −
x2

2
+ o(x2) (x → 0), Ïd

Òk

ln(1 + αn) − αn ∼ −
α2

n

2
(n → ∞).

ùL²±þª�>�Ï��Ã¡?ê�ÓÒ?ê, �ÙÂñ5�

∞
∑

n=1

α2
n

�Ó. ��2|

^

∞
∑

n=1

αn ®²Âñ�^�, =�íÑ¤��(Ø 1©. �

1© 5SK86�¡�SK 3098 Ú 3099 �þã�O{ II ��k', ùp�`²§��¿Â, äN�O�

lÑ. SK 3098 Þ~`², Ã¡¦È

∞
Y

n=1

(1 + αn) Âñ�, ?ê

∞
X

n=1

αn �UuÑ. Ïd�O{ II �U´¿

©5�O{. Ó�, SK 3099 Þ~`², Ã¡¦È

∞
Y

n=1

(1 + αn) Âñ�, ?ê

∞
X

n=1

αn Ú

∞
X

n=1

α2

n
Ó�uÑ�

´�U�. Ïd�öØ�UüÕ^u�½Ã¡¦ÈuÑ.
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£Á3 §5.2 ����?ê�Âñ5�O{, Ù¥ýéÂñ?ê7½Âñ�½n´

ék^�Ä�½n. éuÃ¡¦È�kaq�VgÚ½n.

duÂñÃ¡¦È�Ï� pn � n ¿©��7½�u 0, ÏdýéÂñ�Ã¡¦È

Ø´ÏLé pn �ýé�5½Â�, ´æ�Xe½Â.

½Â e?ê

∞
∑

n=1

| ln pn| Âñ, K¡Ã¡¦È

∞
∏

n=1

pn�ýéÂñ. e

∞
∏

n=1

pn Âñ�

�ýéÂñ, K¡�^�Âñ.

�^�Âñ�Ã¡?êaq, �±éu^�Âñ�Ã¡¦Èïáaquiù½n

(� §5.2.2 �·K 5.5) �(Ø. ��, ýéÂñ�Ã¡¦ÈK�±?¿���¦���

^S�±ÙÈØC.

d½Â��, ýéÂñ�Ã¡¦È7½Âñ. qd ln(1 + αn) → 0 �íÑ αn →

0 (n → ∞) Ú ln(1 + αn) ∼ αn (n → ∞), l�íÑe��O{:

Ã¡¦ÈÂñ5�O{ III
∞
∏

n=1

(1 + αn) ýéÂñ ⇐⇒

∞
∏

n=1

(1 + |αn|) Âñ

⇐⇒

∞
∑

n=1

|αn| Âñ

=⇒

∞
∏

n=1

(1 + αn) Âñ.

y ØÚ\ýéÂñVg��±��y²þª����%¹'X.

¢Sþ, eýé�?ê

∞
∑

n=1

|αn| Âñ, K=�í�?ê

∞
∑

n=1

αn ÂñÚ?ê

∞
∑

n=1

α2
n

Âñ 1©, Ïd^cã�Ã¡¦ÈÂñ5�O{ II =�. �

3�½äN�Ã¡¦ÈñÑ�c, kw��nØ5SK.

SSSKKK 3065(a) �ÄdÃ¡¦È

∞
∏

n=1

pn �

∞
∏

n=1

qn �Âñ5�ÑÃ¡¦È

∞
∏

n=1

(pn +

qn) �Âñ5?

) ùpØ´“�Ä”�¯K, �YTT´: Ã¡¦È

∞
∏

n=1

(pn + qn) 7½uÑ.

¢Sþ, l^��� pn → 1 (n → ∞) Ú qn → 1 (n → ∞) ¤á, ÏdÒíÑ

lim
n→∞

(pn + qn) = 2,

lÃ¡¦È

∞
∏

n=1

(pn + qn) uÑ. �

1© cö´?ê¥�Ä�½n, �öK�ë� §5.1.1 �SK 2568.
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SSSKKK 3066 ïÄÃ¡¦È

∞
∏

n=1

1
n

�Âñ5.

) lÜ©¦È Pn 6 pn = 1
n

=��dÃ¡¦ÈuÑu 0. �

SSSKKK 3067 ïÄÃ¡¦È

∞
∏

n=1

(n + 1)2

n(n + 2)
�Âñ5.

) 1 �K���¦ÑÜ©¦È�µ4/ª, =k

Pn =

n
∏

k=1

(k + 1)2

k(k + 2)
=

(

n
∏

k=1

k + 1
k

)

·
(

n
∏

k=1

k + 1
k + 2

)

= (n + 1) · 2
n + 2

→ 2 (n → ∞),

��Âñ (�K¥�Ã¡¦È�5SK86c¡�SK 3062 �Ó). �

) 2 ^Âñ5�O{, lÏ� pn �Ñ

αn = pn − 1 =
(n + 1)2

n(n + 2)
− 1 = 1

n(n + 2)
,

��l��?ê

∞
∑

n=1

1
n(n + 2)

Âñ���K�Ã¡¦ÈÂñ. �

SSSKKK 3070 ïÄÃ¡¦È

∞
∏

n=2

(

n2 − 1
n2 + 1

)p

�Âñ5.

) p = 0 � pn ≡ 1, �,Âñ. ÄKk

αn = pn − 1 =
(

1 −
2

n2 + 1

)p

− 1 ∼ −
2p

n2 + 1
(n → ∞),

��é?Û p,

∞
∑

n=2

αn o´ÓÒ�Âñ?ê, Ïd�K�Ã¡¦ÈÂñ. �

SSSKKK 3073 ïÄÃ¡¦È

∞
∏

n=0

√

n + 1
n + 2

�Âñ5.

) 1 lÜ©¦È Pn =

n
∏

k=0

√

k + 1
k + 2

= 1√
n + 2

→ 0 (n → ∞), ���K�Ã¡

¦ÈuÑu 0. �

) 2 ©Û αn = pn − 1 �ìC5�, ��

αn = −

√
n + 2 −

√
n + 1

√
n + 2

= −
1√

n + 2 (
√

n + 2 +
√

n + 1 )
∼ −

1
2n

(n → ∞),

u´l −

∞
∑

n=1

1
2n

= −∞ ���K�Ã¡¦ÈuÑu 0. �
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SSSKKK 3076 ïÄÃ¡¦È

∞
∏

n=1

n
2√
n �Âñ5.

) du¦È�z���u 0, ÏdTÃ¡¦ÈÂñ�du?ê

∞
∑

n=1

ln n

n2
Âñ. |

^�ÜÈ©�O{, le�2ÂÈ©O�∫
+∞

1

ln x

x2
dx = −

1
x

· ln x

∣

∣

∣

+∞

1

+
∫
+∞

1

dx

x2
=

∫
+∞

1

dx

x2
= 1,

���K�Ã¡¦ÈÂñ. �

5 ��±|^ ln x = o(xε) (x → +∞) é?Û ε > 0 ¤á (� §1.6 �SK 651(e))

íÑþã2ÂÈ©Âñ.

SSSKKK 3081 ïÄÃ¡¦È

∞
∏

n=1

[

1 +
(1 + 1/n)n

2

xn

]

�Âñ5.

) du
(

1 + 1
n

)n

→ e (n → ∞), Ïd� |x| < e �, Ã¡¦ÈÂñ�7�^�

pn → 1 (n → ∞) ØU¤á, luÑ.

éu |x| = e, �±O� lim
n→∞

|αn| Xe:

lim
n→∞

|αn| = exp
{

lim
n→∞

n
[

n ln
(

1 + 1
n

)

− 1
]}

= exp
{

lim
n→∞

n
[

−
1
2n

+ O
(

1
n2

)]}

= e
−

1

2 ,

��ù��Ã¡¦È�uÑ.

éu |x| > e ^�Ü���O{, k

n

√

|αn| = 1
|x|

(

1 + 1
n

)n

→
e
|x|

(< 1) (n → ∞),

Ïd?ê

∞
∑

n=1

|αn| Âñ, ld�O{ III ��Ã¡¦ÈÂñ. �

SSSKKK 3083 ïÄÃ¡¦È

∞
∏

n=1

(

1 + xn

np

)

cos xn

nq �Âñ5.

) e |x| < 1, KÏ��ü�Ïf� n → ∞ ��4�Ñ´ 1. ù��©O�Äü

�Ã¡¦È

∞
∏

n=1

(

1 + xn

np

)

Ú

∞
∏

n=1

cos xn

nq . cö|^?ê

∞
∑

n=1

|x|n

np

ÂñÒ�l�O{ III í�Âñ, �ö�|^

ln cos xn

nq ∼ −
x2n

2n2q
(n → ∞),

l�^�O{ I í��Âñ. Ü¿üö, =�íÑ�K�Ã¡¦ÈÂñ.
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e x = −1, K3Ã¡¦È¥�1�� p1 = 0, ÏdÙÈ� 0 1©.

e x = 1, K�y²�
Ï� pn � n → ∞ �Âñu 1, 7L p > 0 Ú q > 0 Ó�¤

á. (duù�y²'�E,, ·�ò§��Ö5�!¥�·K 5.17.) ù�k

ln pn = ln
(

1 + 1
np

)

+ ln cos 1
nq

= 1
np + O

(

1
n2p

)

−
1

2n2q
+ O

(

1
n4q

)

= O∗

(

1
nmin{p,2q}

)

(n → ∞),

Ïd� min{p, 2q} > 1 �Ã¡¦ÈÂñ, ÄKuÑ.

e |x| > 1, KÏ� pn �1��Ïf�Ã¡�þ. eU
y²1��ÏfØ´Ã¡

�þ, K pn → 1 Ø�U¤á, Ïd?êuÑ. ,8c��Ué�þãØä�y², �

Uò§�����)û¯KJÑ±�5ö (��Ö�¦^`²). �

éu5SK86±e�SK 3088–3097, eÙ¥�Ã¡¦ÈÂñ, K���¦�½

§´ýéÂñ�´^�Âñ.

SSSKKK 3090 ïÄÃ¡¦È

∞
∏

n=1

[

1 +
(−1)n+1

np

]

�ýéÂñ5Ú^�Âñ5.

) du pn → 1 (n → ∞) ´Ã¡¦ÈÂñ�7�^�, Ïd7Lk p > 0.

d�O{ III ��� p > 1 �Ã¡¦ÈýéÂñ, � 0 < p 6 1 �ØýéÂñ.

� 0 < p 6 1 �?ê

∞
∑

n=1

(−1)n+1

np Âñ, Ïdl�O{ II ��, ù��Ã¡¦È

Âñ�¿©7�^�´

∞
∑

n=1

1
n2p

Âñ, Ïd� 0 < p 6
1
2

�Ã¡¦ÈuÑu 0, �

1
2

< p 6 1 ��Ã¡¦È�^�Âñ. �

SSSKKK 3092 ïÄÃ¡¦È

∞
∏

n=2

√
n

√
n + (−1)n

�ýéÂñ5Ú^�Âñ5.

) 1 ù�k

αn = pn − 1 =
(−1)n+1

√
n + (−1)n

,

u´l §5.2.1 �SK 2670 ��

∞
∑

n=2

αn uÑ. du αn (n = 2, 3, · · · ) ØÓÒ, Ïd�Ø

Uá=�Ñ(Ø.

ùp�±��SK 2670 �) 2, =ò n = 2k Ú n = 2k + 1 (k = 1, 2, · · · ) ü���

¦\)Ò, ù�Ò����#�Ã¡¦È

1© 3 [6] ¥éu x = −1 ��¹�?Ø
òSK¥�Ã¡¦È?U�l n = 2 m©�´ÄÂñ�¯K, �

{� x = 1 aq, �øë�.
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∞
∏

k=1

(

√
2k

√
2k + 1

·

√
2k + 1

√
2k + 1 − 1

)

.

PÙÏ�� p′
k
, α′

k
= p′

k
− 1 (k = 1, 2, · · · ), Kk

α′

k
= p′

k
− 1 =

1 +
√

2k −
√

2k + 1

(
√

2k + 1) · (
√

2k + 1 − 1)

=
1 + o(1)

(
√

2k + 1) · (
√

2k + 1 − 1)
∼

1
2k

(k → ∞),

Ïdþã#�Ã¡¦ÈuÑ. du§�Ü©¦Èê�´�5�Ã¡¦È�Ü©¦Èê

��f�, Ïdl��f�uÑÒ�íÑ�5�Ã¡¦ÈuÑ. �

) 2 �Ï� pn ��ê

qn = 1
pn

= 1 +
(−1)n

√
n

(n = 2, 3, · · · ),

�Ñ��#�Ã¡¦È

∞
∏

n=2

qn.

ù��

∞
∑

n=2

(qn − 1) Âñ, 

∞
∑

n=2

(qn − 1)2 uÑ, Ïdl�O{ II ��þã#�Ã¡

¦ÈuÑ. du§�Ü©¦ÈÒ´�Ã¡¦È�Ü©¦È��ê, Ïd=�íÑ�Ã¡

¦ÈuÑ. �

SSSKKK 3094 ïÄÃ¡¦È

∞
∏

n=1

n
√

n(−1)n

�ýéÂñ5Ú^�Âñ5.

) UìeI n �Ûó5, Kk

p2k−1 = (2k − 1)
−

1

2k−1 , p2k = (2k)
1

2k ,

u´k

α2k−1 = p2k−1 − 1 = exp[− 1
2k − 1

ln(2k − 1)] − 1

∼ −
1

2k − 1
ln(2k − 1),

α2k = p2k − 1 = exp[ 1
2k

ln(2k)] − 1

∼
1
2k

ln(2k).

dd®²��?ê

∞
∑

n=1

|αn| uÑ, Ïd�K�Ã¡¦ÈØ�UýéÂñ.

q�wÑ

∞
∑

n=1

α2
n

Âñ, ÏdUì�O{ II, ��?ê

∞
∑

n=1

αn Âñ, =�íÑÃ¡¦

ÈÂñ (��^�Âñ).

l α2k−1 < 0 Ú α2k > 0, ��

∞
∑

n=1

αn ���?ê. ,§Ø¿´4ÙZ].?
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ê 1©. y3�Äl1��åé��ü�\)Ò�Xe?ê:

α1 + (α2 + α3) + · · · + (α2k + α2k+1) + · · · .

Ù¥1�� α1 = 0, |^

α2k + α2k+1 =
[

1
2k

ln(2k) − 1
2k + 1

ln(2k + 1)
]

(1 + o(1))

∼
(2k + 1) ln(2k) − 2k ln(2k + 1)

2k(2k + 1)

=
ln(2k)

2k(2k + 1)
−

1
2k + 1

[ ln(2k + 1) − ln(2k)]

=
ln(2k)

2k(2k + 1)
−

1
2k + 1

· ln
(

1 + 1
2k

)

= O∗

(

ln k

k2

)

(k → ∞),

��þã\)Ò��?êÂñ (¢Sþ��±y²§l1��åþ�u 0). ,�2|^

αn → 0 (n → ∞), =�íÑ

∞
∑

n=1

αn Âñ, Ïd�K�Ã¡¦È�^�Âñ. �

5.9.3 ÃÃÃ¡¡¡¦¦¦ÈÈÈ������


AAA^̂̂ (SSSKKK 3100–3110)

��!|^Ã¡¦È¦,
ê��4�, Ù¥�¹
A���nØ(J. ¢Sþ,

aq�¯K3c¡®õgÑy, ~X §5.1.4 �·K 5.3!SK 2606 Ú §5.7.1 �SK 3031

�) 1 �Ñ´Xd, �´��vk^Ã¡¦È�VgÚ½n.

SSSKKK 3100 (iiiùùù ζ ¼¼¼êêê���ÃÃÃ¡¡¡¦¦¦ÈÈÈ///ªªª) � ζ(x) =
∞
∑

n=1

1
nx ,  pn (n = 1, 2, · · · )

´�êê�. y²
∞
∏

n=1

(

1 −
1
px

n

)

−1

= ζ(x).

) �@ïÄ¼ê ζ(x) �´î.. �iùØÓ, î.´3gCþ x�¢ê��S

ïÄù�¼ê, �K=´¦�uy [10].

Uì?êÂñ5�O{, ¼ê ζ(x) 3 x > 1 �k½Â. ±eþ� x > 1.

� p��ê�, k?êÐmª
(

1 −
1
px

)

−1

= 1 + 1
px

+ · · · + 1
pnx

+ · · · .

é��ê N > 1, �¤kØ�L N ��ê, P� p1 = 2, p2 = 3, · · · , pk 6 N , ¿ò§�

©O�\þãÐmª, ,�ò¤�� k �?ê�¦. u´3¤���?ê¥Ò�¹
¤

ke�/ª��:

1
2n1x ·

1
3n2x · · · · ·

1
p

nkx

k

,

1© ^ Mathematica 3���S�êÆ¢�, �±ßÿ¤áØ�ª (x + 1)
1

x+1 + x
− 1

x > 2, §��u n

�Ûê�¤á |αn+1| > |αn|.
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Ù¥ n1, · · · , nk ��K�ê, �éu�½� n1, · · · , nk 5`, þã/ª���Ñy�

g. |^�âÄ�½n 1©, Ø�L N �z����ê n Ñ�±���ª©)�

n = 2n1 · 3n2 · · · · · pnk

k
,

lÒ��

0 <

∞
∑

n=1

1
nx −

k
∏

i=1

(

1 −
1
px

i

)

−1

<
∑

n>N

1
nx .

��- N → ∞, KÓ�Òk k → ∞, ÏdÒ��¤¦�(Ø. �

SSSKKK 3101 (îîî...) � pn (n = 1, 2, · · · ) ´�êê�, y²: ¦È
∞
∏

n=1

(

1 −
1
pn

)

−1

Ú?ê
∞
∑

n=1

1
pn

þuÑ.

) �,ØU��Ú^þK�(J, ��±^Ù¥��{. ���ê N > 1, q�

¤kØ�L N ��ê p1 = 2, p2 = 3, · · · , pk 6 N , K�þK��, �±��

k
∏

i=1

(

1 −
1
pi

)

−1

>

N
∑

n=1

1
n

.

,�- N → ∞, |^NÚ?êuÑ, Ò���K¤��1��(Ø, =
∞
∏

n=1

(

1 −
1
pn

)

−1

= +∞.

écª�éê�- N → ∞ K���
∞
∑

n=1

ln
(

1 −
1
pn

)

= −∞.

éuþãK�?ê^ ln(1 − x) ∼ −x (x → 0), Ò��¤��1��(Ø:
∞
∑

n=1

1
pn

= +∞. �

5 ����ªJø
�êkÃ�õ����©Ûy² 2© . d	, �nl�?ê
∞
∑

n=1

1
n2

= π2

6
'�, ��3¤k��ê¥, �ê¿�´�~D��, ��'²�ê

�“õ�õ”.

1© =z����êþ±����ª©)��êÏf�¦È. �âÄ�½n´�F1êÆ[uy�, � [11]

1Ôò�·K 23–32 Ú1Êò�·K 14.

2© 'u�êkÃ�õ��1��y²´�F1êÆ[���, � [11] �1Êò�·K 20. Öö��±3

Cc5���Ö [1] �1�Ù¥é��êkÃ�õ��8�y², Ù¥�¹
®J��ü�y². TÖ (1o

�) 0�
 40 �Í¶êÆ¯K�4LME5ÚÕäú%�y², Ù¥��Ö�d�SNk'��k: 1lÙ

¥�Ñ
nl�¯K�n�y², 1�lÙ¥�Ñ
²þ�Ø�ª�y².
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SSSKKK 3102 (§5.1 ���pppddd���OOO{{{���yyy²²²) � an > 0 (n = 1, 2, · · · ), �

an

an+1

= 1 +
p

n
+ O

(

1
n1+ε

)

(n → ∞),

Ù¥ ε > 0, y²:

an = O∗

(

1
np

)

(n → ∞).

J«: ïÄ

lim
n→∞

annp = a1

∞
∏

n=1

an+1

an

(

1 + 1
n

)p

.

) éz���ê n k

annp =
[

a1 ·
a2

a1

· · · · ·
an

an−1

]

·
[(

2
1

)p

·
(

3
2

)p

· · · · ·
(

n
n − 1

)p]

= a1

n−1
∏

k=1

ak+1

ak

(

1 + 1
k

)p

,

ÏdÒk

lim
n→∞

annp = a1

∞
∏

n=1

an+1

an

(

1 + 1
n

)p

.

{e�¯KÒ´y²þªm>�Ã¡¦ÈÂñ. dK�^���, � n → ∞ �þ

ãÃ¡¦È�Ï� pn → 1. u´TÃ¡¦ÈÂñ�duÃ¡?ê

∞
∑

n=1

ln pn Âñ (^�

an > 0 (n = 1, 2, · · · ) �y
 pn > 0 l n = 1 åÒ¤á).

O� ln pn Xe:

ln pn = − ln
(

1 +
p

n
+ O

(

1
n1+ε

))

+ p ln
(

1 + 1
n

)

= O
(

1
n1+ε

)

+ O
(

1
n2

)

(n → ∞).

u´ØØ ε > 0 XÛ, ?ê

∞
∑

n=1

ln pn o´ýéÂñ�. ùÒy²
þãÃ¡¦ÈÂñ,

�Ò´�3�"4�

lim
n→∞

annp = A 6= 0. �

5 §5.1.4 �SK 2606 ��Kaq, ��±^ùp�Ã¡¦È�{¦).

SSSKKK 3104 (dddAAA���úúúªªª���yyy²²²) y²: L�ª an = n!en

n
n+

1

2

� n → ∞ �kÉu

"�4� A. ddíÑdA�úª

n! = An
n+

1

2 e−n(1 + εn),

Ù¥ lim
n→∞

εn = 0, A =
√

2π.

J«: r¤¦4�L«�Ã¡¦È�/ª:

A = lim
n→∞

an = a1

∞
∏

n=1

an+1

an

,

�(½~ê A �|^»|dúª.
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) ò¯K=z�Ã¡¦È:

A = lim
n→∞

an = a1

∞
∏

n=1

an+1

an

,

,�éÏ��©ÛXe:

an+1

an

=
e
√

nnn

√
n + 1(n + 1)n

= e
(

1 + 1
n

)
−n−

1

2

= exp
[

1 +
(

− n −
1
2

)

ln
(

1 + 1
n

)]

= exp
[

1 +
(

− n −
1
2

)

·
(

1
n

−
1

2n2
+ 1

3n3
+ O

(

1
n4

))]

= exp
[

−
1

12n2
+ O

(

1
n3

)]

= 1 −
1

12n2
+ O

(

1
n3

)

(n → ∞),

��þãÃ¡¦ÈýéÂñ, Ïd�3�"4� A.

�(½ A, �I�3»|dúª (5.2) (� §5.1.3 �·K 5.1) ¥^ n! = an ·
nn ·

√
n

en

�\, u´Ò��

√
π = lim

n→∞

(2n)!!

(2n − 1)!!
√

n
= lim

n→∞

[(2n)!!]2

(2n)!
√

n
= lim

n→∞

(n!)222n

(2n)!
√

n

= lim
n→∞

a2
n

a2n

√
2

= A2

A
√

2
= A√

2
,

u´�� A =
√

2π. �

5 Ó�l�K�ê� {an} Ñu�ÃIÃ¡¦È�£�y²� [34] �·K 11.4.2,

Ù¥�©Û
ù�ê��d5.

SSSKKK 3105 (Γ(x) ���ÃÃÃ¡¡¡¦¦¦ÈÈÈ½½½ÂÂÂ) �âî.�½Â, ³ê¼ê Γ(x) de¡�ú

ª5(½:

Γ(x) = lim
n→∞

n!nx

x(x + 1) · · · (x + n)
.

dù�úªÑu: (a) r¼ê Γ(x) L«�Ã¡¦È�/ª; (b) y²: Γ(x) éuØ�K

�êÚ 0 ���¢ê x �k¿Â; (c) íÑe¡ù�5�: Γ(x + 1) = xΓ(x); (d) éu�

�ê n ¦ Γ(n) ��.

) (a)�d��XeU�=�:

Γ(x) = 1
x

lim
n→∞

nx

(

1 + x
1

)

· · · · ·
(

1 + x
n

)

= 1
x

lim
n→∞

(

1 + 1
1

)x

·
(

1 + 1
2

)x

· · · · ·
(

1 + 1
n

)x

(

1 + x
1

)

·
(

1 + x
2

)

· · · · ·
(

1 + x
n

) · lim
n→∞

(

n
n + 1

)x

= 1
x

∞
∏

n=1

(

1 + 1
n

)x

1 + x
n

.
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(b) ùÒ´�y²éu¤kØ�K�êÚ 0 � x, þãÃ¡¦ÈÂñ. �d��*

	ÙÏ�

pn =

(

1 + 1
n

)x

1 + x
n

=
(

1 + 1
n

)x

·
(

1 + x
n

)

−1

=
(

1 + x
n

+
x(x − 1)

2n2
+ O

(

1
n3

))

·
(

1 −
x
n

+ x2

n2
+ O

(

1
n3

))

= 1 +
x(x − 1)

2n2
+ O

(

1
n3

)

(n → ∞),

��þãÃ¡¦ÈýéÂñ, ��y²
 Γ(x) k½Â��½Ø�u 0.

(c) lî.½ÂÑu, ¿|^ (b) ¥��¤`, =½Â¥�4�Ø�u 0, Ò�±^

4�$��Ø{5K��

Γ(x + 1)

Γ(x)
=

lim
n→∞

n!nx+1

(x + 1) · · · (x + n)(x + 1 + n)

lim
n→∞

n!nx

x(x + 1) · · · (x + n)

= lim
n→∞

nx
x + 1 + n

= x.

(d) lî.½Â=k Γ(1) = 1, ,�l (c) k4íúª Γ(k + 1) = kΓ(k), u´��

Γ(n) = (n − 1)Γ(n − 1) = (n − 1)(n − 2)Γ(n − 2) = · · · = (n − 1)!. �

5 1 d (d) ��, Γ(x) ´�¦ n! �ëYz. ¢Sþ, Γ(x) ´�~^��Ð�¼ê

��, 3éõêÆ©Û��Ö¥Ñk;��Ù!?10�, 5SK86�¡��d�á

§7.4. 3���êÆ©Û��Ö¥, éu x > 0, ¼ê Γ(x) ^2ÂÈ©½ÂXe:∫
+∞

0

tx−1e−t dt.

'uùü�½Â3 x > 0 ��d5ò3Ö5�!¥�Ñy².

5 2 |^³ê¼ê�Ã¡¦È½Â, ·��±ò §5.1.4 �·K 5.3 �úª (5.4) ±

9��ªXê Cm

n
�ìCªU?Xe:

(1) � p 6= 0 Ø´K�ê�k

p(p + 1) · · · (p + n − 1)
n!

∼
1

Γ(p)
·

1
n1−p

(n → ∞),

(2) � m 6= 0 Ø´��ê�k

Cm

n
=

m(m − 1) · · · (m − n + 1)
n!

∼
(−1)n

Γ(−m)
·

1
nm+1

(n → ∞).

SSSKKK 3107 y²:

lim
n→∞

n

√

√

√

√

n−1
∏

i=0

(a + ib)

1
n

n−1
∑

i=0

(a + ib)

= 2
e

,

Ù¥ a > 0 Ú b > 0.
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) ©f©1ÓØ± n, ,�©O¦©f©1�4�. éu©1, k

lim
n→∞

1
n2

n−1
∑

i=0

(a + ib) = lim
n→∞

na + b

n−1
∑

i=0

i

n2
= b

2
.

éu©f, K�^ §1.2.7 �SK 141, u´Òk

lim
n→∞

n

√

√

√

√

1
nn

n−1
∏

i=0

(a + ib) = lim
n→∞

(a + nb)nn

(n + 1)n+1
= b

e
.

üö�Ø=�¤¦. �K�¿Â3u, �½�Ý� n ���ê�, ÙAÛ²þ���â

²þ��', � n → ∞ ��4�� 2/e. �

5 þã){��!�Ã¡¦Èvk;��éX, �,��±�ÄÙ¦){, ~X

ò¦È

n−1
∏

i=0

(a + ib) �SK 3105 ¥�³ê¼ê�¦È/ª�éX��, lÑ.

SSSKKK 3109 ¦¼ê

F (x) =

∞
∏

n=1

[1 + fn(x)]

��ê�L�ª. F ′(x) �3�¿©^��Û?

J« w,�k�K��Ã¡¦È3,�«mþÂñ�¯Kâk¿Â. (e3,�

«mþuÑu 0 K F ′(x) ð�u 0.)

eòÃ¡¦ÈU�ÙÜ©¦È, KÒk

d
dx

n
∏

k=1

[1 + fn(x)] =
n

∏

k=1

[1 + fn(x)] ·
N

∑

n=1

f ′

n
(x)

1 + fn(x)
,

dd=�ßÑK�� F (x) ��êL�ªA��

F ′(x) = F (x) ·

∞
∑

n=1

f ′

n
(x)

1 + fn(x)
.

,��±^éê¦�{, ïÄ3�o^�eU
¢yXe�Å�¦�$�:

d
dx

∞
∑

n=1

ln[1 + fn(x)] =

∞
∑

n=1

f ′

n
(x)

1 + fn(x)
.

±eÒ´�JÑ�yK��Ã¡¦ÈÂñ±9þãÅ�¦�$�¤á�¿©^�. �

SSSKKK 3110 y²: e 0 < x < y, K

lim
n→∞

x(x + 1) · · · (x + n)

y(y + 1) · · · (y + n)
= 0.

) 1 ùÒ´�y²Ã¡¦È

∞
∏

n=0

x + n
y + n

uÑu 0. éÏ� pn ©ÛXe:

pn = x + n
y + n

= 1 −
y − x

y + n
,
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l 0 < x < y �� αn = pn − 1 � n ¿©��ÓÒ. du

αn = −
y − x

y + n
∼

x − y

n
(n → ∞),

u´k

∞
∑

n=1

αn = −∞, Ïd (ë�c¡��O{ I)Ã¡¦ÈuÑu 0. �

) 2 |^úª (5.4) (� §5.1.4 �·K 5.3), Òk

x(x + 1) · · · (x + n)

(n + 1)!
= O∗

(

1
n1−x

)

Ú
y(y + 1) · · · (y + n)

(n + 1)!
= O∗

(

1
n1−y

)

(n → ∞),

u´Òk

x(x + 1) · · · (x + n)

y(y + 1) · · · (y + n)
= O∗

(

1
ny−x

)

→ 0 (n → ∞). �

) 3 |^SK 3105 �5 2 � (1), Kk�O(�

x(x + 1) · · · (x + n)

y(y + 1) · · · (y + n)
∼

Γ(y)

Γ(x)
·

1
ny−x

→ 0 (n → ∞). �

) 4 |^Ø�ª 1 + t < et (t 6= 0) (� §1.2.9 � 2 �SK 75(b), ½ö §2.7.2 �S

K 1289(a)), u´é k = 1, 2, · · · , n k

x + k
y + k

= 1 +
x − y

y + k
< e

x−y

y+k ,

,�ò§��¦, ù�Ò��

x(x + 1) · · · (x + n)

y(y + 1) · · · (y + n)
< exp

[

(x − y)
n

∑

k=0

1
y + k

]

,

u´� n → ∞ �m>�4�� 0. �

5.9.4 ÖÖÖ555

��!kü�SN: (1) éSK 3105 �Ö¿, (2) éSK 3083 � x = 1 �Ö¿.

1. ��� x > 0 ���, ³³³êêê¼¼¼êêê���ÃÃÃ¡¡¡¦¦¦ÈÈÈ½½½ÂÂÂ���ÈÈÈ©©©½½½ÂÂÂ���ddd

···KKK 5.16 � x > 0 �¤á∫
+∞

0

tx−1e−t dt = lim
n→∞

n!nx

x(x + 1) · · · (x + n)
.

y (�>�2ÂÈ©�Âñ5� §4.4.2 �SK 2361.) 3È©¥�Cþ��

s = e−t, K� t l 0 � +∞ �, s l 1 � 0. d t = ln 1
s

, ds = −e−t dt, ��

∫
+∞

0

tx−1 e−t dt =
∫
1

0

(

ln 1
s

)x−1

ds.

ù´± s = 0�Û:�2ÂÈ©. |^ (� §1.2.9 � 2 �SK 76)

ln 1
s

= lim
n→∞

n(1 − s
1

n ),

KX §5.8.2 �·K 5.14 �íØ¤«, eU
y²m>�¼êS�'u n�üN, KÒ�

±ò n → ∞ �4��È©��^S��
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∫
1

0

(

ln 1
s

)x−1

ds = lim
n→∞

∫
1

0

[n(1 − s
1

n )]x−1 ds = lim
n→∞

nx−1

∫
1

0

[(1 − s
1

n )]x−1 ds.

¯KÒ8(�O�m>�È©.

éTÈ©�Cþ�� s
1

n = y, K� s l 0 � 1 �, y �l 0 � 1. d s = yn,

ds = nyn−1 dy, Ò��∫
1

0

[(1 − s
1

n )]x−1 ds = n

∫
1

0

(1 − y)x−1yn−1 dy.

y35O�m>�È©.

e x���ê m, K3 §4.2.6 �SK 2299 ¥®²�Ñ�±^©ÜÈ©{O�. é

u x > 0 ����¹, ��±^©ÜÈ©{O�Xe:∫
1

0

(1 − y)x−1yn−1 dy = −
1
x

(1 − y)xyn−1

∣

∣

∣

y=1

y=0

+ n − 1
x

∫
1

0

(1 − y)xyn−2 dy

= · · · =
(n − 1)!

x(x + 1) · · · (x + n − 2)

∫
1

0

(1 − y)x+n−2 dy

=
(n − 1)!

x(x + 1) · · · (x + n − 2)(x + n − 1)
.

nÜ±þÒ��∫
+∞

0

tx−1e−t dt = lim
n→∞

nx ·
(n − 1)!

x(x + 1) · · · (x + n − 2)(x + n − 1)

= lim
n→∞

n!nx

x(x + 1) · · · (x + n)
.

���I�Ö¿y², 3«m 0 < s 6 1 þ�¼êS� n(1 − s
1

n ) (n = 1, 2, · · · ) '

u n�üN. ò 1/n ��ëYCþ x ∈ (0, 1], K�I�y²3d«mþ�¼ê

f(x) = 1 − sx

x

�üN¼ê, Ù¥ s ∈ (0, 1]�ëê. �d��y²Ù�¼ê�Ò.

ò f(x) é x ¦�, Òk
(

1 − sx

x

)

′

x

= −sx ln s
x

+ sx − 1
x2

.

,�ém>1���©f, 3«m [0, x] (x < 1) þé¼ê sx ^.�KF�©¥�½n,

���3 0 < θ < 1, ¦� sx − 1 = xsθx ln s.

u´Òk
(

1 − sx

x

)

′

x

= ln s
x

(sθx − sx) < 0. �

2. éééSSSKKK 3083 ��� x = 1 ���¹¹¹���ÖÖÖ¿¿¿

ù��Ã¡¦È�
∞
∏

n=1

(

1 + 1
np

)

cos 1
nq .
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e p < 0, K 1 + 1
np → +∞. ù�e q > 0, KÏ�Øªu 1, e q < 0, K3e¡�

·K 5.17 ¥òy² cos 1
nq 9 0 (n → ∞), ÏdÏ��Ø�Uªu 1, Ã¡¦ÈuÑ.

e p = 0, K�k� cos 1
nq →

1
2

(n → ∞) �Ã¡¦Èâ�UÂñ. éu q > 0 ù

´Ø�U�. éu q < 0, ÙØ�U5��l·K 5.17 íÑ (�ÙíØ).

e p > 0, K 1 + 1
np → 1. ù�e q = 0, KÏ�Øªu 1, e q < 0, Kl·K 5.17

k sin 1
nq 9 0 (n → ∞), Ïd cos 1

nq 9 1 (n → ∞), Ï��Ø�Uªu 1, Ã¡¦È

uÑ. u´�k q > 0 I�?Ø.

��Bå�, e�·K¥��ê q ��uSK 3083 ¥� −q.

···KKK 5.17 e q > 0, Kk

cosnq 9 0 (n → ∞), sin nq 9 0 (n → ∞).

y ©ü«�¹?Ø.

�. q ���ê �ì §5.2.1 �SK 2691 (Ù¥y² sin n2 9 0 (n → ∞)).

P f(x) = xq, qÚ\�©PÒ ∆f(x) = f(x + 1) − f(x).

^�y{. ek cos f(n) → 0 (n → ∞) ½ö sin f(n) → 0 (n → ∞), K=�íÑ

sin(∆f)(n) = sin[f(n + 1) − f(n)]

= sin(f(n + 1)) cos f(n) − cos(f(n + 1)) sin f(n) → 0 (n → ∞).

Ó��íÑ sin(∆2f)(n) → 0 (n → ∞) ��.

du q ���ê�, éu f(x) = xq, �^êÆ8B{y²k (∆qf)(n) = q!, Ïd

ek cosnq → 0 (n → ∞) ½ö sinnq → 0 (n → ∞), KÒÚÑ±egñ:

sin q! = sin[(∆qf)(n)] → 0 (n → ∞).

���. q > 0 ������������êêê ù��y²g��þ¡aq, ©�üÜ©, =ky²

0 < q < 1 �·K¤á, ,�ÏL�©ò q > 1 8(�cö. ��Ùå�, òÙ¥�

0 < q < 1 �Ü©Ú1�Ü©�Ì�O�,��ü�Ún, �3·K��.

e 0 < q < 1, KÏ f(x) = xq ÷vÚn 1 �^�, Ïd·K�(Ø®¤á. y3�

Ä q > 1 � q Ø´��ê��¹. u´k q = [q] + (q), Ù¥ [q] > 1, 0 < (q) < 1.

^�y{. e sin f(n) → 0 (n → ∞) ½ö cos f(n) → 0 (n → ∞), K�Xc��

sin[(∆[q]f)(n)] → 0 (n → ∞).

½Â¼ê

F (x) = (∆[q]f)(x),

K�±y² F ÷vÚn 1 ¥�n�^�, l sinF (n) → 0 (n → ∞) ´Ø�U�.

�dé f(x) = xq ^Ún 2, � n = [q], KÒ��

(∆[q]f)(x) ∼ q(q − 1) · · · ((q) + 1)x(q) (x → +∞),

Ïd F (+∞) = +∞.
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|^�©�f��55�, Ó��^Ún 2 �Ñ

F ′(x) = (∆[q]f ′)(x) ∼ q(q − 1) · · · ((q))x(q)−1 (x → +∞),

ÏdÒ�y
� x ¿©��k F ′(x) > 0, � F ′(+∞) = 0.

u´�âÚn 1 ��� sin F (n) 9 0 (n → ∞), ÚÑgñ. �

y30�Ún 1. §�å:´��{ü�AÛ¯¢: 3N� y =
√

x e, �Ý�½

�«m�_��´«m, �Ù�Ý��X x �4OÃ�O\ 1©. ù�¯¢�±í2u

0 < q < 1 � xq. §)û
·K 5.17 ¥ 0 < q < 1 �Ü©. �?�Ú�í2Ò´Ún 1.

Ún 1 e��¼ê f(x) ÷v^�: (1) f(+∞) = +∞, (2) f ′(x) > 0 u x ¿©�

�¤á, (3) f ′(+∞) = 0, Kk

sin f(n) 9 0 (n → ∞), cos f(n) 9 0 (n → ∞).

y Ø�� f(x) u x > 0 �Ò÷v^� (2), u´ y = f(x) 3 [0, +∞) þkî�ü

N4O��¼ê x = ϕ(y), ÷v ϕ(+∞) = +∞. ql

dx
dy

= ϕ′(y) = 1
f ′(x(y))

,

��k ϕ′(+∞) = +∞.

^�y{. � lim
n→∞

sin f(n) = 0, Kk N , � n > N � | sin f(n)| <

√
2

2
. u´éz

� n > N , �3��ê kn, ¦�

knπ −
π
4

< f(n) < knπ + π
4

.

u´k

ϕ(knπ −
π
4

) < n < ϕ(knπ + π
4

).

�Ä±��ê k�eI�m«m:

Uk = (ϕ(kπ −
π
4

), ϕ(kπ + π
4

)),

K� k ¿©�� Uk k½Â, ��p�mØ�.

dc� Ukn
(n > N) CX
¤k n > N ���ê. Ïd��� kn (n = N +1, · · · )

¥���ê�K, Ò�� Uk (k > K) �CX
¤k n > N ���ê.

�Ä Uk �mà:Ú Uk+1 ��à:�m�ål, Òk

ϕ((k + 1)π −
π
4

) − ϕ(kπ + π
4

) = ϕ′(kπ + π
4

+ θπ
2

) · π
2

,

Ù¥ 0 < θ < 1. u´l ϕ′(+∞) = +∞ ��, þª� k ¿©��7½�u 1, l3m

«m Uk Ú Uk+1 �mk��ê.

ù�Òy²
kÃ�õ���êØU�Uk (k > K) ¤CX, ÚÑgñ. ùÒy²


 sin f(n) 9 0 (n → ∞).

qÏ cos f(n) = − sin(f(n) − π
2

),  g(x) = f(x) − π
2

�÷vÚn 1 �^�, Ïd

�� cos f(n) 9 0 (n → ∞). �

1© ù�du�Ý�½�«m3N� y = x2 e�N�´�Ý�X |x| 4OÃ�O\�«m.
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1��Ún´ q����ê���©O�.

Ún 2 � q Ø´��ê, f(x) = xq , n���ê, K

(∆nf)(x) ∼ q(q − 1) · · · (q − n + 1)xq−n (x → +∞).

y l ∆f(x) = (x + 1)q − xq m©, é n ^êÆ8B{���

(∆nf)(x) = (x + n)q − C1
n
(x + n − 1)q + C2

n
(x + n − 2)q − · · ·

+ (−1)n−1Cn−1
n

(x + 1)q + (−1)nxq.

,�Òk

(∆nf)(x) = xq

[(

1 + n
x

)q

− C1
n

(

1 + n − 1
x

)q

+ C2
n

(

1 + n − 2
x

)q

− · · ·

+ (−1)n−1Cn−1
n

(

1 + 1
x

)q

+ (−1)n

]

.

òþªm>�)ÒS���^��ªÐm, �Ñ� x−n ��, K��~ê���êÚ�

0, u´��

(∆nf)(x) = xq

[

n
∑

r=1

q(q − 1) · · · (q − r + 1)
xr · r!

(

nr − C1
n
(n − 1)r + C2

n
(n − 2)r − · · ·

+ (−1)nCn−1
n

)

+ O
(

1
xn+1

)]

(x → +∞).

|^'u��ªXê���ð�ª (� [14] � §2.12 � (12.17) ½ [21] � §1.2.6 � (34)):

n
∑

k=0

(−1)n−kCk

n
kr =







0, r < n,

n!, r = n,

Ò��

(∆nf)(x) = q(q − 1) · · · (q − n + 1)xq−n + O(xq−n−1)

∼ q(q − 1) · · · (q − n + 1)xq−n (x → +∞). �

5 ^Ún 1 ¥��{�±y²� 0 < q < 1 �, ê� {cosnq} Ú {sinnq} 7½u

Ñ. d	, lÙy²��, ·K 5.17 ����í2, =éu?¿~ê C 6= kπ (k ∈ Z) Ú

q > 0, �¤á

cosCnq 9 0 (n → ∞), sin Cnq 9 0 (n → ∞).

íØ e q > 0, K cosnq 9
1
2

(n → ∞).

y ^�y{. ek lim
n→∞

cosnq = 1
2

, K|^úª 2 cos 2x cosx = cosx + cos 3x

�Ñ�ð�ª

cosx(2 cos 2x − 1) = cos 3x,

Ò�k

cos 3
2

nq = cos 1
2

nq(2 cosnq − 1).

ÏdÒíÑ

lim
n→∞

cos 3
2

nq = 0.

ù�·K 5.17 �í2�gñ (�Ù5). �
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§5.10 dddAAA���úúúªªª (SSSKKK 3111–3120)

SSSNNN{{{000 �!�SK´dA�úª3O�þ�A^. 3Ö5�!¥édúª3

nØþ�Ö¿.

5.10.1 dddAAA���úúúªªª���AAA^̂̂ (SSSKKK 3111–3120)

X5SK86¥u�!¤`, ^dA�úª

n! =
√

2πn
(

n
e

)n

e
θn

12n (0 < θn < 1) (5.31)

�O� n $��� n!. úª (5.31) ' §5.9.3 �SK 3104 Jø�dA�úª�°[.

AO�±�Ñ, úª (5.31) �Ñ
^
√

2πn
(

n
e

)n

�� n! �Cq����éØ�

�O:

0 <
n! −

√
2πn

(

n
e

)n

n!
= 1 − e

−
θn

12n

≈
θn

12n
<

1
12n

.

·�ò3Ö5�!¥�Ñ (5.31) �y², ¿lìC?ê��Ý0�����dA

�úªÚdA�?ê.

SK 3111–3117 ´ê�O�K.

SSSKKK 3111 |^dA�úª, Cq/O� lg 100!.

) édA�úª (5.31) �~^éê, ¿ò θn {P� θ, Ké n = 100 k

lg 100! = 1
2

(lg 2 + lg π + 2) + 100(2 − lg e) + θ
1 200

· lg e

= 201 + 1
2

(lg 2 + lg π) − 100 · lg e + θ
1 200

· lg e

≈ 201 + 0.5(0.301 03 + 0.497 15)− 100 × 0.434 294 5 + 0.434 29
1 200

θ

= 157.969 64 + 0.000 36θ (0 < θ < 1). �

5 ^ Mathematica O����(J�

lg 100! ≈ 157.970 003,

��SK¥�O�´'�O(�. k'dA�úª�Ø��Oò3Ö5�!¥?Ø.

SSSKKK 3112 |^dA�úª, Cq/O� 1 · 3 · 5 · · · · · 1999.

) ^dA�úªk
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(2n − 1)!! =
(2n)!

(2n)!!
=

(2n)!

2n(n!)

=
√

4πn
(

2n
e

)2n

·
1

2n
√

2πn

(

e
n

)n

· e
θ2n

24n
−

θn

12n

=
√

2
(

2n
e

)n

e
θ

12n ,

Ù¥ θ2n ∈ (0, 1), θn ∈ (0, 1), θ =
θ2n

2
− θn, Ïd�� |θ| < 1.

^ n = 1 000 �\, ¿^ e
θ

12 000 ≈ 1 + θ
12 000

, Ò��

(1 999)!! =
√

2
(

2 000
e

)1 000

· e
θ

12 000

≈ A · 103000 · (1 + θ
12 000

),

Ù¥é A =
√

2
(

2
e

)1 000

^~^éêO���

lg A = 1
2

lg 2 + 1 000(lg 2 − lg e)

≈ 0.150 51− 133.264 49 = −133.113 971

= −134 + 0.886 028 77,

u´Ò�� A ≈ 100.886 × 10−134 ≈ 7.691 84× 10−134. ��k

(1 999)!! ≈ 7.691 814× 102866 × (1 + θ
12 000

)

≈ 7.691 814× (1 + 0.000 083θ)× 102866 (|θ| < 1). �

5 ^ Mathematica ¦Ñ (1 999)!! ≈ 7.691 493× 102866, §(¢á3þã�Y¤«

����S.

SSSKKK 3120 |^dA�úª¦e�4�:

(a) lim
n→∞

n
2√
n!; (b) lim

n→∞

n
n

√
n!

;

(c) lim
n→∞

n
n

√

(2n − 1)!!
; (d) lim

n→∞

lnn!
lnnn .

J« dA�úª (±9»|dúª) �Ñ
?n�¦�k��{, ,�K�z

�K�ÑkØ^dA�úª�){: K (a) �±|^ 1 6
n
2√
n! 6

n
2√
nn = n

√
n; K (b)

®�u §1.2.7 �SK 142; K (c) �^»|dúª8(uK (b); K (d) �^�÷�]½

n (� §1.2.7 �SK 143). �

5.10.2 ÖÖÖ555

3ù��!òk�Ñúª (5.31) �y², ,��Ñ�����dA�?ê, ¿?Ø

A^��Ø��O.
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1. dddAAA���úúúªªª (5.31) ���yyy²²²

kéõ�{�±��ù�úª. e¡ò§�¤��·K, ¿�ÑA�y².

···KKK 5.18 éu�¦k n! =
√

2πn
(

n
e

)n

e
θn

12n (0 < θn < 1).

y 1 ù��{k²w�AÛ¿Â. �Ä

lnn! =

n
∑

k=1

ln k = ln 2 + ln 3 + · · · + lnn.

XNã¤«, ^�Ú�ÒK«L«d� y = lnx (1 6 x 6 n) � x = n, y = 0 ¤/¤

�>F/¡È. eéu k = 1, 2, · · · , n − 1, 3 [k, k + 1] þ^F/úª9Ù{��O

(� §4.11 �L� (4.21)), K�±���úª (5.31) �~�C��Ø���Ó�úª (�

[25] �½n 9.12). �dI�U?�OXe.

x

y

O 1 2 ······ k k+1 ······ n−1 n

1

2

y²dA�úª (5.31) �Nã

éu k = 1, 2, · · · , n − 1, � k � k + 1 �¥:, P� mk =
k + (k + 1)

2
= k + 1

2
,

Kk ∫
k+1

k

lnxdx =
∫
k+1

k

lnxd(x − mk)

=
[

(x − mk) lnx
]

∣

∣

∣

k+1

k

−

∫
k+1

k

x − mk

x
dx

= 1
2

[ln k + ln(k + 1)] −
∫ 1

2

−
1

2

t dt
t + mk

.

ùp®²Ñy
·�¤'%� ln k + ln(k + 1).

Pþª����� (ëÓÙc�KÒ) � Ik (k = 1, 2, · · · , n − 1), Kk�O

0 < Ik = −
(

∫
0

−
1

2

+
∫ 1

2

0

)

t dt
t + mk

=
∫ 1

2

0

(

1
mk − t

−
1

mk + t

)

t dt

=
∫ 1

2

0

2t2 dt

m2
k
− t2

<
2

k2 + k

∫ 1

2

0

t2 dt

= 2
k2 + k

·
1
3

t3
∣

∣

∣

1

2

0

= 1
12k(k + 1)

,

Ù¥|^
3 0 6 t 6
1
2

�k
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m2
k
− t2 = k2 + k +

(

1
4
− t2

)

> k2 + k.

y3=�é lnn! �ÑXe�O:

lnn! = 1
2

lnn + 1
2

n−1
∑

k=1

[ln k + ln(k + 1)]

= 1
2

lnn +
∫
n

1

lnxdx −

n−1
∑

k=1

Ik

= 1
2

lnn + n lnn − n + 1 −

n−1
∑

k=1

Ik.

du®� 0 < Ik <
1

12k(k + 1)
, ÏdÃ¡?ê

∞
∑

k=1

Ik Âñ. PT?ê�Ú� C, KÙ{

�k�O

0 < Rn−1 =

∞
∑

k=n

Ik <
1

12n
,

l���3 0 < θn < 1, ¦�¤á

lnn! =
(

n + 1
2

)

lnn − n + 1 − C +
θn

12n
.

ù�Ò��

n! = A
√

n
(

n
e

)n

e
θn

12n .

Ù¥�~ê A = e1−C > 0, =®²áÂ
~ê 1 ÚÃ¡?ê

∞
∑

k=1

Ik �Ú3S 1©. ±e�

^»|dúª(½Ñ A =
√

2π, lÑ (� §5.9.3 �SK 3104). �

y 2 kéõy²�{�y 1 aq, §���O3uéu Ik ��O�{þ.

��¦È=�é��ê k �Ñ

Ik =
∫
k+1

k

lnxdx −
1
2

[ln k + ln(k + 1)] =
(

k + 1
2

)

ln
(

1 + 1
k

)

− 1,

u´��y²Ø�ª

(0 <)
(

k + 1
2

)

ln
(

1 + 1
k

)

− 1 <
1

12k(k + 1)
. (5.32)

ïáØ�ª (5.32) ��{éõ, ùp�Þü«.

(1) X [34] 1��Ù�1�|ë�K 15 ¤«, �±k^�©Æ�{ (� §2.7.2) é

0 < x < 1 ïáØ�ª

0 <
1
2

ln 1 + x
1 − x

− x <
x3

3(1 − x2)
,

,�^ x = 1/(2n + 1) �\=��¤��Ø�ª.

(2) |^�?êÐmª (= §5.5.4 �SK 2906 ��Y)

1
2

ln 1 + x
1 − x

= x + x3

3
+ x5

5
+ · · ·

1© |^ C < 1
12

, ��k A > e
11

12 ≈ 2.501, ù®�Cu A =
√

2π ≈ 2.507.
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Ò�±��Ø�ª

1
2

ln 1 + x
1 − x

< x + 1
3

(x3 + x5 + · · · ) = x + x3

3(1 − x2)
. �

y 3 ÷^SK 3104 ¥J«��{, =�Äê� {an}, Ù¥ an = n!en

n
n+

1

2

(n =

1, 2, · · · ), KÒ�|^Ø�ª (5.32) ��

1 <
an

an+1

=

(

1 + 1
n

)
n+

1

2

e
< e

1

12n(n+1) = e
1

12n
−

1

12(n+1) ,

ùL²ê� ane
−

1

12n (n = 1, 2, · · · ) ´î�üN4O�, ��î�üN4~ê�

an (n = 1, 2, · · · ) k�Ó4�, P� A > 0. ±e��^»|dúª=�(½ A =
√

2π.

duÓ�k
√

2π < an Ú ane
−

1

12n <
√

2π,

=����3 0 < θn < 1, ¦�

an =
√

2π · e
θn

12n .

ùÒ´¤�¦y�dA�úª (5.31). �

2. dddAAA���úúúªªª���dddAAA���???êêê

X�!m©¤`, 3éu�¦ n! ^dA�úª (5.31), =

n! ≈
√

2πn
(

n
e

)n

,

�CqO��, Ù�éØ����
1

12n
. 3d¿Âþ, n ��, K¤��(J�Ð. ù


A:, =�Ä�éØ� (Ø´ýéØ�), qÌ�'%�Cþ¿©� (½¿©�) ��C

qO�, =´ìC�{¤�k�A�.

Ù¢ù
A:�4�nØ¥��dVg9PÒ ∼ ´���. £� §1.5.7 � 1, u ∼ v

Ò´^

lim u − v
v

= 0 ½ö u = v(1 + o(1)) = v + o(v)

5½Â�, ùpÒ´3 lim ¤L«�4�L§¥��éØ�ªu 0.

aq��¹�Ñy3 §2.10 ��Vúª�{�¥. du�Ö�d��3CqO��

¡Ì�'%�´ýéØ�, ÏdrN�k.�KF.{�âU^uØ��O. XJ�Ä

�éØ�, K §2.10 ¥��æì.{� (35SK86¥~¡�ÛÜ�Vúª), =

Rn(x) = o((x − x0)
n) (x → x0),

TÐÒäkc¡¤`�ü�A:, =� x → x0 ��^u�O�éØ�. £� §2.10.4 �

SK 1413 9Ù5, ��(¢Xd.

y3£�dA�úª, XJéu
1

12n
��éØ��Ø÷¿, K´Ä�k�Ð�ú

ª�^?
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�Y´�½�, ùÒ´��/ª�dA�?ê.

Ú^3�Ö� §5.8.3 ¥Ú\�ìC?êÚìCÐmª�Vg, dA�?êÒ´�¦

�XeìC?êÐmª:

lnn! ∼ 1
2

ln 2π +
(

n + 1
2

)

lnn − n +
B2

1 · 2
·

1
n

−
B4

3 · 4
·

1
n3

+ · · ·

+ (−1)k−1 B2k

(2k − 1) · 2k
·

1
n2k−1

+ · · · ,

Ù¥�Xê B2 = 1
6

, B4 = −
1
30

, · · · , B2k, · · · =´3 §1.1.6 � 3 m©Ñy�Ëã|

ê. 3 §2.10.1 �SK 1382 kËã|ê�)¤¼ê. 3�Ö� §5.5.3 �SK 2891–2893

��?êÐmª¥�ÑI���Ëã|ê.

Xòþã?ê3�Ñ������ä, ,�\þ{�, KÒ���¦���dA�

úª:

lnn! ∼ 1
2

ln 2π +
(

n + 1
2

)

lnn − n +
B2

1 · 2
·

1
n

−
B4

3 · 4
·

1
n3

+ · · ·

+ (−1)k−1 B2k

(2k − 1) · 2k
·

1
n2k−1

+ θ(−1)k B2k+2

(2k + 1) · (2k + 2)
·

1
n2k+1

,

Ù¥ 0 < θ < 1.

|^ n! = eln n! =��� n! �ìCÐm�

n! ∼
√

2πn
(

n
e

)n{

1 + 1
12n

+ 1
288n2

−
139

51 840n3
−

571
2 488 320n4

+ · · ·
}

.

�±y², ±þü�ìC?êÑ´uÑ?ê, ÏdØ�UÏL�v
õ����

?¿�½�ýéØ��. éu|^ìC?ê�CqO�, ��æ�Xe�{, =3��

�ýé�'c�ýé�ü$��¹e, �±��5�õ��. ù��uÑ?ê�Ü©Ú

Ò�U^uO�����Ð�Cq�. ~X, 3 [15] �1�ò� §12.6 ����[?Ø


XÛO� ln 100! ��ê:� 10  .



§5.11 ^õ�ª%CëY¼ê (SK 3121–3135) 399

§5.11 ^̂̂õõõ���ªªª%%%CCCëëëYYY¼¼¼êêê (SSSKKK 3121–3135)

SSSNNN{{{000 �!�SK�¹k.�KF��õ�ªÚëY¼ê�õ�ª��%C

ü�¡�SN.

5.11.1 ...���KKKFFF������õõõ���ªªª (SSSKKK 3121–3126)

ù�¡�SN3 §1.3.2 �[Ü���¥®²ùL. @p�SK 197–199 ��!�S

K 3121–3126 aq, =�½gCþ� n + 1 �:þ�¼ê�, ¦÷vd^��Ø�L n

g�õ�ª.

� n+1 �:� x0, x1, · · · , xn, �½�¼ê�� f(x0), f(x1), · · · , f(xn), KX §1.3.2

�í�¤«, ÷v^��.�KF��õ�ª�

Ln(x) =

n
∑

j=0

f(xj)

n
∏

k=0
k 6=j

x − xk

xj − xk

.

SSSKKK 3123 |^ê� x0 = 1, y0 = 1; x1 = 25, y1 = 5; x2 = 100, y2 = 10, íÑm

²�� y =
√

x (1 6 x 6 100) �Cqúª.

) UìúªO�

L2(x) = 1 ·
(x − 25)(x − 100)

(1 − 25)(1 − 100)
+ 5 ·

(x − 1)(x − 100)

(25 − 1)(25 − 100)
+ 10 ·

(x − 1)(x − 25)

(100 − 1)(100 − 25)

= 80
99

+ 191x
990

−
x2

990

≈ −0.001 010x2 + 0.192 929x + 0.808 081.

x

y

O1 25 100

10

5

1

√

x

SK 3123 �Nã

XNã¤«, ^oç��Ñ
 y =
√

x

�ã�, q^[��Ñ
 L2(x) �ã�, §

��un�: (1, 1), (25, 5), (100, 10).

lãþ®�wÑ, ^ L2(x) 5O� x �

²��Cq�´J±��Ð(J�.

~X L2[16] ≈ 3.636 36, 
√

16 = 4;

L2[49] ≈ 7.836 36, 
√

49 = 7. Ïd�KJ

Ñ�²��CqO��{vk¢^d�. �

5 w,ü^���un:´Øv±¦�§�3���þ�p�mé�C. @

oeO� n, =^�pg�.�KF��õ�ª���Jq¬XÛQ? ùò3Ö5�!

¥?Ø.
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5.11.2 ������%%%CCCõõõ���ªªª (SSSKKK 3127–3135)

^õ�ª5%CÙ¦¼êÃ¦ké��`:. ,XSK 3123 ±9�¡�Ö5�

!¥¤`, .�KF��õ�ª�¢^d�Ø�. lO�êÆ��Ý5w, ùpkéõ

�{ (½ö`Ñ´). ��!�SK=Ny
Ù¥��, ùÒ´�¦3�½�«mþ^õ

�ª��%C,��½�¼ê. ùp�g´�.�KF��õ�ªØÓ, =¿ØJ¦3

õ�:þ��½�¼ê��Ó, ´�¦3�Nþ��%C�½�¼ê. éu3k.4

«m [a, b] þ�ü�¼ê f(x) Ú g(x), ^

sup
x∈[a,b]

|f(x) − g(x)|

5Ýþ§��m�%C§Ý. ùÒ´3 §2.11.4 ¥Ú\�“ �”.

ùp�1��¯K´: ù´Ä�U?

êÆ©Û¥���¤J��Ò´3nØþy²: éuk.4«mþ�ëY¼ê

5`, ^õ�ª��%C´�U�. d	, éu±ÏëY¼ê, K^n�õ�ª��%C

�´�U�.

y3òþã¤J��±eü��pÕá�·K.

···KKK 5.19 (������dddAAA...dddõõõ���ªªª%%%CCC½½½nnn) k.4«mþ�ëY¼ê f(x) �½

�±^õ�ª��%C�?¿�½�§Ý.

···KKK 5.20 (������dddAAA...dddnnn���õõõ���ªªª%%%CCC½½½nnn) 3 (−∞, +∞) þ�±ÏëY¼

ê f(x) �½�±^n�õ�ª��%C�?¿�½�§Ý.

�±y²ùü�½n´�d�, =��y²Ù¥��=�íÑ,��. §��y²

�{��~õ, ù�¡���nã�ëw [34] � §16.3, Ù¥�[�Ñ
A�y², ¿é

uÙ¦�«y²�
èA, d	�ÞÑ
½n�eZA^.

��!�SK 3127–3132 Ñ´k'Ë�d"õ�ª�O�. Tõ�ª�½ÂXe.

éu3«m [0, 1] þ�¼ê f(x) Ú��ê n, ¡e�õ�ª� f(x) � n gË�d"õ

�ª:

Bn(x) =
n
∑

i=0

f
(

i
n

)

Ci

n
xi(1 − x)n−i.

�±y², e f(x) u [0, 1] þëY, K� n → ∞ �, Ë�d"õ�ªS�3 [0, 1] þ�

�Âñu f(x).

dd��, ùÒ´·K 5.19 �y²�{��, ��Ñ
õ�ª�äN�E, �Ø

L«m��� [0, 1], ÏL�5C�Ò�±í2���� [a, b] þ� (=SK 3128).

Òy²��5`, ^Ë�d"õ�ªy²·K 5.19 ¿Ø(J, ,Ù¥�g�KØ

N´n), Ïd3 [34] � §16.3.2 ¥;�édy²lVÇØ�Ý?1
)º. 3��Ö

[8] ¥Ø=3 §10.6 �Ñ
Ë�d"õ�ª��%C�y², �3TÖ� §5.3 �?éË
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�d"õ�ªk;��?Ø, Ù¥�)0�
Tõ�ª� (3�Ú¡�O¥k�

¢^d��) �à��{�m�'X.

k�Ä���k.4«m [a, b] þ�Ë�d"õ�ª.

SSSKKK 3128 éu34«m [a, b] þ�®�¼ê f(x) �ÑË�d"õ�ª Bn(x) �

úª.

) ��5C� x = a + (b − a)t, K� t l 0 4O� 1 �, x l a 4O� b. ù�k

t = x − a
b − a

, 1 − t = b − x
b − a

, f(x) = f(a + (b − a)t) = g(t) (t ∈ [0, 1]), u´k

Bn(x) =
n
∑

i=0

g
(

i
n

)

Ci

n
ti(1 − t)n−i

=

n
∑

i=0

f
(

a +
(b − a)i

n

)

Ci

n

(

x − a
b − a

)i( b − x
b − a

)n−i

= 1
(b − a)n

n
∑

i=0

f
(

a +
(b − a)i

n

)

Ci

n
(x − a)i(b − x)n−i. �

SSSKKK 3129 34«m [−1, 1] þ^Ë�d"õ�ª B4(x) %C¼ê f(x) =
|x| + x

2
.

�Ñ¼ê y =
|x| + x

2
Ú y = B4(x) �ã�.

) ^Cþ�� x = −1 + 2t, � x l −1 4O� 1 �, t l 0 4O� 1. u´k

t = (x + 1)/2, 1 − t = (1 − x)/2, f(x) = f(−1 + 2t) (t ∈ [0, 1]). ù�Ò�±O�Xe:

B4(x) =

4
∑

i=0

f
(

− 1 + i
2

)

Ci

4

(

x + 1
2

)i( 1 − x
2

)4−i

= 1
16

[

f(−1) · (1 − x)4 + f(−1/2) · 4(x + 1)(1 − x)3

+ f(0) · 6(x + 1)2(1 − x)2 + f(1/2) · 4(x + 1)3(1 − x) + f(1) · (x + 1)4
]

= 1
16

[

2(x + 1)3(1 − x) + (x + 1)4
]

= 1
16

(x + 1)3(3 − x).

Xm>�Nã¤«, ^oçò��Ñ y =

f(x) �ã�, q^[��Ñ y = B4(x) �ã

�. �ö´�^og�, du

B′

4(x) = 1
4

(x + 1)2(2 − x),

B′′

4 (x) = 3
4

(1 − x2),

Ïd3«m [−1, 1] þ, B4(x) � f(x) �ã�Ñ

´üN4O��Keà�.

x

y

O 1−1

1

y
=

|
x
|
+
x

2

y=B4
(x)

SK 3129 �Nã

5 X [8] �½n 5.4 ¤«, l f(x) � Bn(x) �N��±3«m [a, b] þ��K

5!üN5Úà5ØC. Ïd�K�~f¤�N�A:äk��¿Â.
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SSSKKK 3130 3 −1 6 x 6 1 þ^óêgË�d"õ�ª%C¼ê f(x) = |x|.

) (V�) XSK 3128 ¤«, ÏL�� x = −1 + 2t Ò���

B2n(x) = 1
22n

2n
∑

i=0

f
(

− 1 + i
n

)

Ci

2n
(x + 1)i(1 − x)2n−i

= 1
22n

[

n
∑

i=0

n − i
n

Ci

2n
(x + 1)i(1 − x)2n−i

+

2n
∑

i=n+1

i − n
n

Ci

2n
(x + 1)i(1 − x)2n−i

]

,

±elÑ. �

SSSKKK 3133.1 y²: 34«m [−1, 1] þ |x| = lim
n→∞

Pn(x), Ù¥

Pn(x) = 1 −
1 − x2

2
−

n
∑

i=2

1 · 3 · · · · · (2i − 3)

2 · 4 · · · · · (2i)
(1 − x2)i.

) |^ §5.5.2 �L� (5.15) ¥'u
√

1 + x 3 [−1, 1] þ��?êÐmª

√
1 + x = 1 + 1

2
x −

1
8

x2 + · · · + (−1)n−1 (2n − 3)!!

(2n)!!
xn + · · · (−1 6 x 6 1),

,�òþª� x ^ (x2 − 1) �O, Ò�±��

|x| = 1 −
1 − x2

2
−

∞
∑

n=2

1 · 3 · · · · · (2n − 3)

2 · 4 · · · · · (2n)
(1 − x2)n (−

√
2 6 x 6

√
2),

§�Ü©Ú=´K¥� Pn(x). �

5 éudKI�lA��¡5`²§�¿Â.

(1) lþãy²��, õ�ªS� Pn(x) (n = 1, 2, · · · ) Ø=3 [−1, 1] þÂñu |x|,

�3 [−
√

2,
√

2] þ��Âñu |x|.

(2) lÃ¡?ê��Ý5w, ù�?ê��¡�õ�ª?ê, =Ùz��Ñ´ x �

õ�ª. 3 §5.5 ¥��?ê�´õ�ª?ê¥��«AÏa., =Ù1 n �T´ü�ª

anxn (n = 0, 1, · · · ). Xù�~f¤«, 3 [
√

2,
√

2] þ��Âñ�õ�ª?ê�Ú¼ê

3 x = 0 ?�±Ø�3�ê, ù��?ê�Ú¼ê���5���ØÓ.

(3) ±�K�(Ø�Ä:, Ò�±�Ñ��dA.d��%C½n (=·K 5.19) �

q��y². ÙÌ�Ú½�: (a) ^ã��ò��©ã�5¼ê3«m [a, b] þ��%C

�½�ëY¼ê f(x), (b) y²©ã�5¼ê�±d |x| Ú x ��5|Ü��, (c) |^

SK 3133.1 � (��Âñ) (Ø. y²�[!�ëw [25] ���Ö.

SSSKKK 3133.2 � f(x) ∈ C[a, b], �

Mk =
∫
b

a

xkf(x) dx = 0 (k = 0, 1, 2, · · · ),

y²: � x ∈ [a, b] �k f(x) ≡ 0.
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) 1 ^��dA.d��%C½n, 3«m [a, b] þ�3��Âñu f(x) �õ�

ªS� Pn(x) (n = 1, 2, · · · ).

d^���, éz����ê n, Ñk∫
b

a

f(x)Pn(x) dx = 0 (n = 1, 2, · · · ).

duù�3«m [a, b] þ�k f(x)Pn(x) ⇉ f2(x), ÏdÒ�±�� n → ∞ Ú3 [a, b]

þ�½È©$���

lim
n→∞

∫
b

a

f(x)Pn(x) dx =
∫
b

a

f2(x) dx = 0.

du f2(x) ´�KëY¼ê, Ïd�U´ f(x) ≡ 0 u [a, b] þ??¤á 1©. �

) 2 é?¿�õ�ª P (x), k∫
b

a

f2(x) dx =
∫
b

a

[f(x) − P (x)]f(x) dx +
∫
b

a

f(x)P (x) dx.

�âK��^�, þªm>�1��È©�u 0. Ïdé�>�È©k�O

0 6

∫
b

a

f2(x) dx 6 max
a6x6b

|f(x) − P (x)| ·
∫
b

a

|f(x)| dx.

ù�m>�1��Ïf�½�, 1��ÏfKUì��dA.d��%C½n, �±

ÀJ P (x) ¦Ù?¿�, ÏdíÑ f2(x) 3 [a, b] þ�È©� 0, l f(x) ≡ 0. �

5 �K�(Ø3^��°Xe�E,¤á: �3,���ê k0, ¦�é¤k��

ê k > k0, ^� Mk = 0 ¤á.

SSSKKK 3134 (¤¤¤������½½½nnn) � f(x) ´± 2π �±Ï�ëY¼ê,  an, bn (n =

0, 1, 2, · · · ) ´§�Fp�Xê. y²: ¤��n�õ�ª

σn(x) =
a0

2
+

n−1
∑

i=1

(

1 −
i
n

)

(ai cos ix + bi sin ix)

3 (−∞, +∞) þ��Âñu¼ê f(x).

©Û ùpI��Ñ�K��¿Â.

P f(x) �Fp�?ê (§�7Âñ) �Ü©Ú¼êS��

Sn(x) =
a0

2
+

n−1
∑

i=1

(ai cos ix + bi sin ix) (n = 1, 2, · · · ),

KÒ�±wÑk

σn(x) = 1
n

[S1(x) + S2(x) + · · · + Sn(x)] (n = 1, 2, · · · ).

¢SþùÒ´uÑ?ê¦Ú¥� Cesàro ¦Ú{. (3 §5.5.6 �SK 2900 �.5¥®²

J�ù�Vg¿�Ñ
ë�©z.)

äN5`, e�34� lim
n→∞

σn(x), KÒ¡Fp�?êu: x ?Uì Cesàro �{

�¦Ú, ¿òd4�¡�Fp�?ê� Cesàro Ú.

1© ëw §4.1.4 �SK 2205 �7�5Ü©.
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d §1.2.7 �SK 138 (=�Ü·K) ��, eÃ¡?êÂñ, =Ü©Ú¼êS�

Sn(x) (n = 1, 2, · · · ) Âñ, K σn(x) (n = 1, 2, · · · ) �Âñ, �ÂñuÓ�4�. ùÒy

²
?ê� Cesàro Ú´Âñ?ê�?êÚVg���í2.

��?ê�Âñ�äk{ü(��', Fp�?ê�ÂñÚÂñ��~E,. ��

#xâÅQ²ÞÑL??uÑ�Fp�?ê. ,�KKL², ±ÏëY¼ê�Fp�

?ê� Cesàro Úo´�3�, � {σn(x)} ��½´��Âñ�.

���dA.dn�õ�ª%C½n (=·K 5.20) '�, Ò�±wÑ¤��½n

��Ò�Ñ
þã%C½n���y², Ó�Jø
¤I��n�õ�ªS�. �

) du f(x) Ú σn(x) (n = 1, 2, · · · ) Ñ´±Ï 2π �±Ï¼ê, Ïd�I�3

[−π, π] þ?Ø.

k�ÑFp�?ê�Ü©Ú�È©/ª (ù�����Ö¥�í��Ó):

Sn(x) =
a0

2
+

n−1
∑

i=1

(ai cos ix + bi sin ix)

= 1
π

∫π

−π

[

1
2

+

n−1
∑

i=1

(cos it · cos ix + sin it · sin ix)
]

f(t) dt

= 1
π

∫π

−π

[

1
2

+

n−1
∑

i=1

cos i(t − x)
]

f(t) dt

= 1
π

∫π

−π

sin
(

n −
1
2

)

(t − x)

2 sin t − x
2

f(t) dt

= 1
π

∫π

−π

sin
(

n −
1
2

)

u

2 sin u
2

f(x + u) du.

(3±þí�¥¤^��A��£:´: Fp�Xê�È©úª, n�ð�ª

2 sin θ
2

(

1
2

+

n−1
∑

i=1

cos iθ
)

= sin
(

n −
1
2

)

θ,

Ú±Ï¼ê3±Ï�Ýþ�È©ØC5�.)

,�2O�

σn(x) = 1
n

(S1(x) + S2(x) + · · · + Sn(x))

= 1
π

∫π

−π

1
2n sin u

2

(

sin 1
2

u + sin 3
2

u + · · · + sin 2n − 1
2

u
)

f(x + u) du

= 1
2nπ

∫π

−π

(

sin n
2

u

sin u
2

)2

f(x + u) du,

Ù¥|^
n�ð�ª

sin u
2

(

sin 1
2

u + sin 3
2

u + · · · + sin 2n − 1
2

u
)

= sin2 n
2

u.
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2ò σn(x) U�Xe:

σn(x) =
∫π

0

f(x + u) + f(x − u)
2

· Fn(u) du,

Ù¥��K¼ê Fn(u) = 1
nπ

(

sin n
2

u

sin u
2

)2

¡�¤��Ø.

^ð�u 1 �¼ê�O f(x), Kéz� n k Sn(x) ≡ 1, σn(x) ≡ 1, ÏdÒ��∫π

0

Fn(u) du ≡ 1.

òdª¦± f(x), ,�Ò�±�O |σn(x) − f(x)|:

|σn(x) − f(x)| =
∣

∣

∣

∫π

0

Fn(u)
[

f(x + u) + f(x − u)
2

− f(x)
]

du

∣

∣

∣

6

∫π

0

Fn(u) ·
∣

∣

∣

f(x + u) + f(x − u)
2

− f(x)
∣

∣

∣
du

=
(

∫
δ

0

+
∫π

δ

)

Fn(u) ·
∣

∣

∣

f(x + u) + f(x − u)
2

− f(x)
∣

∣

∣
du,

Ù¥ δ ∈ (0, π) �½.

±e©O�O���ü�È©.

éu?¿�½� ε > 0, |^ f(x) �±ÏëY¼ê, Ïd3 (−∞, +∞) þ��ë

Y, l�3 δ > 0, � x′, x′′ ÷v |x′ − x′′| < δ �, Òk |f(x′) − f(x′′)| <
ε
2

. u´3

u ∈ [0, δ] �, Òk
∣

∣

∣

f(x + u) + f(x − u)
2

− f(x)
∣

∣

∣
6

1
2

[

|f(x + u) − f(x)| + |f(x − u) − f(x)|
]

<
ε
2

,

lÒk∫
δ

0

Fn(u) ·
∣

∣

∣

f(x + u) + f(x − u)
2

− f(x)
∣

∣

∣
du 6

ε
2

∫
δ

0

Fn(u) du 6
ε
2

.

�½þã δ > 0, K3 δ 6 u 6 π �k�O

0 6 Fn(u) 6
1
nπ ·

1

sin2 1
δ

.

2|^ f(x) 3 (−∞, +∞) þk., Ïd�3 M > 0, ¦�1��È©÷v�O

0 6

∫π

δ

Fn(u) ·
∣

∣

∣

f(x + u) + f(x − u)
2

− f(x)
∣

∣

∣
du <

M
n

.

u´éÓ�� ε > 0, �3 N , � n > N �, þãÈ©�u
ε
2

. u´�Òk

|σn(x) − f(x)| < ε,

�éu x ∈ [−π, π] ��¤á. ùÒ´ σn(x) ⇉ f(x) (x ∈ [−π, π]). �

SSSKKK 3135 éu¼ê

f(x) = |x| (−π 6 x 6 π)

�Ñ¤��n�õ�ª σ2n−1(x).

) 3 §5.6.1 �SK 2942 ¥®¦Ñ
¤I��Fp�?ê, ÙXê� a0 = π,

a2n−1 = −
4

π(2n − 1)2
, a2n = 0, bn = 0 (n = 1, 2, · · · ), u´=���
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σ2n−1(x) = π
2

−
4
π

n−1
∑

k=1

(

1 −
2k − 1
2n − 1

) cos(2k − 1)x

(2k − 1)2
,

σ2n(x) = π
2

−
4
π

n
∑

k=1

(

1 −
2k − 1

2n

) cos(2k − 1)x

(2k − 1)2
. �

5 �d��, éu¼ê |x| (3«m [−1, 1] ½ [−π, π] þ) ®²��
õ�Ã¡?

êÐmª. du3: x = 0 ?Ø��, §Ø�Uk (± x = 0 �¥%�Âñ�»�u 0

�) �?êÐmª. 3SK 2942 ���´Fp�?êÐmª, �T|´��Âñ�;

3SK 3130 K�±l (u [−1, 1] þ��%C�) Ë�d"õ�ªÑu, ����Âñ

�õ�ª?ê; 3SK 3133.1 Kl (u [−1, 1] þ��Âñ�)
√

1 + x ��V?êÑu,

����Âñ�õ�ª?ê; 3SK 3135 K�±l (��Âñ�) ¤��n�õ�ªÑ

u, ����Âñ�n�õ�ª?ê.

5.11.3 ÖÖÖ555

ùp��Ñ, .�KF��õ�ª�/ª{'{*, í��g´�ékéu5 (�

§1.3.2), q�´��²â¬, �¢Sþ%"�¢^d�, ��é�¦^pg (~XÔ!l

g±þ) �.�KF��õ�ª. ù´Ï��Xgê�O\, �,¤�����õ�ª

3�õ�:þ��½�¼ê���, �ÙXêé�½�êâk¯a�65, O�Ø½.

��î�´, ¤���õ�ª���U�)ì���, ±�u��ØU^u%C�

5�¼ê. ùÒ´9�3��VÐuy�y� (¡�9�y�).

x

y

O 1−1

1

−1

L2(x)

L4(x) L8(x)

L16(x)

'u9�y��Nã

9��~f=´3«m [−1, 1] þ^ (n + 1)

��å©:�.�KF��õ�ª Ln(x), ¦�

§3©:���¼ê

f(x) = 1
1 + 25x2

3©:����.

3Nãþ^oç��Ñ
 f(x) �ã�,

q ^ [  � © O � Ñ 
 L2(x), L4(x), L8(x)

Ú L16(x) � ã �, Ù ¥ L16(x) � � � � � �

−14.353, Ïd$u −1.5 �Ü©�U�O
.

nØþ�±y², �k3 |x| < 0.726 · · · �,

Ln(x) Âñu f(x), 3ù�«m�	, Ln(x) ´

uÑ�.

u´7LÏéÙ¦�å»5)û���%C¯K. ~X §5.11.2 �ü�%C½nÚ

§2.11.6 � 1 ��'ÈÅ½n (=·K 2.11) Ò´Xd. ¢SþùÒ´¼ê%CØ�å:,

~X�±ë� [22] �ê�%C�¡���Ö, 3êÆ©Û��Ö¥K�±ë� [8].
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